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Preface

This volume consists of the proceedings of the 27th International Conference
on Applications and Theory of Petri Nets and Other Models of Concurrency
(ICATPN 2006). This series of conferences provides a forum for presenting the
current state of research on Petri nets and related approaches to concurrent sys-
tems. Both applications and theoretical developments are represented. Shorter
presentations introducing novel tools or substantial enhancements to existing
tools are also encouraged. Further, a range of invited talks that survey related
domains are presented.

ICATPN 2006 was co-located with the 6th International Conference on Appli-
cations of Concurrency to System Design (ACSD 2006). The two conferences had
common satellite events and invited speakers as well as coordinated programs
to enable participants to benefit from both conferences.

The ICATPN 2006 conference — as well as ACSD 2006 — was organized
by the Department of Computer Science, Abo Academi University, Turku, Fin-
land. We would like to heartily thank the Organizing Committee, chaired by
Johan Lilius, for the considerable effort invested to bring off the two conferences
smoothly. Detailed information about ICATPN 2006 and the related events can
be found at http://www.cs.abo.fi/atpn2006/.

This year we received 93 submissions from authors from 26 different countries.
The Program Committee selected 22 contributions classified as: theory papers
(10 accepted), application and theory papers (3 accepted), application papers (3
accepted) and tool papers (6 accepted). We thank all the authors who submitted
papers. We wish to thank the Program Committee members and other reviewers
(whose names appear on page VII) for their careful and timely evaluation of
the submissions before the Program Committee meeting in Turin, Italy. Special
thanks are due to Martin Karusseit, University of Dortmund, for his technical
support with the Online Conference Service. Finally, we wish to express our
gratitude to the four invited speakers, Ralf-Johan Back, Javier Campos, Ekkart
Kindler and Jianli Xu, who chose to have their papers appear in this volume.

As usual, the Springer LNCS Team provided high quality support in the
preparation of this volume. Last but not least, our heartfelt thanks are due to
Phan Thi Xuan Linh and Yang Shaofa who put in a great deal of work toward
the compilation of these proceedings.

April 2006 Susanna Donatelli and P.S. Thiagarajan
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Invariant Based Programming

Ralph-Johan Back

Abo Akademi University, Turku, Finland
backrj@abo.fi
www.abo.fi/ “backrj

Abstract. Program verification is usually done by adding specifications
and invariants to the program and then proving that the verification con-
ditions are all true. This makes program verification an alternative to or
a complement to testing. We study here an another approach to program
construction, which we refer to as invariant based programming, where we
start by formulating the specifications and the internal loop invariants for
the program, before we write the program code itself. The correctness of
the code is then easy to check at the same time as one is constructing it.
In this approach, program verification becomes a complement to coding
rather than to testing. The purpose is to produce programs and software
that are correct by construction. We present a new kind of diagrams,
nested invariant diagrams, where program specifications and invariants
(rather than the control) provide the main organizing structure. Nesting
of invariants provide an extension hierarchy that allows us to express
the invariants in a very compact manner. We study the feasibility of
formulating specifications and loop invariants before the code itself has
been written. We propose that a systematic use of figures, in combina-
tion with a rough idea of the intended behavior of the algorithm, makes
it rather straightforward to formulate the invariants needed for the pro-
gram, to construct the code around these invariants and to check that
the resulting program is indeed correct.

1 Introduction

Program construction proceeds through a sequence of rather well-established
steps: Requirement analysis (understand the problem domain and work out a
specification of the problem), design (work out an overall structure for the pro-
gram), implementation (code the program in the chosen programming language),
testing (check that the program works as intended), debugging (correct the errors
that testing has revealed), and documentation (provide a report on the program
for users, for maintenance and as a basis for later extensions and modifications).
Figure [ illustrates the traditional design-implement-test-debug cycle and the
feedback loops in it.

Testing increases our confidence in the correctness of the program, but does
not prove its correctness. To establish correctness, we need a precise mathemat-
ical specification of what the program is intended to do, and a mathematical
proof that the implementation satisfies the specification. This kind of software
verification is both difficult and time consuming, and is presently not considered

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 1-[I8] 2006.
© Springer-Verlag Berlin Heidelberg 2006



2 R.-J. Back

Requirement analyzis
Implementation

Debugging

Fig. 1. The programming process

cost effective in practice. Moreover, verification would not replace testing in the
above work flow, because most programs are not correct to start with, and need
to be debugged before one can even attempt to verify them. This is one rea-
son why modern verification tools like ESC Java [13], JML [6] and Spec# [5] are
focused more on debugging than on complete verification of program correctness.
Verifying a simple program is usually broken down in the following steps:

provide the pre- and postconditions for the program,
provide the necessary loop invariants for the program,
compute the verification conditions for the program, and
check that each verification condition is indeed true.

o=

Each of these steps have their own difficulties. Formulating pre- and postcondi-
tions requires that we have some formal or semi-formal theory of the problem
domain. It can also be difficult to identify all the conditions implied by the in-
formal problem statement. The loop invariants must be inferred from the code,
and they are often quite difficult to formulate and to make complete enough so
that the verification conditions can be proved. Computing verification conditions
can be tedious by hand, but this step can be easily automated. Finally, proving
that the verification conditions are correct can sometimes be difficult, but for
most parts it is quite straightforward. The verification conditions usually consist
of a large number of rather trivial lemmas that an automatic theorem prover
can verify (provided it has a good understanding of the domain theory). The
rest of the lemmas are more difficult, and have to be proved by hand or by an
interactive theorem prover with some help and guidance from the user.

The work flow above is known as a posteriori verification of software, and
is known to be cumbersome. An alternative approach, originally propagated by
Dijkstra, is therefore to construct the program and the correctness proof hand in
hand. This is known as the correct by construction approach to verification [7]. In
other words, verification is done in the coding step rather than after (or as part



Invariant Based Programming 3

of) the testing step. This means that each subunit of the program is specified
before it is coded, and it is checked for correctness immediately after it has been
written. Writing pre- and postconditions for the program explicitly, as well as
loop invariants, is a considerably help in understanding the program and avoids
a large number of errors from being introduced in the first place. Combined with
stepwise refinement [§], this approach allows the reliable construction of quite
large programs.

In this paper, we will propose to move correctness concerns to an even earlier
place, to the design phase and immediately following the requirement analysis.
This means that not only pre- and postconditions but also loop invariants (and
class invariants in object-oriented systems) are written before the code itself is
written, as a continuation of the design. This will require that the invariants are
expressed in the framework and language of the design phase (figures, formulas,
texts and diagrams), rather than in the framework and language of the coding
phase (a programming language).

We refer to this approach as invariant based programming. The idea itself
is not new, similar ideas were proposed in the 70’s by John Reynolds, Martin
van Emden, and myself, in different forms and variations. Dijkstra’s later work
on program construction also points in this direction [9], he emphasizes the
formulation of a loop invariant as a central step in deriving the program code.
Basic for all these approaches is that the loop invariants are formulated before
the program code is written. Eric Hehner was working along similar lines, but
chose relations rather than predicates as the basic construct. Figure 2 illustrates
the differences in work flow between these three approaches.

Pre/postconditions }% Pre/postconditions <
<
Program .Loop
code invariants

Pre/postconditions Loop invariants

Loop invariants
Verification conditions Verification conditions '7

A posteriori proof Dijkstra’sapproach Invariant based programming

Fig. 2. Three different approaches to verification

The idea that program code should be enhanced with program invariants is
a repeating theme in software engineering. It becomes particularly pressing to
include program invariants when we want to provide mechanized support for pro-
gram verification, because synthesizing program invariants from the code seems
to be too hard to mechanize efficiently. The idea that the program invariants
should be formulated before the code itself is written has not, however, received
much attention.
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Reynolds original approach [I6] was to consider a program as a transition
diagram, where the invariants were the nodes and program statements were
transitions between the nodes. Invariants become program labels in the code,
and the transitions between invariants are implemented with goto’s. Reynolds
starts by formulating the invariants hand in hand with the transitions between
the invariants. The need to formulate invariants early on also highlights the prob-
lem of describing the invariants in an intuitive way. For this purpose, Reynolds
proposes a visual way of describing properties of arrays. Reynolds work served
as the basis for my own early attempt at invariant based programming, where
I studied the method in case studies, and proposed multiple-exit statements as
programming construct for invariant based programming [2,3L[4]. Van Emden
considered programming as just a way of writing verification conditions [I7].

Hehner’s approach is in spirit very similar to invariant based programming,
but comes with different building blocks [12]. He describes imperative programs
using tail recursion. This means that he is calling parameterless recursive pro-
cedures rather than jumping to labels. Semantically, he is working with input-
output specifications (relations) rather than with invariants (predicates). This
approach nicely supports stepwise refinement in a non-structured programming
language, but the basic paradigm for constructing programs is different from
invariant based programming.

I hope to show in this paper that, by a collection of proper enhancements
to these early ideas on invariant based programming, it is possible to construct
programs that are proved correct with approximately the same amount of work
that we today spend on programs that are just tested for correctness. The main
issues that we will tackle in the sequel are:

what is a suitable notation for writing invariant based programs,

what is a suitable methodology for constructing invariant based programs
(in particular, how do find the invariants before the code has been written),
how do we check the correctness of invariant based programs, and

what are the specific challenges and opportunities with invariant based pro-
gramming.

We will address each of these issues in the remaining sections of this paper.

2 Nested Invariant Diagrams

The traditional programming approach requires that the program code is kept
as simple and intuitive as possible. The programmer has to have a good un-
derstanding of the structure of the code and on how the code works, because
he understands the code in terms of its possible execution sequences. This is
the motivation for the structured programming principle [§], which emphasize
single-entry-single-exit control structures in order to keep the code simple and
disciplined. This makes it easier to build, understand, extend and modify the
code.
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When one tries to make the program code as simple as possible, there is
a danger that the invariants become more complicated. This is because the
invariant has to fit the code, and there is no guarantee that simple code leads
to simple invariants. Essentially, we have two possible ways of structuring the
program, using either control or invariants as the primary structure and the other
as the secondary structure, which is adapted to the primary structure. These two
structures need not coincide. When we are constructing invariants first, then we
should focus on structuring the invariants so that they are as simple as possible
to build, understand, extend and modify. We will look at this issue next.

Consider the simple summation program in Figure[3, described as a flowchart.
The program adds up the first n integers, and shows the result in the variable
sum.

ki=k+1; si=s+k

Fig. 3. Simple flowchart

Figure M shows the same program on the left, but we now added the pre- and
postconditions and the loop invariant. Let us introduce the term situation for a
condition that describes a collection of states. Here, the precondition, the post-
condition and the loop invariant are all situations. We notice that a termination
function is also needed, to show that the computation does not loop forever.

The program on the right in the same figure is also equivalent to the previous
one, but now we have deemphasized the program statements by writing them as
annotations on the arrows between the situations. We write both the condition
for traversing an arrow (the guard [g]) and the effect of traversing the arrow (an
assignment statement) on the arrow.

We are looking for a way to impose some structure on the situations described
here. A situation describes a set of states (the set of states that satisfies the con-
dition for the situation). The typical thing that we do with a situation is that we
strengthen it by adding new constraints. This means that we identify a subset of
the original situation where the new constraints are satisfied. Thinking of situa-
tions as sets of states, we can use Venn diagrams to describe this strengthening
of situations. Figure [fl shows this nesting of situations for our example program.

We have here omitted conditions that are implicit because of nesting. For in-
stance, n > 0 is written only once in the outermost situation, but it will hold in all
nested situations. The situations are thus expressed more concisely with nesting.
The diagram also shows more clearly how the different situations are related.
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n, sum : integer
n>=0

n, sum : integer
n>=0

k,s:=0,0

ki=k+1:s:=s+k
k:integer  n>=0 k:integer  n>=0
O<=k<=n sum=0+1+2+...+k
sum=0+1+2+...+k O<=k<=n

[k=/=n]

[k=n]

ki=k+1; s:=s+k

Fig. 4. Flow chart and invariants

n,sum: integer
n>=0

k: integer
O<=k<=n
sum=0+1+2+...+k

k=n

Fig. 5. Nested situations

n,sum: integer n>=0

k,sum:=0,0

k: integer n-k>=0

O<=k<=n

kizketls sume= sum+k | g4 142+ 4k

[k=/=n] L [k=n]

k=n

Fig. 6. Nested invariant diagram

Figure [6] shows the same program as before, but with the situations nested.
The transitions are exactly as before. We will refer to diagrams of this kind as
(nested) invariant diagrams (or situation diagrams).

We also need a way to indicate the termination function. We write the termi-
nation function inside the box in the right upper corner of the invariant. It shows
that the termination function must be bounded from below (n — k > 0) in the
indicated situation, and that the termination function n — & must be decreased
before re-entering this situation. This description of the original flow chart is
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equivalent to the previous ones, the difference is just in the presentation, which
emphasizes the structure of situations rather than the structure of code.

Nested invariant diagrams are similar to state charts [ITL10]. Both are essen-
tially extensions of state transition diagrams. However, the interpretation and
intended use is different. State charts are intended to specify the control flow
in reactive systems, without any concern for correctness, whereas invariant di-
agrams specifically address the correctness issue of algorithms. A state chart is
usually seen as describing some specific aspect of a larger software system, i.e., it
is a form of abstraction, whereas invariant diagrams describe the whole program.
Our formalism can be extended with features from state charts that are deemed
useful (like product states, and signals/procedure calls), but we will concentrate
here on the bare essentials.

3 Constructing Invariant Based Programs

We next show how to construct invariant based programs with the help of an
example. We consider the simplest possible sorting program, selection sort. The
array is sorted by moving a cursor from left to right in the array. At each stage
we find the smallest element to the right of the cursor, and exchange this ele-
ment with the cursor element. After this, we advance the cursor, until we have
traversed the whole array.

Formulating the problem. We assume that Sorted(A,1,j) means that the array
elements are non-decreasing in the (closed) interval [i, j], that Partitioned(A, 1)
means that every element in array A below index i is smaller or equal to any
element in A at index 7 or higher, and that Permutation(A, AO) means that the
elements in array A form a permutation of the elements in array AO0.

Let us first identify the initial situation and the required final situation. Figure[]
shows how we can visualize the problem.

We assume that

n :integer AN A :array 1l :n of integer An > 1 A Permutation(A, Ao)

1 n

Sl

Permutation(A,A0)

T
I

I

|

| sort the array
| changing A
I

I

[

Sorted(A,1,n) y n

N7 %

Permutation(A,A0)

Fig. 7. Visualizing the specification
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n: integer

A. array 1..n of integer
l<=n
Permutation(A,A0)

A
e

Fig. 8. Initial and final situation

holds initially. The final situation requires that in addition
Sorted(A,1,n)

holds. We describe this using the nested invariant diagram in Figure [§

Here the dashed arrow indicates the computation that we want to define.
The annotation A on the arrow shows that only program variable A (among the
variables introduced so far) may be changed.

Increasing sortedness. The next step is to identify an intermediate situation (an
invariant). The most plausible one is that in the intermediate situation, part of
the array has been already sorted, and that none of the remaining elements are
smaller than any of the elements in the sorted part. This is illustrated in Figure[Ql

Permutation(A,A0)

Sorted(A,1i-1) 1

777 A

Permutation(A,A0) Partitioned(A,i)‘
I
 li<n]

swap smallest remaining element with A[i];
i=i+1

1 Sorted(A, 1,n) n
Permutation(A,A0Q)

Fig. 9. Sorting with invariant



Invariant Based Programming 9

n: integer - po—
A.array 1..n of integer | I+ Integer
1<=n l<=i<=n
Permutation(A,A0) Sorted(A, Li-1)
Partitioned(A.i)
[i<n]
o>
=l A fi=n
| S ! Sorted(A,1,n)
|
v

Fig. 10. Intermediate situation

The intermediate situation can be characterized by adding the following con-
ditions to the initial situation

i sinteger A1 < i <nA Sorted(A,1,i — 1) A Partitioned(A, 1)

This gives us the invariant diagram in Figure [I0

It is quite easy to check that the initial assignment ¢ := 1 will establish this
intermediate situation. It is also easy to check that the condition i = n will
imply the final situation. Hence, the only thing that remains is to figure out
how to make progress towards this condition (termination function n — ) while
maintaining the intermediate situation. This is to be done by only changing A
and ¢.

Finding smallest element. Finding the smallest remaining element indicates that
we need to scan over all the remaining elements, so we obviously need a loop here
also. We add a fourth innermost situation, where part of the unsorted elements
have already been scanned for the least element. The new situation is shown in
Figure [TT1

The new situation is characterized by the additional constraints

k,j:integer Ni <nAi<k<j<nAAk] =min{A[h]li <h <j}

We check that this situation is established from the previous intermediate sit-
uation by the assignment j, k := 4,7 when ¢ < n. We also check that if j = n,
then

Ali], Alk] := Alk], A[i]; i =i+ 1

will establish the previous intermediate situation, as indicated in the diagram.
The corresponding invariant diagram is shown in Figure

Final step. Finally, we need to make progress while preserving the second in-
variant. We need to show that when 5 < n, the statement

ji=7j+1; if A[j] < Alk] thenk :=jfi

preserves the second invariant. This is also easily checked.
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Permutation(A,A0Q)

Sorted(A,1i-1) 1 n

Y n

Permutation(A,A0) Partitioned(i)
fi<n] A[i],A[k]:=A[K].A[il;
i=i+1
[i=n ]
jke=ii .
‘ Sorted(A, Li-1) | “ n:@ n ‘

Permutation(A, AO) Partitioned(i) min(A,i,j) 4\
:
I
I
I
I
I

[i<n]
' check next element
! Sorted(A, 1,n) n
Vn
Permutation(A,A0)

Fig. 11. Sorting program with two invariants

n: integer - —
A. array 1..n of integer | ' 1Nteger \;
I<=n l<=i<=n

Permutation(A,A0) Sorted(A,1,i-1) ik integer

Partitioned(A,i)

Alkl=min(Ai,) [j<nl:
i<n
i<=k<=j<=n

[i<n]; j.k:=i,i

[i=n

Sorted(A,1,n)

Alil.A[k]:=A[K].A[i];

Fig. 12. Second invariant

The inner loop will eventually terminate because n — j is decreased but is
bounded from below. The outer loop will terminate because n — i is decreased
and is bounded from below.

This concludes our derivation of the sorting algorithm. Figure I3 shows the
invariant diagram for the final program that we have derived.
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n: integer . O<=n—i
A. array 1.n of integer | ' mFeger \;
l<=n I<=i<=n
Permutation(A,A0) Sorl.efl(A,l,l—l.) j.k: integer . o
Partitioned(A,i) Alkl=min(A.i) li<n]; ji=j+1;
i<n
i<=k<=j<=n
[A[j]>=A[k]]
[i<n]; j.k:=i,i X X
[A[I<ALK]]; ki=j
=1 [j=n] Li=n
o> fimie] Sorted(A,1,n)
Ali] Ak]:=A[KLA[i];

Fig. 13. Invariant diagram for selection sort

Discussion. The outermost situation gives the background assumptions for the
algorithm. The middle situation is what holds when we have sorted the array
up to ¢ — 1, but have not yet started to scan for the smallest element in the rest
of the array. The innermost situation holds while we are scanning for the least
element. The second nested situation is the final situation. We could also have
nested the final situation inside the middle invariant. However, that would have
indicated that we also had some information about the value of ¢ at exit. As
this is not needed, we prefer to keep this invariant nested only inside the initial
situation.

We used figures quite extensively in the derivation of the invariant diagram.
The figures allow us to read out the logical formulation of the invariants in a
rather straightforward way. Most of the design of the algorithm is done using
the figures. The invariant diagrams are, however, more precise and do not have
any bias due to badly chosen figures, so they are more suitable for mathematical
reasoning about the correctness of the transitions in the diagram.

4 Verifying Correctness

The correctness of the sorting algorithm that we have developed depends on the
following three basic properties:

— The diagram is consistent, in the sense that the situations are preserved by
the transitions,

— the diagram is terminating, in the sense that there are no infinite execution
paths, and

— the diagram is non-blocking, in the sense that execution will eventually reach
a final situation.

Let us consider these issues in more detail. Consistency is the central prop-
erty that we require. It means that all the verification conditions are satisfied.
The verification conditions can be constructed in different ways, using backward



12 R.-J. Back

propagation (weakest preconditions) or forward propagation (strongest postcon-
ditions). A quite intuitive way is to take the diagram and turn all assignments
into single assignment statement, by introducing a new primed version of a pro-
gram variables whose value is changed. Thus, = stands for the original value of
the program variable, 2’ stands for the value after the first assignment to z, z”
stands for the value after the second assignment to x, and so on. Figure[I4]shows
the selection sort diagram adapted in this way.

n: integer - P
A. array 1.n of integer | mFeger \;
l<=n <=i<=n
Permutation(A,A0) Sorl.efl(A,l,l—l.) j.k: integer . L
Partitioned(A,1) Alkl=min(A.i,j) li<nl; j:=j+1;
i<n
i<=k<=j<=n
[A["1>=A[K]]
[i<n]; j.k:=i,i . L
(A I<ALK]; k2=
=1 [j=n] [i=n
& P emiel Sorted(A,1,n)
A’[LA’[K]:=A[K]LA[’L;

Fig. 14. Single assignment statements

Consider as an example the transition from innermost invariant to the middle
invariant. The verification condition that we need to prove is shown in Figure[T5

(outer) n € integer A A € arrayl..nof integer A Permutation(A, Ag) A1 <n
(mid) A i€ integer A1 <i<mnASorted(A,1,i—1) A Partitioned(A, 1)
(inner) A j,i € integer A Alk] = min(A,i,j)Ni<nAi<k<j<n
(trans.) A j=nAd =i+ 1AA["] = Ak] A A'[k] = A[{'] A
A (Yh # ki - A'[h] = A[h))
=
(outer) n € integer A A’ € array1..nof integer A Permutation(A’, Aop) A1 < n

(mid) A 4" € integer A1 < i <nA Sorted(A’,1,i' — 1) A Partitioned(A’, 1)

Fig. 15. Verification condition

Note that line 5 in the verification condition is the frame condition for array
assignment, i.e., array elements that are not explicitly changed remain the same.
In this case, there is quite a lot to be proved. However, proving each fact at
a time is a very efficient way of finding errors, either in the transition or in the
situations. The amount of checking that has to be done can be decreased quite
drastically by omitting those facts that cannot be wrong. Thus, the transition
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from the inner situation back to itself in case A[j] > A[k] requires us to only
prove the following facts under the given assumptions:

j' € integer A Alk] = min(A,i,j )Nk <j <n

In principle we should prove that all facts in outer A mid A inner hold after the
transition, but the other facts all state properties about program variables that
are unchanged by this transition.

Termination can be checked separately for each invariant, or it can be verified
at the same time as the consistency of the transitions. We need to show two things
for each loop invariant: that the termination function is bounded from below and
that the termination function has been decreased when the loop invariant is re-
entered, and has not been increased in between. For the middle situation, this
means that we have to prove

outer Amid =0<n-—1

outer A mid A inner A transition; =n—14 <n—1

where transition; leads from the inner situation to the middle situation. For the
inner situation, we have to prove that

outer Amid Ainner =0<n—j

outer A mid A inner A transitions = n—j <n—j

where transitions leads from the inner situation back to the inner situation. In
addition, we need to check that the termination function n —i is not increased in
any other transition in the diagram, and similarly for the termination function
n—j.

Finally, we also need to show that the execution does not get blocked at an
intermediate situation in the diagram. In our case, we need to show that the
final situation Sorted(A4, 1,n) is eventually reached. Execution can get stuck at
an intermediate situation if there is no enabled transition out of the situation.
There are two transitions from the inner situation, one which is enabled when
j < n and the other which is enabled when j = n. Similarly, for the middle
situations, there are two transitions, one enabled when i < n and the other
enabled when ¢ = n. Hence, we need to prove that

outer Amid Ainner = j<nVj=n

outer A\mid =1 <nVi=n

Both of these statements are easily seen to be true.

In fact, we could also have a transition that blocks in the middle of its execu-
tion, if we reach a branching point where none of the guards are enabled. In our
example, the transition from the inner situation back to the inner situation has a
conditional branching point, but the two guards together exhaust all possibilities
(Afi] < Alk] v A[i] > Alk]), so execution will always proceed past this point.



14 R.-J. Back

The diagram has been designed so that the verification condition can be read
directly from the diagram. Correctness can thus be checked by careful inspec-
tion of the diagram. In manual proofs, it is easy to add dashes to the program
variables that are updated in a transition, either by hand in the diagram, or just
mentally. In a computer supported environment, the single assignment version
of the diagram can be seen as just another view of the diagram.

5 Invariant Based Programs vs Ordinary Programs

Let us finally consider some of the main differences between invariant based
programming and programming as it is ordinarily carried out.

Correctness notion. There is a difference in philosophy between ordinary pro-
grams and invariant based programs, in particular concerning the notion of cor-
rectness. The traditional notion of correctness states that if a program is started
in an initial state that satisfies the precondition of the program, then the program
must terminate in a final state that satisfies the postcondition of the program.

For an invariant based program, this requirement is strengthened, because an
initial state can be in any situation. In particular, this means that we require
that correctness also holds for initial states in interior situations that may not
even be reachable by a legal execution from a state in the given initial situation.
The correctness of an invariant based program is also stronger in that it is not
sufficient that the final situations are satisfied upon termination, all interior
situations must also be satisfied whenever execution reaches them.

This means that we can have an invariant based program that is correct in the
traditional sense, but not correct as an invariant based program. The program
does compute the intended input-output relation, but the invariants are chosen
badly, so that consistency does not hold. We can in this case either argue that the
program should be considered correct, because it does solve the given problem,
or that it should be considered incorrect, because it does not solve the problem
in the way the programmer intended the problem to be solved. The programmers
intentions are written down in the form of the invariants of the program.

The correctness requirement for invariant based programs is in a way stronger
than needed. However, as soon as a program has at least one loop, an inductive
argument is needed for the correctness proof. If this argument takes the form of
a proof with invariant assertions, one will in fact end up establishing the correct-
ness of the program as an invariant based program. In other words, the usual
proof technique establishes a stronger correctness property for a program than
what is required by the traditional notion of correctness. This is a consequence
of program verification just being an inductive proof, and it is quite common for
the induction hypothesis to be stronger than the lemma that we are proving.

Establishing correctness as a side effect. Standard programming methods pro-
duce code that needs to be tested and debugged. It encourages a trial and er-
ror approach to program construction, and can only achieve higher reliability
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through a considerable amount of effort spent on testing. Verification can in
principle be done a posteriori, but this is usually not done. The reasons for this
are partly psychological: the problem has already been solved (kind of), there is
already something that works. The additional verification effort is quite labori-
ous, and the market situation is such that one can get away with a reasonable
number of errors in the code.

With invariant based programming, we get the invariants for free, as part
of the programming process. Checking that the invariants are preserved by the
code is done continuously, as part of the program construction process. Writing
down the invariants does require an additional effort, but on the other hand, it
helps in understanding and solving the programming problem and leads to much
higher reliability of the program code.

Role of figures. The work flow for constructing invariant based programming is
based on using figures as stepping stones to formulate the invariants. Any pro-
grammer who is solving a problem like the one above will (or at least should)
draw the kind of figures we have shown, to get a feeling for how the program
behaves. These figures are preserved as the invariants in invariant based pro-
gramming. In ordinary programming, they are usually lost in subsequent de-
velopment steps. By elevating these figures to a more distinguished position in
program construction, we are more likely to preserve them and keep them up
to date. The role of figures here is similar to the role of figures in physics and
engineering: it establishes the central constants and variables that are needed to
express the problem and the solution, and shows how they are related to each
other.

Smaller grain of modularity. Invariant based programming provides a grain of
modularity smaller than procedures, the usual smallest units of modularity in
imperative programming languages. We can reason about invariant based pro-
grams in a very local fashion. We can check each situation and its transitions
one by one, ignoring other situations for the moment. This locality of reason-
ing is the payoff of using the stronger notion of correctness for invariant based
programs.

We also construct an invariant based program in a local fashion, as illustrated
in the example above. The situations are introduced one by one, as are the
transitions that connect the situations to each other. Similarly, we change and
fiz an invariant based program in a local fashion.

Only termination requires an global view of the program: one needs to check
that each possible cycle in the diagram decreases some termination function.

Programming methodology. The minimum requirement for an invariant based
program is that it is consistent. The program does not have to terminate or be
free of deadlocks. There may be deadlocks in the program because we have not
(yet) covered all possible cases for some internal situation, i.e., there are cases
for which we still need to provide transitions. However, the program constructed
thus far is consistent (although incomplete). Similarly, we may have a consistent
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program, but we have yet to tackle the termination of the program, which may
require redefinition of some invariants or transitions.

An invariant based program is constructed by a sequence of successive devel-
opment steps, where each step preserves the consistency of the previous step,
while deadlock freedom and termination may vary during development. Each
step will add, modify or remove some situations or transitions in the diagram.

This approach requires that we carefully check the consistency of each tran-
sition when it is introduced. Leaving the consistency checks to a later stage in
program development will only accumulate errors in the program and make the
consistency checking very laborious. It will also decrease the motivation for car-
rying out consistency checks at all, because too many interdependent things then
need to be considered and changed. Consistency checks can be done at different
levels of rigor, but a good rule of thumb is to use the same rigor as one would
use for checking a normal mathematical lemma.

6 Conclusions and Work in Progress

We have in this paper argued for an alternative approach to constructing simple
algorithms, where we start by constructing the preconditions, postconditions
and intermediate invariants of the program (the situations) before writing any
code. The program code is then constructed in the form of transitions that
allow us to move from one situation to another, and checking that the invariants
are preserved by these transitions. This allows us to construct a program and
its correctness proof at the same time, in a sequence of successive consistency
preserving enhancements and modifications to the program. We have argued
that the careful use of figures makes it quite straightforward to find the right
invariants for the program, once a basic understanding of how the algorithm
should work is at hand. We have provided a diagrammatic notation (nested
invariant diagrams) that provides an intuitive way of describing invariant based
programs, and have shown how to structure a program using nested invariants
in this way. The (nested) invariant diagram provides a concise and compact
overview of the whole program, and shows the basic structure of the program.

We are presently working on extending this approach in a number of different
directions. The notations and formalisms presented here are very simple, and are
only intended to convey a basic understanding of invariant based programming.
We are presently extending the approach to larger units of construction, like
procedures, data modules, classes and processes.

We have tried out the invariant based programming on a collection of classical
first year CS programming course algorithms, where it seems to work quite well.
We have also worked on a collection of more demanding pointer manipulation al-
gorithms, including list manipulation and marking algorithms. We are presently
working on a somewhat larger system, with a collection of 10 - 12 classes (a text
editor), to see how well this approach works in an object oriented framework.
The experiences from these experiments are very good so far. Tool support is
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highly desirable, but it is not necessary, one can get quite a lot of work done
manually.

We are also building toop support for the approach. The Socos environment
supports invariant based programing by providing a graphical diagram editor for
nested invariant diagrams. It computes the verification conditions automatically
for all transitions, and sends them to either an automatic prover (presently Sim-
plify [14]) or to an interactive prover (presently PV.S [15]). Those assertions that
could not be verified automatically are shown on demand, as a list of possible
semantic errors in the program. An item on this list can indicate one of three
things: the invariants are not quite correct, or the transition is not quite correct,
or then both are correct but the automatic verifier was too weak to prove the
assertion. This approach to checking invariant based programs is described in
more detail in [I].The constructed program can also be expressed in an exist-
ing programming language (presently Python [18]), and executed automatically.
We provide a debugging mode for execution, where the invariant assertions are
checked during run time, and those assertions which are false are highlighted.

Another issue that we are studying is teaching invariant based programming
to novices. Our experiences with teaching small groups indicates that the method
is as easy to learn for complete novices as it is for experts in programming
methodology. The main obstacle for novices is how to express the invariants in
a logical language and how to prove rigorously that the verification conditions
are correct. However, this is essentially background knowledge that program-
mers would need to learn anyway, in order to understand and develop software
systems, and it can be taught as a course on practical logic in a CS curriculum.

A good test of how well these ideas work in practice would be to teach in-
variant based programming as a first programming course in high school. This
course could be seen as a mathematics or a physics course (but simpler than the
usual math and physics course). The course would teach the basic principles for
constructing programs that work correctly. The students in such a course can
convince themselves that their programs work correctly, and get the satisfaction
of building something solid, rather than the uneasy feeling of undetected errors
that they get with todays trial and error approach to programming.
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Abstract. Software performance engineering deals with the considera-
tion of quantitative analysis of the behaviour of software systems from
the early development phases in the life cycle. This paper summarizes
in a semiformal and illustrative way our proposal for a suitable software
performance engineering process. We try to integrate in a very pragmatic
approach the usual object oriented methodology —supported with UML
language and widespread CASE tools— with a performance modelling
formalism, namely stochastic Petri nets. A simple case study is used to
describe the whole process. More technical details should be looked up
in the cited bibliography.

1 Introduction

The design and implementation of complex systems is a difficult engineering
task. In the last years the modelling, validation, performance evaluation and
implementation of such systems has been usually tackled with the help of formal
models.

Petri nets (PNs) [I] is an adequate formal paradigm to support the whole life-
cycle engineering of a complex discrete event system. They have been used for the
modelling and evaluation of flexible manufacturing systems [2], multiprocessor
architectures [3], communication systems [4], and also for the writing of reliable
and efficient concurrent programs [5].

Software systems are complex systems, probably the most complex construc-
tion tasks that humans undertake. Functional requirements of software applica-
tions are obviously important, but they are not the only concern. Performance
objectives are also important: the degree to which a software system meets its
objectives for timeliness is important in many cases and it is critical in some
real-time applications.

Being software engineering a relatively young discipline, the importance of the
use of well established methodologies, even formal methods, languages and tools
has already been detected and assumed. Unfortunately, performance objectives
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Zaragoza.
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are still not usually included in first stages of the software life cycle. Being
performance requirements critical to the success of today’s software systems,
many final software products fail to meet those requirements. The usual practice,
as nicely summarized in [6], consists on make it run, then make it run right, and
finally make it run fast. But this practice is in many cases too expensive, because
fixing performance problems can oblige to modify the initial design.

Just to illustrate the previous statement with a single famous crisis, we recall
the Denver airport baggage system story. It was planned for the United Airlines
terminal, but during the development it was enlarged to support all the airport
terminals but without considering the new system’s workload. As a result of the
inadequate performance characteristics of the system, the airport was opened 16
months later with a loss of hundreds of million dollars [7].

Therefore, many researchers defend the principle that performance should be
included in the software design process from the very beginning. This princi-
ple is one of the main goals of the International Workshop on Software and
Performance, a forum for researchers interested in the intersection of software
engineering and performance evaluation that started in 1998 and has already
held five editions. The research field that deals with the goal of building software
with predictable performance by specifying and analysing quantitative behaviour
from the early development phases of a system throughout its entire life cycle
has been coined with the term Software Performance Engineering (SPE) [8].

The Unified Modelling Language (UML) [9] combined with an object oriented
methodology, such as [I0], is nowadays the most widely used approach in the
software engineering community. Thus, most of Computer Aided Software En-
gineering (CASE) tools support OO methodology and use UML as the design
language.

Since performance goals are not included in the usual practice of software
engineers, we think that there exists a need of integrating performance modelling
with the existing software development methodologies and tools. Markov models,
queueing networks, stochastic process algebras and stochastic PNs are probably
the best studied performance modelling paradigms. Among all of them, we bet
on PNs due to its special adequacy to model parallel and distributed systems,
its mathematical simplicity, its modelling generality, its adequacy for expressing
all basic semantics of concurrency, its locality both of states and actions, its
graphical representation, its well-developed qualitative and quantitative analysis
techniques, and the existence of analysis tools.

This paper tries to present in a semiformal and illustrative way, some of our
experience in the process of integration of performance modelling within software
development process. In section 2 we summarize the main phases of a suitable
software performance engineering process based on UML and stochastic PNs.
Section 3 is devoted to a more detailed presentation of the process by means of
a simple case study. A basic client for checking mail from a server using POP3
protocol is described. The system is modelled using UML language. In particular,
use case diagram, statecharts diagrams, sequence diagram, activity diagram and
the deployment diagram are considered. Each diagram is annotated with timing
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information according to the UML Profile for Schedulability, Performance and
Time [I1] of the Object Management Group (OMG). For each of the annotated
UML diagram, the highlights of the translation into a corresponding stochastic
PN is presented. Also some examples of performance figures that can be derived
from the analysable model are presented. The paper ends with some concluding
remarks in section 4.

2 Software Performance Process

Several works have been proposed to combine UML and a performance modelling
formalism to analyze quantitative aspects of software systems. All of them share
some basic principles. Then it could be argumented that there exists a widely
accepted process among the SPE community:

— The behaviour and architecture of the system is described by a (set of) UML
diagram(s), that make up the system design.

— This UML design is annotated according to a standard OMG profile. Then
gaining the annotated design.

— The annotated design is converted into a performance modelling formalism.

— A qualitative analysis will be carried out, if the formal model allows it.

— The formal model is analyzed using quantitative analysis techniques already
developed for the target formalism.

Now, we reveal some key aspects of the process.

Use cases (UCs) use to be the starting point to describe the system behaviour.
They are used to specify the requirements of a system, subsystem or class and for
the specification of their functionality. Sequence diagrams (SDs) or activity dia-
grams (ADs) are the common choice to detail UCs. SDs specify a set of partially
ordered messages, each one defining a communication mechanism as well as the
roles to be played by the sender and the receiver. Thus SDs represent patterns
of interaction between objects. ADs represent internal control flow of processes.
SDs and ADs are useful to conduct performance-based scenario analysis. Few
approaches introduce the statecharts (SCs) to complement them. SCs, as ADs,
are used to describe the behaviour of a model element. The software architecture
completes the system design by means of the deployment diagram (DD), then
modeling the distribution of the software components in the hardware platform.

Workloads, utilizations, response times or throughput characterize the perfor-
mance view of the system design, then gaining an annotated design. The UML
profile for schedulability, performance and time specification (UML-SPT) [I1] is
the widely used OMG standard to annotate them. The OMG QoS profile [12]
is also used for these purposes. Actually, the convergence of both profiles is
expected.

Three paradigms have been mainly used as performance modeling formalisms
in the SPE process: Stochastic Petri nets (SPNs), stochastics process algebras
(SPA) and (layered) queuing networks (LQN). Several methods have been pro-
posed to translate the UML syntax into the syntax of the target formalism.



22 J. Campos and J. Merseguer

Among the translations using SPNs as target are [I3|14,[15], using SPA [16],
using QN [I7[I8] and LQN [19,20]. Such methods use different approches and
technologies: Customization Rules [21], XSL transformations [19], algebra-based
transformations [22], direct formalization [23] or Graph Grammars [20]. For a
survey of such translations see [24].

Tools are essential for SPE. The preferred approach is to integrate perfor-
mance aspects into existing CASE tools. Figure [l depicts the OMG framework
to develop performance evaluation tools following the SPE process.

During the last decades researchers developed techniques to analyze perfor-
mance models. They were implemented in analysis tools [25,[26,27] that the
engineer uses to analyze the resulting models. Moreover these analysis tools are
used as the core of the CASE tools [28,29]30,[31,82] that follow the proposal in
Figure [0
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Fig. 1. OMG architectural framework for SPE tools

The authors have developed some work in the SPE field following the process
so far outlined. Now, we recall how each process step is considered in the proposal
here recalled:

— Concerning the UML diagrams, we consider: Use cases, sequence diagrams,
state machines, activity diagrams and the deployment diagram [33].

— They are annotated according to the UML-SPT. Table 1 summarizes the
subset of annotations currently supported.

— SPNs are the target of the translation methods proposed in [34] for SMs,
in [35] for SDs and in [36] for ADs.

— ArgoSPE [37] provides tool support for the proposal.

This proposal is illustrated, in section [l through the development of a case
study. It is worth to notice that today a big SPE challenge is about how to inte-
grate the bunch of UML diagramatic notations and the performance formalisms.
So, our approach has evolved and now fits in the PUMA framework [32]. It de-
fines an intermediate performance model, the core scenario model (CSM) [38],
to encompass this challenge. Other works complement the PUMA approach [39).
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Table 1. Performance annotations

Stereotype Tag Diagram Kind*; Type Comment
PAcontext - SD,SC,AD -;- Performance model
PAclosedLoad PArespTime SD pred.;time-value Execution time
SC Object lifetime
AD Execution time
PApopulation SC -; nat-number Number of instances
PAstep PAdemand SD,SC,AD assm.; time-value Msg. transm. delay
SC,AD Activity duration
PArespTime SC pred.;time-value State exec. time
AD Trans. exec. time
PAprob SD -; real Condit. msg; Branch
SC,AD Guarded transition
PArep SD -; nat-number Iterated msg
PAsize SD,SC,AD assm.; nat-numb. Msg size
PAthroughput SC pred.; - Transition throughput
PAcommun. PAspeed DD assm.; Kbytes Network speed
PAinitialCond. PAinitialState SC bool Initial state
GRMcode - DD - Resident classes

(*)predicted or assumed

3 Case Study

The process outlined in section [2 has been applied in different software domains.
For example in [40] to test the design of a mobile agents system or in [41] to
study the QoS of fault tolerant systems distributed over Internet. In this paper,
we recall a case study [42] that was useful to show the feasibility of the proposal.
Now, we come back to that work to illustrate some aspects of the SPE process.

The case study models a basic mail client. Here we will focus in the first Use
Case (UC) showed in Figure[2Z checking mail from a server using the POP3 [43]
protocol.

The behavior of the referred client is rather intuitive for this UC. The SC in
Figure[3 depicts the behaviour of a mail client, it can be useful to get a first view
of the general system behaviour. The client tries to establish a TCP connection
with the server via port 110. If it succeeds (reception of a greeting message),
both (client and server) begin the authentication (authorization) phase. The
client sends the username and his/her password through a USER and PASS

%

Fig. 2. Use Case view of the ‘mail client’ model
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Fig. 3. Statechart and resulting LGSPN for the dynamics of the class ClientHost

command combination. For the sake of simplicity, usage of the APOP command
has not been contemplated here.

If the server has answered with a positive status indicator ("4+OK”) to both
messages, then the POP3 session enters the transaction state (phase). Otherwise
(e.g., the password doesn’t match the one specified for the username), it returns
to the beginning of the authorization phase.

In the transaction phase, the client checks for new mail using the LIST com-
mand. If there is any, the client obtains every e-mail by means of the RETR and
DELE commands. It must be noted that, for simplicity, potential errors have not
been considered here; thus, no negative status messages ("-ERR”) are modelled.

Once every e-mail has been downloaded, the mail client issues a QUIT com-
mand to end the interaction. This provokes the POP3 server to enter the update
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state and release any resource acquired during the transaction phase. The pro-
tocol is ended with a goodbye (”+OK”) message.

3.1 Statechart Modeling

The mail client behavior (MailClient class) has been modeled using an SC, see
Figure Bl Similarly, Figure [ illustrates the server host and user behaviors via
two SCs describing the POP3Server class and User actor dynamics.

UML statecharts are used in this context to describe the behavior of a model
element, concretely classes. Specifically, it describes possible sequences of states
and actions through which the element can proceed during its lifetime as a result
of reacting to discrete events. A statechart maps into a UML state machine that
differs from classical Harel state machines in a number of points that can be
found in [44]. Studies about their semantics can be found in [34,[45].

POP3S ist/s

ps erver Authorization list / send_ok

open_tcp_connection .

. DO: Authorization

/ send_greeting

— psClient

Listening on Transaction S

TCP port 110 -

dele
/ send_ok

UserMainState

DO: Thinking

unlock_maildrop
/ send_text— |/ send_attach

send_greeting = trl.effect.name _message _message @
P} fsClient
Sending

/ send_ok
retr

/ send_gexit_exec

{0}

send_greeting € SendAction {1-P”’}

m_greeting = send_greeting.signal

greeting = m_greeting.ocurrence read_message

Fig. 4. Statecharts for the dynamics of the classes ServerHost and User (actor)

A state in a statechart diagram is a condition during the life of an object or
an interaction during which it satisfies some condition, performs some action,
or waits for some event. See state Waiting4Entry in Figure Bl where the mail
client is waiting either for the event check mail or the event exit exec. An event
is a noteworthy occurrence that may trigger a state transition [44]. A simple
transition is a relationship between two states indicating that an object in the
first state will enter the second state.

The approach taken to translate a statechart into an Labelled Generalized
Stochastic Petri Net [46] (LGSPN) consists in the translation of each element in
the metamodel of the state machines into an LGSPN subsystem. Just to take
the flavor of the translation, Figure [l depicts the LGSPNs subsystems obtained
by the translation of a simple state.

An important aspect of the translation concerns with the activities. Since they
consum processing time, then they will be translated as timed transitions. The
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actz ¢ Call Action U Send Action
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Fig. 6. Translation of the different types of actions

delay of such transitions, i.e. the mean of a exponentially distributed ramdom
variable, is calculated as the inverse of such processing time. The translation of
the actions is given in Figure [fl The translation of the other elements in the
metamodel can be found in [23][34].
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Not-event-driven decisions are modelled using guards with its success prob-
ability. Concretely, a combination of guards and events has been used in some
SC transitions. That probability will be represented in the Petri net using an
immediate transition.

In order to obtain an LGSPN (LS,.) for a given statechart sc, the subsys-
tems that represent its metamodel elements are composed using a composition
operator defined in [46]. Basically, this operator composes two LGSPNs into a
third one by fusing the places and transitions with equal labels. The details of
the composition method can be found also in [23][34].

Figure[3 shows the LGSPN for the MailClient SC. It has been obtained apply-
ing the transformation method for SCs given in [23] and briefly recalled here. The
LGSPNs for the ServerHost and the User are not given to avoid a cumbersome
presentation.

3.2 Activity Diagram

An in-depth study of our mail client showed that the activity Authenticate, as-
sociated to the state Authorization in the SC for ServerHost (Figure H), was
relevant to the system performance. Moreover, it would be necessary a more
accurate modelling of its behaviour to complete the system description. To fill
this gap, the SPE process proposes to model the actions performed within the
states of the SC, concretely by using the activity diagram (AD).

Thus, we used an AD (see Figure[) to model the behaviour of the Authenticate
activity. Although it may be more useful in cases where there is not such a strong
external event dependence (e.g., ‘internal’ operations). The activity could have
been described extending the SC but, in general, ADs provide some additional
expresiveness for certain tasks.

Activity diagrams (ADs) represent UML activity graphs and are just a variant
of UML state machines (see [44]), in fact, a UML activity graph is a specialization
of a UML state machine. The main goal of ADs is to stress the internal control
flow of a process in contrast to statecharts, which are often driven by external
events.

Considering the fact that ADs are suitable for internal flow process model-
ing, they are relevant to describe activities performed by the system, usually
expressed in the statechart as doActivities in the states. The AD will be anno-
tated with the information to model routing rates and the duration of the basic
actions. See the annotations PAprob and PArespTime in Table 1.

Moreover, the AD will be annotated with the size of the messages, PAsize tag,
when it models event-driven behaviour. The closed load will be modelled attach-
ing to the initial state the PApopulation tag. Table 1 summarizes the annotations
proposed for the AD.

According to the UML specification, most of the states in an AD should be an
action or subactivity state, so most of the transitions should be triggered by the
ending of the execution of the entry action or activity associated to the state.
Since UML is not strict at this point, then the elements from the SMs package
could occasionally be used with the interpretation given in [34].
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As far as this issue is concerned, our decision is not to allow other states than
action, subactivity or call states, and thus to process external events just by
means of call states and control icons involving signals, i.e. signal sendings and
signal receipts. As a result of this, events are always deferred (as any event is
always deferred in an action state), so an activity will not ever be interrupted

when it is described by an AD.

The performance model obtained from an AD in terms of LGSPNs as pro-
posed in [36] can be used with performance evaluation purposes with two goals:
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A) just to obtain some performance measures of the model element they describe
or B) to compose this performance model with the performance models of the
statecharts that use the activity modeled in order to obtain a final performance
model of the system described by the referred statecharts. The full translation
process can be found in [36], Figure [ offers its flavour by depicting the action
states translation.

Other interpretations for the AD propose it as a high level modeling tool,
that of the workflow systems, but the SPE approach presented here does not
consider this role.

3.3 Sequence and Deployment Diagrams

A sequence diagram (SD) describes a communication pattern performed by in-
stances playing the roles to accomplish a specific purpose, i.e. an interaction.
The semantics of the sequence diagram is provided by the collaboration pack-
age [44]. The deployment diagram (DD) models the distribution of the software
components in the hardware platform and the operative system resources.

In this SPE process a sequence diagram should detail the functionality ex-
pressed by a use case in the use case diagram, by focusing in the interactions
among its participants. While the DD will be useful to deploy each class (that
has been modeled with a SC) in a hardware node.

From the performance point of view the SD and the DD have relevant elements
and constructions. They will be annotated, according to Table 1. In the following
these elements and constructs are explained.

Objects can be executed in the same hardware or in different ones in the case
of distributed systems. In the first case, it can be assumed that the time spent
to send the message is not significant in the scope of the modeled system. Of
course the actions taken as a response of the message can spend computation
time, but it will be modeled in the statechart diagram. For the second case, those
messages travelling through the net, it is considered that they spend time, then
representing a load for the system that should be annotated in this diagram. In
the second case, it is also possible to annotate in the SD the size of the message
and in the DD the bit rate at which the network operates. Then, the load for
each message can be easily obtained from the SD and the DD annotations. See
Figure[@ for the size annotation. Figure[I0] annotates the bit rate with a variable
$TR. This transfer rate will take different values in the analysis step.

A condition can be attached to each message in the diagram, representing the
possibility that the message could be dispatched. Even multiple messages can
leave a single point each one labeled by a condition. From the performance point
of view it can be considered that routing rates are attached to the messages.

A set of messages can be dispatched multiple times if they are enclosed and
marked as an iteration. This construction also has its implications from the
performance point of view.

In [35], the translation process of a given sequence diagram sd into its corre-
sponding LGSPN LS4 can be found.
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Finally, we use SDs to obtain performance analytical measures in a certain
context of execution. Figure [@ shows an example of interaction between both
server and client. Some results for this particular scenario will be obtained in
the next subsection.
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Fig. 9. Sequence Diagram describing scenario, and corresponding LGSPN
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3.4 Analysis

Once the final LGSPN models are obtained (following the composition rules
detailed in [34L385]) performance estimates can be computed. These figures can
be related to either the whole system behavior (somehow unrestricted) or the
system behavior in a concrete scenario (thus adjusted to certain restrictions).

Therefore, two different kind of performance models can be obtained using
the translations surveyed in the previous subsections.

A. Supose a system described by a set of UML statecharts {scy,...,sc;} and a

set of activity diagrams refining some of their doActivities, {ady,...,ad;}.

Then {LSsc; ..., LSsc, } and {LSqd,,-- ., LSaq, } represent the LGSPNs
of the corresponding diagrams.

LS e, —aa; will represent an LGSPN for the statechart sc; and the activity
diagram ad,;.

Then a performance model representing the whole system can be obtained
by the following expression:

i=1,...,kj=1,...,l
LS = | I Essci—ad_j
Labels

The works in [34,[36,23] detail the composition method.
B. If a concrete execution of the system LS in [A] is described by a sequence
diagram sd, LS sq represents its corresponding LGSPN.
Then a performance model representing this concrete execution of the
system can be obtained by the following expression:

800 - —
700
600
500
t(sc.) 400+
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0 et
1 attach, 3 attach, 5 attach, Sattach, 9 attach,
3 text 4 text 6 text 14 text 10 text
028,8 Kbps avg. mean of e-mails
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OADSL 256 Kbps

Fig. 11. Effect of number of mails and attached file proportion on the downloading
time for different connection speed
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[-:Se:vecution =LS | | ESsd
Labels

The works in [351[47] detail the composition method.

Figure [I] shows the effect of the number of mails and different proportion
of them with attached files on the downloading time for different connection
speeds. Bars labelled with “a attach - b text” correspond with the case where
the average number of downloaded mails is @ + b and an average of a of them
have attached files.

The graph in Figure[I2 represents the effective transfer rate of the client when
checking mail (maximum transfer rate: 56 Kbps). Note that higher amounts
of data minimize the relative amount of time spent by protocol messages. The
analysis has been taken considering the whole system behavior (that is, using the
net obtained by composition of the ones corresponding to the SCs and the AD).

Meanwhile, the graph in Figure [[3] represents the time cost of executing the
interaction illustrated in figure [@ in function of different attach file sizes and
maximum network speeds. The analysis has been taken using the SD to construct
the net for the constrained case [35]. In general, SDs can be extremely useful to
check the behaviour of the system for a particular use case. Moreover, analysts
may use them to model test conditions in an easy way.

In another paper included in this volume [37], ArgoSPE tool is presented. It
implements the features explained here for the software performance modelling
process. So, the system is modeled as a set of UML diagrams, annotated accord-
ing to the UML-SPT, which are translated into LGSPN. The UML diagrams
used to obtain a performance model by means of ArgoSPE are those consid-
ered in our process: statecharts, activity diagrams and sequence diagrams. The
class and the implementation diagrams (components and deployment) are used
to collect some system parameters (system population or network speed).

ArgoSPE has been implemented as a set of Java modules, that are plugged into
the open source ArgoUML CASE tool [48]. It follows the software architecture
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O44-46
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Fig. 12. Effective transfer rate of the client when checking mail
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Fig. 13. Some analytical results for the presented case study

proposed in the UML-SPT, see Figure[ll ArgoSPE has been used to model and
analyze software fault tolerant systems [41] and mobile agents software [40].

4 Conclusions

This paper has presented the application of a SPE process through a case study.
Such SPE process has as relevant features the use of some UML diagrams and
stochastic Petri nets. The UML behavioral diagrams (statecharts, activity and
sequence) togheter with the deployment diagram allow to model system func-
tionality and describe system performance characteristics. While the stochastic
Petri nets are used as a performance modelling formalism to analyze quantitative
aspects of the system.

The SPE process proposes a translation of the UML models into the perfor-
mance model. These final models represent either the whole system (composition
of the LGSPN representing each SC in the system) or a concrete execution of the
system (composition of the LGSPN representing a SD togheter with the LGSPNs
of the involved SCs). The SPE process has support through a CASE tool.
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Abstract. The field of formal methods provides all kinds of power-
ful techniques for the specification, design, verification, validation, and
ramp-up of systems. Petri nets, in different versions and “levels”, are
among those techniques that have successfully been used in various fields
of application and for different engineering tasks.

During the full development process of a system, different engineers
have different tasks. Each engineering task has its specific purpose and,
therefore, some version of Petri net or some formal method is better
suited for this task than others. In order to take full advantage of formal
methods, engineers need to switch between different techniques.

Unfortunately, different techniques have different underlying forma-
lisms and notations, they use different concepts and methods, and they
are supported by different and, in many cases, incompatible tools. There-
fore, most applications of formal methods are restricted to one technique,
formalism, and tool — though using several techniques in combination
would have many benefits.

The Component Tools project aims at easing the application and
the integration of several formal methods with different underlying for-
malisms, notations, and tools for all kinds of application areas. To this
end, Component Tools supports the definition of components with dif-
ferent underlying formal models in different notations and on different
levels of abstraction for different purposes. Moreover, Component Tools
supports the definition of transformations to different tools. This way,
an engineer can use these components for designing, verifying, and vali-
dating a system with support from formal methods and their tools under
a uniform graphical user interface — without even knowing the details of
the underlying techniques and formalisms.

Initially, Component Tools was inspired by the use of different ver-
sions of Petri nets during the development process. But, it turned out
that the concepts of Component Tools are much more general and can
be used for integrating other formal methods. In this paper, we outline
the basic idea, the concepts, and the main ingredients of Component
Tools by using a simplified example from the area of flexible manufac-
turing systems, where the models are Petri nets on different levels of
abstraction.
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1 Introduction

The field of formal methods provides quite powerful techniques for the specifica-
tion, design, implementation, verification, validation, and ramp-up of all kinds
of systems. Each technique has its strengths and weaknesses and is better suited
for some engineering tasks than another. There is no single technique best suited
for all tasks during the design and development of a system. In order to take full
advantage of formal methods, a system engineer must apply different techniques
from the field of formal methods, which, typically, use different formalisms, nota-
tions, and tools — let alone different principles and philosophies. Since engineers
are, typically, not experts in all necessary techniques of formal methods, they
cannot switch back and forth between different formalisms. Even if they can,
it will require modelling the same system in different notations over and over
again, which is expensive, time consuming and error prone. Therefore, the high
potential of formal methods is never fully exploited.

In order to improve this situation, Component Tools supports the definition
of components for a particular application area along with a set of models and
transformations to external tools that support the different engineering tasks in
that area. We call such a definition a component library. Component Tools along
with a component library definition, implements a tool with a uniform graphical
user interface for system engineering in a chosen application area; this component
tool supports the chosen formal methods for all engineering tasks in the chosen
application area. The basic idea is to define components that are equipped with
ports. Different instances of such components can be connected at these ports.
This way, an engineer can construct a system such as a manufacturing system
from these components. Along with each component definition, there will be one
or more models of the behaviour of this component, which can be in different
notations and on different levels of abstraction or can cover different aspects of
the behaviour of the component. In addition, there will be transformations that
define how the models of the different instances are combined into an overall
model in order to apply a particular formal method. On this model, an external
tool for the particular formal method can be started and the results of that tool
can be transformed back to the visual representation of Component Tools. In
order to support the bidirectional transformation, we use triple graph grammars
(TGGs) [18].

In addition to the system models, many formal methods need input or provide
output that specifies legal or illegal behaviour. In many cases, this behaviour
refers to executions or runs of the models. Unfortunately, each formalism comes
with its own version of runs, which makes it difficult to exchange and to compare
them among different tools. In order to cope with this problem, Component
Tools defines a general concept of a run, which we call a scenario: A scenario
uses the concepts from the component library only; therefore, it is independent
from the underlying formalisms. A scenario can be transformed back and forth
between runs of the different formalisms. This way, runs resp. scenarios can
be exchanged among different tools and different tasks during the development
process.
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Fig. 1. The computer controlled toy-train Fig. 2. The construction plan

In this paper, we discuss the basic idea and the concepts of Component Tools
by the help of a simple toy-train example, which is introduced in Sect. 2 — as
a simplified version of an application from the area of flexible manufacturing
systems. By the help of this example, we explain how a combination of different
techniques could be used during the development and ramp-up of a flexible
manufacturing system. The definition of components, the component library, is
discussed in Sect. 3, and the transformations as well as the integration of tools
for particular design or development tasks is discussed in Sect. 4.

2 The Example

In this section, we briefly introduce our example of a computer-controlled toy-
train. In our research project, this toy-train serves as a simplified version of a
case study from the area of flexible manufacturing systems. Figure 1 shows a
photograph of the setup where the toy-train is controlled by a Petri net [11].

Here, this toy-train serves as a running example for explaining the purpose,
the concepts, and the use of Component Tools. But, Component Tools is much
more general and can be used for many other application areas — actually Com-
ponent Tool’s focus is on the definition of component libraries and tools for all
kinds of application areas that use prefabricated components.

2.1 The Construction Plan

Figure 2 shows a simple construction plan for our toy-train example, in which
only a part of the system from Fig. 1 is used. The construction plan consists of
four different kinds of components: straight tracks (c1,cs), curved tracks (ca,c7),
switches (c3,cq), and signal units (cq,cg). These components are combined by
connections, which are indicated by arcs between the corresponding ports. There
are one-to-one connections from white square ports to white circle ports, which
represent the mechanical joints of the tracks of the toy-train.

In our toy-train example, we assume that the trains are running all the time
and can be stopped only at the signal units by switching the signal units to
stop. This setup is inspired by a mono-rail system from flexible manufacturing
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Fig. 3. Engineering tasks

systems, which is called Montrac. In order to control the route of the trains, the
switch components and the signal units are equipped with actuators: additional
ports for changing the direction of the switch and for changing the signal states
between stop and go. These ports are shown as black squares at the correspond-
ing components. They correspond to electric plugs, which can be connected to
some controller, which is not shown in Fig. 2. Moreover, there are sensors for
sensing the current direction of a switch and for sensing the presence of a train
at some signal unit. The ports corresponding to these sensors are represented as
black circles.

2.2 Some Engineering Tasks

One engineering task during the development of a flexible manufacturing system
is to design the construction plan of the plant. Though Component Tools sup-
ports this task by a particular view (see Sect. 3.5), we do not deal with this task
here; rather, we assume that the construction plan is given already. The other
engineering tasks start from that point.

Figure 3 gives an overview on some tasks. The first task, could be to design a
controller for the plant: the specification could be the states of the components
that should be avoided, which we call error states. Given the construction plan
and the error states of the components, a controller synthesis algorithm could
construct a controller for this plant — ensuring that the plant will never end
up in an error state. This controller could then by refined and extended by the
engineer. Once, the controller is finished, the engineer could verify the correctness
of the controller by some model checker. And he could simulate and animate the
behaviour in a 3D-visualisation.
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Once, he is sure that the plant and controller behave correctly, he could
start building the plant and begin the ramp-up phase. In this phase, some of
the used hardware components might have some faults, resulting in unexpected
behaviour — even though the controller was verified and behaves correctly. The
reason is that the hardware does not behave correctly because of some faults.
This could be detected by some fault diagnosis tool. To this end, Component
Tools could record the behaviour of the plant and use it as input for the fault
diagnosis. Based on the recorded failure behaviour and some fault models, the
fault diagnosis algorithm can identify the faulty component — again by using
techniques from model checking.

Once the faulty components are replaced by non-faulty components the en-
gineer might gradually increase the work-load of the plant. In order to further
improve the throughput, he might use some techniques for performance analysis.

Currently, tools for supporting the above design tasks from Component Tools
are being implemented in bachelor and master theses. Here, we cannot go into the
details of these techniques. The only important observation is that the different
tasks need different models and need to be on different levels of abstraction.
For using model checking, the models need to be quite simple due to the state
explosion problem. For the simulation, the models need to be equipped with
further information on the form and shape of the objects. For fault-analysis, the
models need to be equipped with further behaviour, which occurs when certain
faults are present. And, for performance analysis, there needs to be some timing
information.

Moreover, there needs to be some interaction between different tools. For
example, the fault diagnosis needs the information on the observed behaviour
of the plant, which is recorded by Component Tools. This can be represented
as a scenario. This scenario can be passed to the fault-diagnosis tool, which
extends this scenario so that it includes the position at which a fault occurs.
This scenario can then be animated by the 3D-visualisation for presenting the
cause of a fault to the engineer (see Sect. 2.5 for more details).

2.3 The Models

In order to support these and other tasks, there must be some models for the
components and, in particular, for the dynamic behaviour of the components.
Component Tools is completely independent from any formalism, notation, or
syntax and from any formal method. In our example, we use Petri nets for a
very simple model of the dynamic behaviour of the components. Figure 4 shows
the simple behaviour models for the signal unit and the switch units, where
the shaded squares indicate Petri net transitions that can be controlled by an
attached controller. With these models, we can simulate the system and by
applying some formal methods, we could synthesise a simple controller for our
toy-train (plant).

Actually, there can be many more models for each component, which serve
different purposes and can be used in different tasks during the development, im-
plementation, and ramp-up process of the plant and the controller. For example,
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Fig. 4. Components: Simple models Fig. 5. Components: Detailed model

there could be models that define the physical shape of the trains, the tracks
and slightly extended Petri net models in order to animate the behaviour in a
3D-visualisation. This simulation and visualisation could help in the validation
of the controller. Another example are more detailed models of the behaviour
that cover all kinds of intermediate states so that a more detailed controller can
be designed avoiding all kinds of illegal intermediate states. An example of such
a more detailed Petri net model of a switch is shown in Fig. 5.

In order to support fault diagnosis during the ramp-up process of a new plant,
there can be even more detailed models that also cover possible faults in the
hardware components. These fault-models can be used by some techniques from
model checking for detecting hardware faults from observed failure behaviour.

In this paper, we cannot not go into the details of the underlying formal meth-
ods and the used formalisms and notations that are employed for the different
development tasks. The crucial point, here, is that we need different models on
different levels of abstraction in, possibly, different formalisms and notations,
which support different design tasks.

2.4 The Transformations

During the design and implementation of a new plant and controller, there are
many different tasks in different stages of the development process that can
be supported by some technique from the field of formal methods. Component
Tools supports the definition of such tasks and the integration of tools supporting
these tasks. To this end, the different models of the components will be used and
transformed into formalisms that are understood by some tool supporting this
formal method, and the results can be transformed back to the construction plan
in order to visualise them to the engineer.

For example, from the simple Petri net models shown in Fig. 4, similar models
for the other components, and the construction plan from Fig. 2, we could gen-
erate the Petri net model shown in Fig. 6. Note that these transformations are
not programmed, but are defined in a declarative way by triple graph grammars
(TGGs), which will be discussed in more detail in Sect. 4. The main benefit
is that TGGs support a back-and-forth translation, which easily allows results
obtained by one method to be used by others. For example, a counter-example,
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i.e. an execution that shows that a particular property is not valid, obtained
by some model checker, could be passed to a tool that animates this execution
in a 3D-environment. This way, an engineer virtually sees what goes wrong. In
combination with a fault diagnosis tool, this could be also used to visualise the
possible hardware faults in a 3D-model of the plant.

2.5 The Scenarios

Unfortunately, each formal method or notation has its own notion of runs or
executions. Component Tools defines a concept of run in terms of the objects
present in the construction plan: a scenario shows some components and their in-
teraction along their connections. Figure 7 shows an example of such a scenario:
In this scenario, a train moves from the track component c¢7 to the signal compo-
nent cg; then a sensor at the signal component informs the controller (PLC) on
this arrival, the controller, switches the signal to go, and the train starts moving
again; by the sensor of the signal component, the controller is informed when
the train leaves the signal component.

Since scenarios use the concepts from the construction plan only, the runs
from the different underlying models can be transformed back to a scenario.
This way, runs can be exchanged among different tasks. For example, a faulty
behaviour can be recorded, sent to the fault diagnosis task; the fault diagnosis
identifies the faulty component and adds the position where the fault occurs for
the first time. Then, this trace can be visualised to the engineer.

3 Component Libraries

In order to use Component Tools in some new application area with some pre-
fabricated components, it needs some input.

The most important input is the definition of a component library: the main
constituents of a component library are the definitions of different components.
Then, a construction plan is built from instances of these components which are
joined via connections at the ports.

The other input for Component Tools is the definition of the engineering tasks
and transformations to the used formalism.
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In this section, we will discuss the component library and the different con-
cepts that need to be defined. The definition of tasks will be discussed in Sect. 4.

3.1 Ports

Since the same port type can occur in different components, ports need to be
defined first. A component library defines any number of ports, each of which
corresponds to a physical, electrical or mechanical jack or joint. Note that, ac-
tually, the defined ports are port types — but we do not dwell on this issue here.

In addition to a unique name, each port type defines its particular appearance,
i.e. its shape, line colour and fill colour. In our example, we used white circles
and squares for the mechanical connections of tracks, and we used black squares
and circles for electrical jacks. Moreover, each definition of a port type has a
description of this particular jack or joint that informally defines its function
and purpose. For example, a description could refer to its technical specification.

Clearly, the information on the appearance will be exploited when editing and
displaying the components. The description of a port type can be used as a tool
tip when the cursor is over such a port in order to help the engineer understand
the purpose of this particular port type.

3.2 Connections

In a component library, there may be any number of connections resp. connection
types. Again, each connection type has a unique name and an appearance, which
defines the arrow heads and the colour of the arc, when connecting two ports.
Again, there will be a description for this particular connection type.

More importantly, a component library comprises a connection paradigm,
which defines how ports may be connected by particular connections and in
which direction the connections may run. Moreover, the connection paradigm
can define fan-in and fan-outs of connections in order to restrict the number of
incoming and outgoing connections at some ports. In particular, the connection
paradigm can restrict connections at ports to one-to-one connections.

Component Tools will use the connection paradigm in order to guarantee that
the construction plan never violates any structural restrictions implied by the
components in the particular application domain.

3.3 Components

The definition of components resp. component types is the most important part of
a component library. Each component type definition consists of a unique name,
a definition of its appearance, i.e. its size, fill and line colour, and a description
of its purpose and behaviour.

Moreover, each component has a list of port definitions. Each port definition,
again, consists of a unique name, a reference to a port type, a description, and
a position of this particular port. Note that it is not necessary to define the
possible connections to a port of a component because this is already defined for
the port types by the connection paradigm.
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In each component type definition, there can be a list of parameter defini-
tions, which, again, consist of a name and some data type defining the range of
values of this parameter. In our example, the component type straight track has
a parameter “number”, which defines the number of trains that are on that par-
ticular track. Moreover, there are parameters defining the start and end points
of the track.

When a new instance of a component type is created in a construction plan,
the values for all the parameters of this component type must be provided.

3.4 Models

In order to apply formal methods, each component is equipped with one or
more models defining the behaviour or other aspects of the component (which,
possibly, depends on the values of the parameters of the particular instance).

In order to deal with models, a component library defines a set of model types
that are associated with each component type. Basically, this is a finite list of
names equipped with a reference to some format in which these models are
represented. And, again, there is a description of the purpose of this particular
type of model. Then, each component type is equipped with all the models
defined in the required representation.

These models will be used later for generating the models for the formal
methods, which will be discussed in Sect. 4.

3.5 Views

Up to now, we have discussed the basic structure of a component library. Once
all these concepts are defined in a component library, a project editor can be
used for editing a construction plan from the defined components.

At last, we discuss a concept that supports different kinds of users involved
in the same project. For example, there could be electrical engineers, mechani-
cal engineers, and computer scientists working on the same project. All of them
have different points of views and a different focus. In order to allow the dif-
ferent groups of users to focus on those aspects that are important for them, a
component library may define different views.

Each view, basically, consists of a name, a description of its purpose or the
class of intended users as well as a set of ports, connections, and components that
are visible in that view. Moreover, each view can define a different appearance
for the ports, connections, and components.

When an engineer selects a specific view on the project, he sees only the parts
defined in that view. And the parts appear as defined for that particular view.
The underlying construction plan, however, is the same for all engineers in order
to avoid inconsistent views.

These different views can be all viewed and edited with the standard project
editor of Component Tools. But, it is also possible to add a dedicated editor for
a particular view!. For example, there could be an editor in which the physical

! 'We use Eclipse plug-ins and extension points for implementing these concepts. But,
these implementational details are not discussed in this paper.



46 E. Kindler, V. Rubin, and R. Wagner

.

Fig. 8. The geometry view of the construction plan

extensions of the components are exactly visualised. In fact, the size and the
position of the component instances defines the value of the corresponding pa-
rameters. Also the position of the ports could be changed and connectible ports
could be connected by snapping to each other. Figure 8 shows how such a ge-
ometry view of the very same construction plan of our example could look like.
Note, that this view does not show the ports for the electrical wiring; it shows the
ports for the mechanical connections only, since it is the mechanical engineers
view.

3.6 Extensions

Note that there are all kinds of conceptual refinements and extensions when
defining component libraries, which are not yet implemented, but could be useful
in order to properly support the development tasks. For example, components
are displayed as rectangles in the current version. Future versions could support
other freely definable shapes such as polygons or dedicated images; in some views
there could be even some vertexes that could be freely moved in order to define
some parameter. Moreover, there could be all kinds of icons associated with the
different components.

Up to now, all components are defined in XML documents. Future versions
of Component Tools could also support the user in defining his own components
in a hierarchical way from components of the library. The concept itself is not
difficult; still it is not yet implemented.

Up to now, there is only a very simple mechanism for defining the connection
paradigms: a list of pairs that maybe connected by this connection along with
a simple fan-in and fan-out. A future version could use a much more powerful
mechanism; the exact mechanism that suits the needs of typical components and
connections, however, has yet to be identified.

4 Tasks and Transformations

Up to this point, a component library can be used for building construction plans
from its components and connections and different engineers can work on them
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in their favourite views. The models along with their description might be useful
in understanding the behaviour of each component; but, strictly speaking, the
models do not have a function at all.

The purpose of the models will be explained in this section. Basically, the
models will be used for constructing some overall model out of the construction
plan in some formalism on which some formal method can be applied. In order
to support transformations back and forth between the construction plan and
the tools supporting a formal method, we use triple graph grammars (TGGs) for
defining the transformations [18]. We use an interpreter for actually executing
the transformation defined by a TGG [13, 6].

4.1 Triple Graph Grammars

Here, we cannot discuss TGGs in full detail. Rather, we will explain the idea of
TGGs by the help of our example.

Figure 9 shows a TGG rule that captures the translation of an instance of a
signal unit to the corresponding Petri net. This graph resembles UML’s object
diagrams, where circle nodes are used only for emphasising the correspondence
to the respective ports of the component and to the places of the Petri net.
The Petri net model was shown in Fig. 4 already. Basically, the part below the
dashed line shows an instance of the signal unit with its two ports called in and
out on the left-hand side, and it shows the corresponding Petri net model on the
right-hand side. In the middle part, it shows the correspondence or mapping of
the elements of the component to the elements of the Petri net. For example,
all elements of the Petri net correspond to the signal unit, whereas the place of
the Petri net corresponds to the in port of the component, and the transition
of the Petri net corresponds to the out port of the component. Minus syntactic
sugar, the part below the dashed line of the TGG rule in Fig. 9 is a more formal
presentation of the Petri net model corresponding to the component along with
the mapping of the ports (cf. Fig. 4).

Next, we explain the meaning of Fig. 9 as a TGG rule. It represents a graph
grammar rule. As all grammars, it consists of two parts: a left-hand side and a
right-hand side, where the parts that do not change occur on both sides. The
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top part above the dashed line of Fig. 9 belongs to both sides of the rule, and
the part below the dashed line belongs to the right-hand side only. Such a rule
means that once there is a graph as shown above the line, the part below the
line can be added. This is the reason, why all edges and nodes in the lower part
have a label ++. In fact, it is these labels which makes the nodes right-hand side
nodes only. The horizontal dashed line is not part of the TGG rule. So, this rule,
in combination with similar rules for the other components, can generate a set
of component instances in the construction plan (called project) along with the
corresponding Petri net models. Though the translation will not be executed this
way, conceptually, we can assume that whenever a component is added to the
project on the source side of the TGG, the corresponding Petri net elements will
be generated on the target side along with correspondence objects that link the
nodes on the source side with nodes on the target side. This way, the TGG rules
define a transformation from a construction plan, i.e. a project on the source
side, to a Petri net on the target side.

Up to this point, the connections have not yet been considered. In our simple
example, we need only one TGG rule for dealing with the connections. This rule
is shown in Fig. 10. Again, the new parts (the ones occurring on the right-hand
side of a graph grammar only) in this rule are labelled with +4. This rule can
be read in the following way: When a connection from some out port to some in
port is inserted to the project, a Petri net arc is inserted to the Petri net between
the transition and place corresponding to these ports.

Altogether, one TGG rule for each component and its model and the single
rule for the connection precisely define a translation of the construction plan to
a Petri net model. For example, the construction plan from Fig. 2 along with
the TGG rules for the simple Petri net models would translate to the Petri net
shown in Fig. 6 — except for the initial marking, which will be discussed shortly.

When explaining the TGG rules, we assumed that both sides, the construction
plan and the Petri net, are created at the same time. But, this is not necessary;
we used this point of view only for explaining the idea and the general principle
of TGGs. In practise, we assume that we have a construction plan, and we try
to map a part of the project with the source part of the TGG rule and than
generate the missing part in the target part (Petri net) and the correspondence
part. The idea of such an interpreter of TGGs was discussed in [13, 6].

As mentioned already, the above TGG rules do not yet generate an initial
marking for our Petri net. The reasons is that we did not consider the parame-
ters of the component that define the number of the trains on that component.
Figure 11 shows a rule that transforms the parameter number to a marking of the
corresponding place. With this rule added, we would obtain the Petri net from
Fig. 6 for the construction plan from Fig. 2. But, this rule can do more. Suppose,
some analysis or simulation tool changes the marking of a place in the Petri net.
Then, we can apply the rule backward, and translate the changed marking back
to the component instance and change the parameter number accordingly. In
principle, we could even change the Petri net and change the construction plan
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Fig. 12. Meta model for Petri nets

accordingly. But, since not all Petri nets correspond to a construction plan, we
run in problems with more complicated changes.

Altogether, TGGs are an appropriate means for defining transformations
among different models, and for actually performing these transformations in
both directions. In order to make this work, we need to define the nodes and
the associations between these nodes that may occur in the source model, in
the target model, and in the correspondence part of the TGGs, which is a meta
model of the source (the Component Tools project) and the target model (the
Petri net). Figure 12 shows an example of the meta model for Petri nets, which
resembles a UML class diagram. The node types occurring in the rules of a TGG
actually refer to such meta models?.

4.2 Tasks

In order to complete the definition of a component tool based on a component
library, we need to define how the tool supports the different tasks of the engineer.
We call this a task definition.

A task definition, basically, consists of two parts: a TGG transformation along
with the corresponding meta models and an external tool that will be started
on the transformed model. Technically, an external tool is a class implementing
a tool interface with a method for passing the model to the external tool and a
method to start the tool on that model. Even more technically, this class must
be installed as a plug-in in the Eclipse platform, but we do not go into these
details here.

The external tool could do anything on the transformed model; it could modify
it, analyse it save it or start third party tools on it. Actually, we distinguish

2 Here we discuss the conceptual part only. For technical reasons, we will need some
mapping from Java objects implementing a meta model to the objects of the meta
model. These model adapters will be discussed in Sect. 5.
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two kinds of tasks. Attached tasks are those tasks that stay connected to the
original model (via the TGG correspondences) and all modifications made on
the transformed model will be transformed back to the construction plan and
can be seen in the Component Tool project or geometry editor. Detached tasks
do not stay connected to the original models once they are started.

Clearly, the attached tools are the more attractive ones since they show their
results or effects in the construction plan of the engineer. So, the engineer does
not need to adjust to a different formalism or notation for viewing the results. In
some cases, the engineer might want to interact with the tool directly, in which
case it might be used as a detached tool.

4.3 The Example Revisited

Altogether, a component library along with the transformations and task def-
initions defines a tool for a particular application area. With these definitions
Component Tools implements a component tool: With this component tool, an
engineers can use the components of the component library for editing con-
struction plans and different engineers can have their particular view on these
construction plans. The component tool will provide buttons for each defined
task so that the engineers can start the corresponding transformations and ex-
ternal tools, and — for attached tasks — see the result in the construction plan.
The different models and formalisms for each component can be inspected by the
engineer, but it is not necessary for him to see them and to know the formalisms
at all.

For our toy-train example, we have equipped the different components with
simple Petri net models and the transformations discussed above. The exter-
nal tool started on the transformed model is the Petri Net Kernel (PNK) [21]
along with the PNVis tool [12], which simulates the Petri net and animates the
behaviour in a 3D-visualisation as shown in Fig. 13. All the user must do for
starting this visualisation is providing a construction plan as shown in Fig. 2 and
then press the button of the corresponding task. What is more, while the 3D-
animation is running the number of the corresponding shuttles at the particular
instances of the components would change in the construction plan accordingly.

Other tasks, working on the very same construction plan, can be easily added.
Right now, external tools for the controller synthesis, and for generating code for
PLC controllers for flexible manufacturing systems, and fault analysis during the
ramp-up process of such plants are being implemented in master thesis projects
[17,24].

5 Implementation and Research Issues

In the previous sections, we have discussed Component Tools on a conceptual
level and from the perspective of potential users of Component Tools. Actually,
there are two kinds of users, the first type would be someone defining a compo-
nent tool for a specific application area using some specific formal methods; the
other type would be a user of that component tool. In this section, we discuss



Component Tools: Integrating Petri Nets with Other Formal Methods 51

ey nxl

Wheinb—a—n b - Sle
bssolbamasr s hbmmgince Aebaesen
3

[
Frhomsgia )

| Prwcs Bt | Gooemetry Exter

Fig. 13. PNVis running as a task of a component tool

some implementation issues of Component Tools and give an overview on the
state of the implementation and some future extensions.

A first prototype of Component Tools was implemented based on the Eclipse
platform [8]. This prototype covered the basic concepts of the component library,
but did not cover transformations and did not support tasks. Basically, the
implementation consisted of an editor for construction plans. The component
library, its ports, connections, components was defined in some XML files.

In a one-year master’s project with a group of ten students [6], this first
prototype was extended into a more complete implementation. In particular, the
concepts of views and dedicated editors for some views were added. Moreover,
the concepts of transformations and tasks were implemented, which included an
algorithm that interprets a TGG for transforming the corresponding models.

This TGG interpreter works on Java implementations of the underlying meta
models. In order to access these Java implementations, the Java implementation
must be mapped to the meta model of the TGGs. To this end, we developed the
concept of an model adapter that must be implemented for each Java implemen-
tation of a particular model. With the help of these adapters, a TGG interpreter
can transform the source model into the target model and vice versa [13].

The concept of scenarios was added in another bachelor thesis [16], which will
serve as a basis for implementing a play-in/play-out concept similar to the one
proposed by Harel and Marelly [10].

Altogether, the current implementation of Component Tools covers the
example discussed in this paper. A first version of it will be made available
in April 2006 — this version does not yet cover scenarios. A release of a version
covering scenarios and play-in/play-out of scenarios is scheduled for July 2006.
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Some interesting features, however, are still missing, which will be added in
the near future by some bachelor and master theses:

Library and TGG editors
Up to now, the component library is defined by several XML files. For prac-
tical use, it is important to have a graphical editor for defining a component
library and, in particular, the triple graph grammars defining the transfor-
mations. With such an editor, the component library could even be extended
dynamically by user defined components and components could be defined
from other components.

Visualising analysis information
Up to now, the result of the tools can be displayed in the construction plan
only by changing some of its parameters. In order to make the visualisation
more flexible, we need to develop a more sophisticated concept. For example,
some ports, connections, or components could be high-lighted and equipped
with some text explaining the results (see [7] for more details).

Generic adapter
Up to now, a new adapter must be implemented whenever a new Java im-
plementation of a source or target model is needed for some new tool or
component model, which needs some programming effort. The general idea
of Component Tools is that defining a new component library, new transfor-
mations, and tasks does not require any (or at least not much) programming
effort. Therefore, we are thinking of implementing a language for describing
this mapping and implementing a generic model adapter that takes this de-
scription as a parameter and then serves as a model adapter for the described
mapping.
An other idea, which is currently investigated, is a combination of TGGs
with the Eclipse Modeling Framework (EMF); this will allow the use of
TGGs with EMF models without any adapter [9].

Mapping scenarios to runs
As mentioned earlier, scenarios are formalism independent representations
of runs. Up to now, the transformation of a run in some formalism to a
scenario needs to implemented by hand; usually this is not difficult, but
still needs some time, and one must make sure that the transformation is
faithful. We believe that the transformation of the runs could specified jointly
with the TGG transformations of the models, which would save some work
and guarantee consistency between the two transformations. But, the exact
concepts need to be worked out in detail.

In addition to the above ideas, there are many long-term ideas on how Compo-
nent Tools could be equipped with “cool features”. These, however, are beyond
the scope of this paper.

Concerning theory, there is much work that needs to be done. Actually, Com-
ponent Tools is only a framework for integrating different formal methods. The
theory for the different techniques and, in particular, for integrating different
models still needs much more attention. For example, we need methods that
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guarantee that the different models in different formalisms are consistent with
each other. Or we need theory for combining models on different levels of ab-
straction. For example, we would like to combine models on different levels of
abstraction in order to avoid the state explosion problem in model checking: One
component of the construction plan that should be verified in detail could be
represented with a detailed model, whereas all the other components could use a
more abstract model. This way, the overall model has less states and could still
be verified by model checking. Generating such a combined model is no problem.
The question, however, is the validity of the results. This needs careful design of
the models on the different levels of abstraction and theory that helps verifying
the validity of the combined models — or at least sufficient conditions for the
correctness of some verification results. Therefore, Component Tools is only a
start for productively using and integrating theory still to come.

6 Related Work

In this section, we give an overview of the related work and tools and systems
that inspired our work.

Tools. First, we discuss typical representatives of tools for the design, simulation,
and visualisation of plants from components.

Tool suites such as Simulink of The MathWorks, SimO f fice™ of MSCSoft-
ware, AutoMod™ [2] and eMPower [19] are used for simulation and provide
an environment for building the models using the libraries of components. They
support modelling in different areas, such as airport industry, manufacturing
constructions, and logistics. The LONTROL tool [5] is focused on control en-
gineering for material handling, automation, and assembly logistics. It uses the
library of components for building the models and functional components to
control the system. The research tool d* FACT INSIGHT [4] is built to support
the analysis of simulation models. The focus of this tool lies on the possibility to
create and simulate complex models based on components in collaborative work.
The SEA Environment [15] presents a methodology for the design, analysis, and
simulation of embedded real-time systems using different modelling paradigms
and tools.

All of the tools discussed above use components in a similar way to Component
Tools. The difference is in the purpose. Basically, all of the above tools support
simulation and visualisation. The focus of Component Tools is on analysis and
verification and the integration of new formal methods.

Model Transformations. Due to the success of the Model-Driven Architecture
(MDA) [14], model transformation is now the focus of many research activities.
This leads to many different approaches for model transformation — each for a
special purpose and within a particular domain with its own requirements. Here,
we cannot give a complete discussion (see [3] for a survey).

Maybe, one of the best-known approaches for model transformation is XSLT
[23]. Tt is used for the transformation of models represented as XML documents
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via the XMI specification. However, the description of the transformation is done
textually in a highly procedural form. Hence, the specification of a transforma-
tion is not very user friendly.

Another class of transformation approaches comprises graphical transforma-
tion languages which are based on graph grammars and graph transformations.
These approaches operate on graphs representing the data structures which have
to be transformed. The transformation is executed by searching a pattern in the
graph and applying an action which transforms the pattern to a new data struc-
ture. Examples for model transformation approaches based on graph grammars
and graph transformation include VIATRA [20], GreAT [1], and UMLX [22].
Common to all mentioned approaches is that the transformation must be speci-
fied for each transformation direction separately. Hence, it is not well suited for
the specification of bidirectional transformations as required by our approach.
This is why we use TGGs [18].

7 Conclusion

In this paper, we discussed the basic ideas and concepts of Component Tools.
The objective of Component Tools is to combine a bunch of different formal
models, formal methods, and tools supporting them under a uniform graphical
user interface, which defines a component tool. With such a component tool,
an engineer can use the component library and all the associated task with-
out even knowing the underlying formalisms. What is more, there is only one
composition mechanism for constructing systems from component libraries; it
is up to the transformations defined along with the component library to map
these compositions to the composition mechanism provided by the underlying
formal method. Moreover, there is a single concept of scenario, which allows an
engineer exchanging specifications and analysis results among different task — in
particular analysis results can be visualised to the engineer.

Though we discussed these ideas by the help of a simple toy-train example
only, the scope of Component Tools is much broader. The concepts of Compo-
nent Tools have been inspired by a project working on techniques that support
engineers in the area of flexible manufacturing systems in the task of designing
PLC code and in identifying hardware faults during the ramp-up phase of a new
flexible manufacturing system.

Up to now, the different models of a component library are completely in-
dependent of each other. It is an interesting (but formalism-dependent) task to
investigate conditions that guarantee that one model refines another or that dif-
ferent models are consistent to each other so that the results of different tasks
based on different models can be combined. This, however, is challenging and
interesting future research.

Acknowledgement. We would like to thank all the students that participated in
our one year master’s project ‘Component Tools’, which helped to advance the
concepts of Component Tools and implemented the prototype.



Component Tools: Integrating Petri Nets with Other Formal Methods 55

References

1.

10.

11.

12.

13.

14.
15.

16.

A. Agrawal, G. Karsai, Z. Kalmar, S. Neema, F. Shi, and A. Vizhanyo, “The design
of a simple language for graph transformations,” Journal in Software and System
Modeling, 2005, in review.

. Brooks Automation Corporate, “AutoMod Suite,”

http://www.automod.com/products/products.asp.

. K. Czarnecki and S. Helsen, “Classification of model transformation approaches,”

in OOPSLA’08 Workshop on Generative Techniques in the Context of Model-
Driven Architecture, 2003.

. W. Dangelmaier, B. Mueck, C. Laroque, and K. R Mahajan, “d3fact insight: A

simulation-tool for multiresolution material flow models,” in Simulation in Industry
- 16th European Simulation Symposium (ESS2004) SCS - Europe, 1. Lipovszki,
Gyorgy; Molnar, Ed., 2004, pp. 17-22.

. FASTEC GmbH, “Lontrol,” http://www.fastec.de/.
. A. Gepting, J. Greenyer, E. Kindler, A. Maas, S. Munkelt, C. Pales, T. Pivl,

O. Rohe, V. Rubin, M. Sanders, A. Scholand, C. Wagner, and R. Wagner, “Com-
ponent tools: A vision of a tool,” in Proc. of the 11th Workshop on Algorithms and
Tools for Petri Nets (AWPN), ser. Tech. Rep. tr-ri-04-251, Paderborn, Germany,
September 2004, pp. 37-42.

. H. Giese, E. Kindler, F. Klein, and R. Wagner, “Reconciling scenario-centered

controller design with state-based system models,” in 4" International Workshop
on Scenarios and State Machines: Models, Algorithms and Tools (SCESM’05),
Satellite event of ICSE “05, May 2005.

. J. Greenyer, “Maintaining and using component libraries for the design of ma-

terial flow systems: Concept and prototypical implementation,” Bachelor thesis,
Department of Computer Science, University of Paderborn, October 2003.

. J. Greenyer, “A study of technologies for model transformation: Reconciling TGGs

with QVT,” Master thesis, Department of Computer Science, University of Pader-
born, July 2006 (in preparation).

D. Harel and R. Marelly, “Come let’s play: Scenario-based programming using
LSCs and the Play-engine,” Springer-Verlag, 2003.

E. Kindler and F. Nillies: “Petri nets and the real world,” in: AWPN workshop
2005, proceedings, Berlin, Germany, K. Schmidt, C. Stahl, Ed., September 2005,
pp. 19-24.

E. Kindler and C. Pales, “3D-visualization of Petri net models: Concept and re-
alization,” in Application and Theory of Petri Nets 2004, 25 International Con-
ference, ser. LNCS, J. Cortadella and W. Reisig, Eds., vol. 3099. Springer, June
2004, pp. 464-473.

E. Kindler, V. Rubin, and R. Wagner, “An adaptable TGG interpreter for in-
memory model transformation,” in Proc. of the Fujaba Days 2004, Darmstadt,
Germany, September 2004, pp. 35-38.

OMG, Model Driven Architecture, http://www.omg.org/mda/.

C. Rust, J. Stroop, and J. Tacken, “The Design of Embedded Real-Time Systems
using the SEA Environment,” in Proc. of the 5th Annual Australasian Conference on
Parallel And Real-Time Systems (PART ’98), Adelaide, Australia, September 1998.
D. Schmelter, “Play-In und Play-Out von Szenarien von Component-Tools,” Bach-
elor thesis (in German), Department of Computer Science, University of Paderborn,
November 2005.



56

17

18.

19.

20.

21.

22.

23.

24.

E. Kindler, V. Rubin, and R. Wagner

A. Scholand, “Steuerungssynthese fiir komponentenbasierte Systeme unter par-
tieller Sichtbarkeit,” Master thesis (in German), Department of Computer Science,
University of Paderborn, April 2006 (in preparation).

A. Schiirr, “Specification of graph translators with triple graph grammars,” in
Graph-Theoretic Concepts in Computer Science, 20" International Workshop,
WG 94, ser. LNCS, E. W. Mayr, G. Schmidt, and G. Tinhofer, Eds., vol. 903,
Herrsching, Germany, June 1995, pp. 151-163.

Tecnomatix Technologies Ltd., “eMPower Solutions,”
http://www.tecnomatix.com/.

D. Varré, G. Varrd, and A. Pataricza, “Designing the automatic transformation of
visual languages,” Science of Computer Programming, vol. 44, no. 2, pp. 205-227,
August 2002.

M. Weber and E. Kindler, “The Petri Net Kernel,” in Petri Net Technologies
for Modeling Communication Based Systems, ser. LNCS, H. Ehrig, W. Reisig,
G. Rozenberg, and H. Weber, Eds. Springer, 2003, vol. 2472, pp. 109-123.

E. D. Willink, “UMLX: A graphical transformation language for MDA,” in
MDAFA’03. Entschede, Netherlands: University of Twente, September 2003, pp.
13-24.

W3C, “XSL Transformations (XSLT) Version 1.0,” November 1999. [Online]. Avail-
able: http://www.w3.org/ TR /xslt

M. Zarbock, “Ermittlung von Fehlerursachen in Prduktionsanalgen,” Master thesis
(in German), Department of Computer Science, University of Paderborn, July 2006
(in preparation).



Using Colored Petri Netsand Toolsto Support Mobile
Terminal and Networ k Softwar e Development

Jianli Xu

Nokia Research Center
P.O. Box 407, FIN-00045, NOKIA GROUP, Finland
jianli.xu@okia.com

Abstract. In this paper we report our experience in several research projects
that use Colored Petri Nets in modeling and analysis of the software systems of
Nokia products. These research projects use both forma language - Colored
Petri Nets and semi-formal language — UML to describe, model and analyze
different software systems. Due to the particular limitations, formal methods
have been only used to model and analyze a certain property or a few strongly
related properties, or a certain critical part of a big system at a time. This short
paper reports our experience in applying forma methods in industry settings.
We mainly address our problems in applying forma methods in supporting our
product software development, such as system complexity, model complexity,
the appropriate abstraction levels of a formal model, tracing the problem from
abstract formal model to real software and vice versa, tool support, etc.

1 Introduction

System modeling and analysis play an important role inside Nokia in improving the
quality of both its system design and the final products. Modeling and model analysis
are becoming a common practice for software architects and designers of Nokia since
the wide adoption of UML. Due the obvious reasons, UML alone cannot meet our
requirements in modeling and analysis to guarantee important system properties,
especially those run-time/behavioral properties. For along time we have been making
big effort to introduce formal methods into the product software development
practice. Many projects have been carried out in trying out different formal techniques
in system modeling and analysis, and testing the possibility of integrating formal
methods and toolsin the current software development process.

In this short paper, we only describe some projects inside our own research group.
We try to share with the readers our experience of using formal methods in modeling
and analysis of software systems and our expectations for the research community. As
the formal modeling language we use Colored Petri Nets (CPN), a visual, both action
and state-based specification formalism, that is suitable for modeling concurrent
activities and flows in complex systems [1][2][3]. CPN has formal execution
semantics that make it possible to simulate the behavior specified by CPN models.
The strong tool support [4][5], especially in model construction and simulation, and
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© Springer-Verlag Berlin Heidelberg 2006



58 J. Xu

long time cooperation with the CPN group at Aarhus University have greatly helped
usin those projects.

In this paper we first briefly introduce four research projects conducted since late
90's at Nokia that used CPN as one of the main modeling languages, discuss the
results and lessons learnt from each projects. Then in the last part of the paper we try
to summarize and share with practitioners our experience of using formal methods in
industry research projects, and convey our expectations to the research community.

2 Some CPN Application Projects at Nokia

The size of projects described in this section varies from 2 person months to 1.5
person years. There were 1 to 4 people directly involved in a project. Two projects,
the first one and the third one, were carried out only by Nokia research engineers. The
other two projects were cooperation projects between Nokia Research Center and the
CPN group at University of Aarhus, Denmark.

2.1 Modeling and Analyzing the Execution Ar chitectur e of M obile Phone
Software

The modeling work of this project was done during the early design phase of a hew
mobile phone product family. The goal of the project was to evaluate the initial
software architecture design against the system requirements [6]. The execution/run-
time architecture was modeled with CPN and analyzed with the Design/CPN tool.

Thiswas our first CPN project. Before we started to create the CPN model, we had
spent about one and a half person months to prepare for the real work, including
learning CPN and SML, learning how to use Design/CPN tool, and doing small case
studies with the Design/CPN tool. The modeling work started immediately after the
principal structure of the new software architecture had been outlined and continued
along with the component architecture design and detailed system design. The CPN
modeling iterated over three main steps: creating or modifying the model, simulating,
and analyzing.

The CPN model of the new architecture shares the system structure which was
described using UML class diagrams. The decomposition of the model into parts
follows the decomposition of the system and mapping from the entities of the model
to the entities of the system is clear. This means that the CPN model of the new
architecture directly assists in designing and configuring different system variants.
Since this CPN model shares the system structure, it is easy to see how well the model
conforms to the system design. This increases the confidence that the model can give
correct analysis and predictions of system properties.

The behavior properties of the new architecture were analyzed mainly with model
simulation that was supported by the Design/CPN tool. The CPN model was
annotated with timing parameters and memory consumption parameters of all system
operations been modeled. The behavior properties include the task switch time,
message delay and message buffer usage at the best and worst case. The CPN model
had been used to:
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specify and verify the task control mechanism

specify and verify the task communication mechanism
evaluate different task divisions and alocations
simulate typical use cases

estimate the message buffer usage and message delays

The CPN model allowed us to analyze both the time and space performance of the
new software architecture. Our experience shows that a special purpose model can be
constructed for large systems also and this model predicts system properties
accurately enough to be useful. By using the CPN model we evaluated alternative
communication mechanisms object to different task allocations and task configuration
and we found potential problemsin specific design alternatives.

Due to the large size of the model and the limitation of processing power and
memory on the computer where we run the Design/CPN tool, we could not analyze
the model as a whole with the state space tool of Design/CPN. The state space
analysis was performed only on several important sub-models, hence only some local
properties were verified.

This project demonstrates that formal architectural models can be built for
industrial systems and general-purpose formal modeling techniques can be applied to
architectural modeling. Forma modeling can provide quantitative results to be used
as a guide in developing the system further. Existing tools have limited analytical
power but simulation can be used in practice. The CPN execution architecture model
also demonstrates the important benefit of architectural modeling. Structura
similarity between different views helpsin keeping the design and model coherent.

Our main problem during this project was the lack of documentation on how to
model software architectures using formal techniques. We had to figure out how to
model different constructs, where to abstract, how to model the input to the system
and how to monitor the behavior. The approach used in this project was aso applied
in the later projects, and they turned out to be a lot easier and much more effective
than the first case.

2.2 Modeling Feature Interactionsin Mobile Phones

We studied the problems of feature interactions in the user interface (Ul) software of
Nokia mobile phones in this project [7]. The mobile phone Ul software is designed to
support the most frequent and important user tasks flexibly and smoothly, hence it
enables many features to interplay and be active at the same time. The dependencies
or interplay of features are called feature interactions and range from simple usage
dependencies to more complex combinations of several independent behaviors.

The research work of this project was motivated by the fact before the project
started, that feature and feature interactions were not systematically documented at
Nokia and often the most complex feature interactions were not fully understood
before the features were implemented. In the design and development of features,
focus was often on the behavior and appearance of individual features. Based on our
positive experience with the previous project, we believed CPN can help us to create
both a static graphical description of features and alow simulation of feature
interactions in an interactive environment. The targets of the project ware:
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e Toidentify and document typical patterns of feature interactions.

e Todevelop a systematic methodology for describing feature interactions.

e To provide an environment for interactive exploration and simulation of
the feature interactions for demonstrational or analytical purpose.

This project was a joint project between Nokia Research Center and the CPN
group at the University of Aarhus. The project lasted for a year from November 2000
to November 2001 with a total amount of 15 person months of effort. The project
group consisted of two research engineers from Nokia Research Center and three
people from the CPN group, hence it contains both application domain experts and
expertsin formal methods and tools (CPN and Design/CPN).

Before the joint project started, initial work was done at Nokia Research Center to
experiment with the use of CPN for modeling of feature interactions. Through the
initial experiment, the research engineers at Nokia thought CPN and Design/CPN
tools were very promising in modeling of mobile phone Ul features and feature
interactions, however, we found it difficult to develop by ourselves an Ul oriented
approach which enables the interaction between the CPN model and Ul
designers/devel opers in their own languages. Hence a joint project was setup with the
CPN group to have CPN and tool experts involved directly in the work. When the
joint project started, one researcher from the CPN group worked full time at Nokia
Research Center for six months. Other project members from the CPN group provided
guidance and technical support on the modeling work.

The CPN model had been constructed in a period of six months and had been
constructed in severa iterative steps with more and more elaborated models each
presented to the Ul designers/developers. In order to present the CPN model to users
not familiar with Petri Nets, the CPN model was extended with domain-specific
graphics at a very early stage. The graphics was developed and extended in parallel
with the underlying CPN model.

The core of our approach is an executable behavioral model of the underlying Ul
architecture and the individual features. The feature interaction patterns were modeled
using explicit behavioral models of features and interactive graphical simulation. A
categorization of feature interactions was produced and has been used in Ul
specifications of Nokia mobile phones. The tool that we use makes it possible to add
domain specific graphics for visualization and interaction purposes. A GUI that
animates the real mobile phone Ul was created as the front-end of the CPN model. A
user of the model can play different scenarios by just clicking the buttons on the
screen and see the current state of the system from the animated phone display. The
system internal actions are executed via automatic model simulation. For al the
played scenarios the tool we used can generate corresponding message sequence
charts of the simulated feature interactions.

We aso experimented with the CPN model of feature interaction to see if
automatic analysis can be done to detect all possible feature interactions. Using state
space analysis tool of Design/CPN initial attempts had been made to evaluate the
possibility of performing automatic state space analysis on the CPN model. The state
spaces of different combinations of selected features had been generated (not for all
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feature combinations and not for the full CPN model), possible feature interactions
and deadlock situations were detected using queries of two properties expressed in
temporal logic on the state space generated. The CPN model of feature interaction is
suitable for automatic analysis, however, we expect the state space of the full CPN
model to be very large and can not be well handled by the current tools.

This project has improved our knowledge about features and feature interactions of
mobile phone Ul and has influenced the change of design practice of featuresin new
products. The feature interaction patterns and their categorizations have been used as
the template for mobile phone Ul specifications at Nokia.

2.3 Evaluating System Performance and Reliability Properties

In this project we also used CPN to evaluate key properties of software architecture of
the call record management subsystem of Nokia DX200 switch system [9]. The CPN
model focused on reliability and performance properties of the subsystem been
modeled. This is a one person year project conducted by Nokia research engineers at
Nokia Research Center using standard Design/CPN tools.

Reliability and performance, which are amongst the most important properties of
telecommunication systems, are often bound up with each other. Fault-tolerant
mechanisms built to provide high reliability usually slow down the system or reduce
system throughput. In both practice and research reliability modeling and
performance modeling are often separated, this fact makes it very difficult to evaluate
the co-relations between this two properties. In this project we attempted to create
architecture behavior model that addresses both reliability and performance properties
of the architecture solution been modeled. We aimed at developing sound and
balanced solutions for the reliability and performance properties of the system and
make the system cost effective.

First an architectural behavior model was created which covers the key functions
of the system and with sufficient details of the fault-tolerant mechanisms. Then this
model was used to analyze the fault-tolerant mechanisms under various software and
hardware failure cases. Finally the model was extended with performance factors and
the effect of the fault-tolerant mechanisms on system performance had been checked
through simulation. An alternative architectural solution proposed to improve the
original system was also modeled and analyzed in the same way. The performance
and reliability properties of the two solutions were analyzed and compared through
extensive model simulations of the two CPN models using the simulation tool of
Design/CPN. Simulation results revealed unexpected system properties that had not
been discovered through other methods.

The model analysis results provided useful feedback to the design of new products
of high speed switching, and helped in finding an ideal solution with high
performance, low cost and reasonable reliability that meets the industry standards.

The capability of tool support is still the main barrier to the application of formal
methods. In this project, due to the size of the CPN model, the amount of simulation
data and the limit of the processing power of the computer where we run the
Design/CPN tool, we could not analyze the entire model with the state space analysis
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tool. The formal analysis (state space based) was performed only on several selected
important sub-models, hence only some local properties were verified.

2.4 Edtimation of Memory Usage of M obile Phone Application Software

This project was the most recent one using formal method in our research group, it is
also a joint research project with the CPN group. Two researchers from the CPN
group and two research engineers from Nokia are involved in the project. The total
effort of the project isless than one person year.

In the project we developed a tool which mobile phone software engineers at
Nokia can use during specification of software architectures to obtain estimates of
worst-case memory usage of interacting software components [8]. The tool was
created on top of the current CPN Tools [5]. A user of the tool specifies a set of
scenarios showing interactions of interest. The scenarios are specified as UML
sequence diagrams in IBM Rational Rose; relevant classes, components, and
messages are annotated with estimates of memory usage. All possible interleaving of
the individual events of the given set of scenarios are captured in the state space of a
Colored Petri Nets model called the formal analysis engine.

Formal analysis carried out in CPN Tools produces a path in the state space, which
corresponds to a scenario that at some point has the worst-case memory usage. The
analysis results are presented for the user in an Excel spreadsheet. The use of CPN
tools is hidden from the user and the analysis tools can be used together with the
software design tool, such as IBM Rational Rose [10]. CPN Tools is automatically
launched from Rose, and Excel is automatically launched from CPN Tools. The
formal analysis engine of the tool is a generic CPN model, although it captures the
properties of the scheduler of the underlying mobile phone operating system, it is not
the case that a new CPN model is created for each new set of scenarios that must be
analyzed. The CPN model is shared by all applications of the tool. It is only the initial
marking that is different for different sets of sequence diagrams to be analyzed.

This project is a little different than the earlier ones. Although all the earlier
projects produced promising results, it has turned out to be difficult to transfer the
results of the projects from research to broad application in real software
development. The main reason for this may be that the common characteristic of the
three earlier projects is that the approach used in the projects requires software
designers/devel opers to create CPN models. When we recommend to the managers
responsible for real development projects that they should use a forma method like
CPN, we believe that the design rationales for the memory estimation technique are
arguments that can be used to increase the chance that a transfer from research to
development will happen.

The tool relies on generation of a state space. Consequently, state explosion is a
potential general problem. Currently the tool typically analyses just a few scenarios,
and each scenario consists of relatively few events. Therefore, the state spaces are of-
ten quite small. On the other hand, if the technique proves to be useful, engineers may
demand more from it. In this way, it may be necessary to address the state explosion
problem in the future.
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3 Observations and Conclusions

Our experience from the projects described above shows that formal modeling and
analysis techniques can be used on software systems of reasonable size. By the
cooperation with the university and having research engineers with formal methods
back-ground, this kind of project can be carried out successfully in the industry
research setting. However, it is still not in the stage of using formal methods in large
scalein business and production units of companies.

Nine years ago when we had our first formal method application project —
“modeling and analyzing the execution architecture of mobile phone software”, we
noticed that from an industrial perspective architectura modeling using formal
methods was not yet a mature field. In order to make architectural modeling a
practical tool for software developers, additional support was required in several
forms|[6]:

e Modeling techniques should be classified according to the reasoning they can
support.

e Mode templates or examples should exist for different architectura
constructs allowing analysis of different attributes.

e Models should be composable so that the composite model will correctly
predict the properties of the composed system.

e Model-checking techniques should be more practica. Models can be
partitioned to overcome computational limitations but no guidance exists on
how to do it.

e Guidelines on how to model different architectural constructs should exist.
Currently the results depend entirely on the personal skills of the architect.

But up to now the situation has not been fundamentally improved. In project
“evaluating system performance and reliability properties’, we developed a general
approach of creating run-time formal property models of software architecture [9],
and try to make it applicable to a wide range of software systems. We still need more
case studies to test and improve the approach.

Other reasons that prevent the application of formal methods from being a common
practicein industry are:

e Thecost of training engineers to use formal methods are too high;

e There are few industrial tools that support formal method in software
development;

o Limitation of current formal techniques in handling large complex system,
such as state explosion, lack of different levels of abstraction, model
composition;

e Most of the formal languages are far away from the actual design and
implementation languages used in software devel opment;

e It is difficult to integrate forma modeling and analysis into the current
software development process.

One possible solution to the problems is to provide appropriate tool support for
formal modeling and analysis. The tool should be able to hide formal models from the
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end user and can perform the formal analysis automatically. We also need tools that
can generate (automatically or semi-automatically) formal analytical models from
system design (for example UML design model) or implementation (source code).
Another expectation from industry is being able to generate the implementation from
the formal specification models of a system we are going to build, this may not be
very practical, but the resent research [11] [12] make us see the light in the end of the
tunnel.
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Abstract. We present a formal model to specify compensation of work-
flows: Each acyclic workflow net W (as defined by v.d. Aalst) is canon-
ically extended to a net W™, representing the potential occurrence of
failures, and the compensation of so-far executed actions. We show that
the construction is compositional and correct, i.e. meets the expected
properties.

1 Introduction

The concept of compensation has been introduced in the area of database trans-
actions. A transaction is a unit of work which makes consistent changes on a
database. It ensures consistency by holding its resources until it completes. In
case of a failure, a trasaction undoes everything by reversing its updates. A
long running transaction (LRT) as its name implies is a transaction which may
take long time to complete. A LRT holding its resources for a long time may
cause deadlocks or increase the rate of cancellations. To alleviate this problem,
a LRT is defined as a Saga [f], i.e. as a sequence of sub-transactions. Each sub-
transaction completes its work, i.e. releases its resources, before being sure that
overall transaction completes. The effects of completed sub-transactions may be
used by other transactions and hence in case of a failure an undo may not always
be possible. An undo of such a work may only be possible, in a way by paying
a compensation. Therefore to undo completed works, every sub-transaction is
associated with a compensating transaction. When a Saga fails, the effects of
already completed sub-transactions are undone by scheduling their associated
compensating transactions in the reverse order of their completetion.

As Workflow systems are widely used to implement large, scalable long run-
ning business processes, reliability and consistency issues became more promi-
nent. Such large scale systems cannot be left in inconsistent states in case of
failures. A suitable mechanism for reliability and consistency is to apply to
workflows the resource holding methods that are well established in database
transactions. However, the application of this method leads workflows to suf-
fer from the same problems as they occur in LRTs. Compensation mechanism
can be used as a means of recovery to keep workflows in consistent states upon
failures. To this end, individual workflow tasks have been defined together with

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 65-83] 2006.
© Springer-Verlag Berlin Heidelberg 2006



66 B. Acu and W. Reisig

their compensating counter part. Upon a failure, the already executed tasks are
compensated in the reverse order of their completion.

Our aim in this paper is to formally model the compensation behavior of acy-
cli workflows. As a model for workflows we take Van der Aalst’s Workflow Nets
(WF-nets) [1]. We refine the basic task model of WF-nets to include compensa-
tion behavior. We apply the same technique to basic workflow patterns as defined
in [2]. We show the semantics of tasks to construct workflows with compensation
capability, i.e., Compensational Workflow nets (CWF-nets) are compositional.
We show that the constructed CWF-nets meet the intended compensational
behavior of workflows.

The rest of this paper is organized as follows: Section 2 and Section 3 give a
short background of the compensation mechanism and Workflow nets. In Section
4, we describe how we refine a WF-net task model to include compensational
behavior. In Section 5, we explain the semantics of the tasks and show that our
construction is compositional: Composition of compensational tasks distributes
over the constructing components. In Section 6, we define Compensational Work-
flow nets formally and show the construction in fact meets the expected proper-
ties: A compensational workflow net either completes, or properly compensates
all executed tasks in the reverse partial order. Section 7 finishes this paper with
conclusions and future work.

2 Recovery by Compensation

The next sections describe the use of compensation mechanism in Database
managements systems (DBMS) and Workflow management systems (WFMS).

2.1 Compensation in DBMS

The notion of compensation emerged as a solution for the atomicity problem of
long running transactions. In Database management systems, every transaction
is required to meet the ACID principle [4]. This is a short notation for Atomicity,
Consistency, Isolation and Durability. This principle requires every transaction

e cither to complete successfully(commit) or leave irregularly (abort) and erase
all the effects as if it never happened (Atomicity),

e to produce effects which obey the underlying database constraints, like the
integrity constrains of data stored in a database (Consistency),

e to run isolated from other concurrent transactions so that they will not affect
the result of the transaction (Isolation), and

e to persist its effects so that they will stay permanently on the stable storage
(Durability).

Applying the ACID principle to a LRTs means holding resources during its
entire duration. Holding resources for a long duration, however, causes deadlocks
and increases the rate of transaction aborts. One of the solutions to tackle this
problem is to define a LRT as a sequence of sub-transactions, called Saga [5].
Each sub-transaction in itself preserves ACID’ity. This sequence is allowed to
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be interleaved with other long running transactions to allow more concurrency.
However, interleaving sub-transactions, causes intermediate results to be visible
to other concurrent transactions, before the saga finishes. This may cause in-
consistent states if the saga aborts. To amend inconsistency, the Saga method
defines a compensating transaction for each sub-transaction. This compensating
transaction semantically undoes the effects of a committed transaction. In case of
a failure, the compensating transactions of all completed transactions are called
in the reverse order of their completion. That means, given a saga Ty, T5, ..., T},
with their compensating transactions Cq,Cs, ..., C,,—1 either the sequence

Ty,T5..T, or the sequence 11,75...T},Cj,...Ch (1)

for some 1 < j < n occurs. In a saga every sub-transaction has a compensating
counter part except the last one. The Saga method assumes that completion of
the last step finishes a saga and no compensation will be available anymore.

A compensating transaction does not necessarily have to be the reverse of
its associated transaction. For example, a transaction withdrawing money from
a bank account can be compensated with its exact reverse of depositing the
same amount. However, a flight reservation may not be compensated by simply
canceling the reservation. Canceling the flight reservation may require a charge
to be paid.

2.2 Compensation in WFMS

A workflow is a computerized facilitation or automation of a business process
in whole or part [§]. A workflow taking a long time to complete resembles to a
LRT. The difference is that a workflow may consist of partially ordered high level
programs or human tasks instead of sequential database operations. Reliable
execution of workflows can be guaranteed using the similar approach as in LRT's
by holding the resources until the workflow finishes. A more flexible approach is
to apply the Saga method to workflows. A workflow itself can be seen as a saga,
since a workflow may consist of several substeps, which are called workflow tasks.
Individual tasks can be assumed as atomic sub-transactions and every workflow
task can be associated its compensating task. A compensating task is defined
for a workflow task to semantically undo its effects. A task with a compensation
capability is called compensational task. When a workflow fails, the tasks already
completed are compensated by calling their compensating tasks. In a workflow,
the partial order relation < over a the set of tasks 73,75, ..., T, together with
their compensating tasks Cy,Cy, ..., C,, is defined as follows:

o T; < Tj if T; occurs before T},
o T; < C;, a compensating task should occur after its original task,
o (; < Cjif and only if T; < Tj.

This partial order ensures that sequential tasks are compensated in the re-
verse order of their completion but in addition, it allows concurrent tasks to be
compensated in parallel.
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In this paper, we assume that in workflows every task has an associated
compensating task including the last one. This enables compensating an entire
workflow. Compensating an entire workflow is particularly important when a
workflow is used to implement a single task of another workflow. To guarantee
that a workflow can no longer be compensated, we append an additional task
called Complete to the workflow. That means, execution of a workflow can be
either of the following partially ordered sets:

{ThTQ7 ...7Tn, Complete} or {T17T2, ...,Tj, Cj7 ceey 01} (2)

for some 1 < j < n.

There have been also attempts to reduce the number of compensations, by
partial recoveries [6] or to change the order of compensating tasks according
to time, control or data dependency [3]. Partial recovery strategies require a
correctness definition based on application semantics. They are mostly used in
the context of forward recoveries. In this paper we assume workflows recovering
completely using backward recovery and the order of compensation depending
on control flow only.

3 Workflow Nets

Workflow nets (WF-nets) have been introduced by Van der Aalst [I] as a means
to specify workflows:

Definition 1 (WF-net). A Petri net N = (P,T,F) is a WF-net iff :

i. N has two special places: i and o s.t. *i =D and 0® = . i and o are called
source and sink places respectively.

ii. If we add a transition t* to N with *t* = {0} and t** = {i}, then the resulting
Petri net is strongly connected.

(A Petri net is strongly connected if and only if for every pair of nodes, i.e. places
and transitions, x and y, there is a path leading from x to y.)

Many workflow patterns can be modeled easily by Petri nets [2]. Figure [
depicts the Petri net models for AND-split, AND-join, OR-split, and OR-join.
Figure 2l shows an example WF-net, W7 which is constructed using these basic
patterns. W3 has a source place ¢ and a sink place o.

In WF-nets, a task is modeled by a transition. Input places of a transition
represent preconditions and output places represent post conditions. A single
basic task is reasonably modeled by a Petri net with one transition:

Definition 2 (Basic workflow task). A Petri net N = (P,T,F) is a basic
workflow task iff

i. N is connected,
1. T has a single transition element, t,
1. input and output places of t are disjoint, i.e. *tNt* = @.
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O

[a] AND-zplit [Parallelizm) [b] AND-join [Synchronous join)

-0 O~
o
-0 o

[c] OR-gplit (Non-determinizim) [d) OR-join [Asynchronous join)
Fig. 1. Basic workflow patterns

A transition with tokens in its input places corresponds to a task with its pre-
conditions satisfied. Firing of the transition means execution of the task. In
this paper, we model a workflow task with a transition whose input and output
places are disjoint, i.e. an acyclic task, and restrict ourselves to workflow nets
constructed from the patterns shown in FiglIl

The WF-net W; of Fig. @ specifies the control flow among six workflow tasks.
Initially having a token in source place 4, the task represented by transition t;
is performed first. Following the completion of task ¢;, both tasks t; and t3 are
started concurrently. After the execution of ¢35, a decision is made between the
tasks t4 and t5. Execution of task tg starts only when both ¢3 and either of t4 or
ts complete. Completion of task tg also completes the workflow execution.

An execution of a workflow can be simulated by a run of its WF-net model.
A run of a WF-net can be represented as a sequence M, L, Mo L2y of firings
M;_ L, M; with My the initial marking. However, an interleaved run does not
capture the concurrency among its actions. Runs of nets in which independent
occurrence of actions are explicitly shown can be represented by occurrence nets
[7]. They are special acyclic nets with unbrached places:

Definition 3 (Occurrence net). A net K = (Px, Tk, Fi) is called an occur-
rence net iff

i. for each p € Pg |°p| <1 and |p*| <1,
7. the transitive closure of F,j, frequently written <y, of Fy is irreflexive (i.e.,
x1FpxoF.. . Fyz, implies ©1 # T, ),
iii. for each x € (PUT), {ylr <k y} is finite.

Two elements z, y € (PUT) are concurrent iff neither ¢ <x y nor y <y .

Each transition of an occurrence net corresponds to an occurrence of an action.
Occurrence of this action is represented by the transition’s labeling. Repeated
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Fig. 2. An example Workflow net W;
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Fig. 3. A concurrent run of the WF-net W1

occurrence of the same action is represented by different transitions with the
equal labels. Similarly each place in an occurrence net corresponds to an occur-
rence of a local state. Formally a concurrent run of a net is defined as:

Definition 4 (Concurrent Run). Let N be a net, let K be an occurrence net
and let | : K — N be an element labeling of K. K is a concurrent run of N iff

i. concurrent elements of K are differently labeled,
ii. for each t € Tk, l(t) € Ty, 1(°t) = *I(t) and I(t*) = I(t)°.

In WF-nets we assume that every transition has the progress property and there-
fore we use the term run to mean maximal run. Figure [3 shows a concurrent
run of Wi initially with a single token in place ¢. In this concurrent run, the
non-deterministic choice at p4 is made for the transition ¢5. In fact, W7 has an-
other concurrent run in which ¢4 occurs instead of ¢5. Both concurrent runs of
W1 terminate with a single token in place o.

A proper termination definition for WF-nets is defined by the soundness notion.
Tt is introduced by Van der Aalst [I] as a correctness criterion for WF nets.

Definition 5 (Sound). A WF-net N=(P,T,F) is sound iff:

i. For every marking M reachable from marking i, there exists a firing sequence
leading from marking M to marking o.
1. The marking o is the only marking reachable from marking i with at least
one token in place o.
iti. For each transition t € T, there is a marking M reachable from marking i
which enables t.

Soundness requires that a workflow initially having a token in source place 4
always terminates with one token in sink place o and all other places containing
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Fig. 4. Petri net model of a basic workflow task

no tokens. In addition, there should not be any dead transitions, i.e. for each
transition ¢ it should be possible to reach to a state (from the marking i) where
t is enabled. The WF-net W; is a sound WF-net. With a single token in place
i, W1 always terminates with a single token in place o. In addition, for each
transition in W) there is a reachable marking which enables it.

4 Compensational Task Model

In WF-nets, tasks are modeled assuming their ordinary behaviors, i.e., without
failures and compensations. Each task behaves as follows: a task which is ready
to start, executes and then finishes. The Petri net model given in Fig. @l specifies
this behavior. Place p; represents the state in which the task is ready to start.
Transition t; represents the task execution and the place ps is the state where
task is successfully executed.

In a workflow where failures and compensations may occur, the model of each
task must also capture the occurrence of its failure as well as its compensation.
A compensational task:

1. may execute successfully and activates its compensating pair
(Normal behavior),

2. may fail during its execution (Failure behavior) or,

3. it may be compensated after a successful execution due to a failure in work-
flow (Compensation behavior).

Our aim is to refine the basic workflow task model in Fig. @l step by step to
include these additional behaviors.

The model in Fig. @ already represents the normal behavior of a compen-
sational task except activating the compensating task(Its activation will be
discussed later). The representation of failure behavior requires an additional
transition. Figure Bl extends Fig. [ by the corresponding transition ¢{. We call
this transition as failure transition. The place p} obviously represents the failed
state. Failures occur during the execution of tasks. As we model a task execution
as a (instantaneous) transition occurrence, we see only the outcome of a task in
the model: The task either completes successfully or fails.

Next, we are going to implement compensational behavior. Compensating a
workflow means to compensate each of its tasks. In the Petri net model we there-
fore introduce a compensating transition t' for each transition ¢ that models a
task. ¢ must be executed upon a failure occurring after t. Therefore we have
extended the task model in Fig. Bh as in Fig. Bb. Transition ] represents the
compensating task. Places p, and p} represent the beginning and end of the



72 B. Acu and W. Reisig

=]

51 t2
P '
p) (O p, (O -:j__:-—-—:__:- P

(2 (b]
Fig. 5. Extending basic task with failure (a) and compensation behavior (b)

compensating task. We have drawn the compensating task in grey color to dis-
tinguish it from the original task model. Failure after an execution is specified
by the failure transition t§.

A final requirement remained is activating the compensating task after a suc-
cessful execution. A task should not be compensated if it is not executed. This
is particularly important when workflows make non-deterministic choices among
their tasks. We implement this requirement using a place, p$, between the tran-
sitions ¢; and t}. Figure [Bh shows this implementation. Firing of transition #;
creates a token in p§, and consequently contributes to the enabling of the com-
pensating transition ;. We call this place activation place, since it activates the
compensating transition. The resulting model in Fig. [Bh covers all possible be-
haviors of a compensational task. This model, in addition to successfully finished
state, p2, has two failure states p] and p§. p} is reached due to a failure in ¢4,
whereas pf is reached due to compensating ¢;. Nevertheless, both yield the same
effect, i.e. a failure. Merging these two places into a single one simplifies the
model and preserves its semantics. Figure b depicts the final model of a com-
pensational task. Given a token in place pp, the following transition sequences
simulate all possible behaviors of a compensational task:

1. {p1} h, {p2,p%} (Normal behavior)
2. {;m} 4, {p,} (Failure behavior)

3. {p1} 5 {p2.pf} = {po.p} = {p}} (Compensation behavior)

In the final model, the compensating task model is structurally equal to the
original task model except its inverted flow relation. This is justified by the fact
that a compensating task always operates in the reverse order of its original
task. Therefore given a basic workflow task, its compensating task model can be
defined by its inverse copy :

Definition 6 (Copy, inverse copy). Let N = (P, T, F) be a net.
i. A copy of Nis N = (P, T',F') wherep’ € P' iff pe P, e T' iff t € T,
and (2',y") € F' iff (z,y) € F.
ii. An inverse copy of N is defined by N* = (P, T, (F’)fl).
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Py

(2] (b]

Fig. 6. Compensational task with activation place (a) and single failure place (b)

All copies (and all inverse copies) of a net N are unique up to isomorphism. As
we don’t distinguish isomorphic nets, we speak about ”the copy N’ and ”the
inverse copy N*” of a net N. As indicated by the above example, the compen-
sating task of a basic workflow task N can be modeled by N*. Consequently, a
compensational task is modeled by a basic workflow task, its inverse copy, its
failure transitions and activation places. Structurally we call such nets paired
nets. Formally a paired net is defined as follows:

Definition 7 (Paired net). Let N = (P, T, F) be a net and let T* and P* be
two sets s.t. for each p € P there is a unique tP € T® and for each t € T, there
is a unique p' € P*. A paired net of N is defined by N = (P,T,F) where

i, P=PUP UP,
iw. T=TUT' UT* and
iii. F = FU(F')~UF* where
Fo={(p,t?)| pe P and t? € T*} U {(t*,p")| t* € T* and p’ € P'} U
{(t,p")| t € T and p* € P*}U{(p',t')| p' € P* and t' € T"}.

Analogously to copies and inverse copies, all paired nets N of a net N are
isomorphic; hence we speak about ”the paired net N” of a net V. As an example,
the net shown in Fig.[Bb is a paired net of Fig. [l For each p; we write ¢¢ instead
of tPi. As indicated by this example, the compensational task model of a basic
workflow task N is defined by the paired net V.

An important property of paired nets is that there is no path which connects
an element in an inverse copy net to an element in its original net. For a com-
pensational task model it means after firing a compensating transition ¢', it is
not possible to fire transition ¢ again.

Lemma 1. Let N = (P,T,F) be a net, let N be the paired net of N and let
pe (PUT). Thereis no q¢' € (P'UT') s.t. ¢ (F)Tp.

Proof. Given F = (F U (F')~1 U F?), the flow relations F' and (F’)~! do not
define any arcs between the elements of two sets (P UT) and (P’ UT"') (see
Definition [f)). Therefore, the only way to proceed from any ¢’ € (P’ UT") to any
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p € (PUT) is through an arc of F®. The construction of F* (see Definition [7])
does not define any element (¢, t9) or (t*,p), hence it is not possible to have
q(F)"p. u]

We have applied the same modeling technique to other basic workflow patterns
shown in Fig.[Il Compensational models for AND-split, AND-join, OR-split, and
OR-join are depicted in Fig. [l

5 Compositional Semantics of Compensational Tasks

Compositional semantics specifies the procedure of how to create large systems
from building blocks. In our case, it describes how compensational tasks should
be combined to create a compensational workflow. For WF-nets, compositional
semantics of tasks is quite simple. A task after its execution initiates the start of
its successor task. That means, the end of one task is the start of another task.
This can be modeled with Petri nets by merging the end place of the first task
with the start place of the second task. Figure B shows this composition.

If two basic workflow tasks given in Fig. Rh represent two workflow tasks T
and T» as in (2)) together with the partial order relation (<) given in Sect. 22
the execution of this composition should yield the set {T%,T>} with 71 < Tb.
With a token in place p;, this behavior can be shown by the following run:

L {p} 2 {(pa} 2 {ps)

Composition of two compensational tasks analogously requires that the end
of one task initiates the start of another. Additionally, in compensational work-
flows, failure or compensation of the second task should initiate the compensa-
tion of the first task. This additional requirement can be implemented in our
compensational task model by merging the second task’s failure transition and
failure place with the first task’s failure transition and begin place of compensat-
ing task. Figure Bb shows this composition between two compensational tasks.
Elements with corresponding indices ¢ are merged, i.e. in Fig. Bb for ¢ = 2 the
places po, ph and transition ¢§.

Structurally, composition is done by joining the end of the first task with the
start of the second task. In terms of Petri nets, composition is the union of the
two nets representing two tasks. Obviously composition is defined as:

Definition 8 (Composition). Let Ny = (P, T1, F1) and Ny = (Pa,Ts, Fy) be
two nets. The composition of N1 and N2 is defined by

i. N1® Ny = (P1 UP, Ty UTs, Fy UFQ).

Fig. Bb represents two workflow tasks T7 and Th with their compensating tasks
Cy and C5 as in ([@). The following transition sequences represent all possible
executions of this composition w.r.t. the partial order (<) given in Sect.
1. {p1} 4, {p}} (Abort; nothing executed)
¢ te t!
2. {p1} = {pf,p2} = {802} — {pi} (11 < C1)
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Fig. 7. Basic workflow patterns extended to include compensation behavior

t t
3. {p1} = {p%.p2} = {p%, 05, p3} (T1 < T)
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¢ ¢ " ¢ "
4. {p1} = {pf, p2} = {pf. 0%, p3} = {1, 03,05} = {p},ph} — {P}}

(Tl < Ty < Cq <Cl)
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Another approach to the composition of two compensational tasks is first com-
posing two basic workflow tasks and then generating its compensational model.
In other words, given the composed two basic workflow task in Fig. Bh, we can
generate its compensational model as in Fig. Bb. These two construction mech-
anism yield the same net. In other words, the construction mechanism of paired

nets distributes over composition:

Theorem 1. Given basic workflow tasks N1 and Na, the following holds:

Ni® Ny = (N1 @ Ny).

Proof. The proof of the theorem follows from the application of Definition [ and

Rl to both sides of the equation.

O
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Fig. 8. Compositional semantics of basic and compensational task models

6 Specifying Compensation of WF-Nets

The following sections introduce Compensational Workflow nets (CWF-Nets).
Section [6.1] gives the formal definition of CWF-nets. Sections and define
failure and recovery notions.

6.1 Compensational Workflow Nets (CWF-Nets)

The compensational task model and its compositional semantics enable us to
extend a given WF-net so that it covers the potential failures of the workflow
as well as their compensation. We call such nets Compensational Workflow nets
(CWF-nets). The following informal steps describe how to construct a CWF-net
W from a given WF-net W:

1. Decompose W into its basic workflow tasks.

2. Construct a compensational task model for each basic workflow task.

3. Compose compensational tasks according to the compositional semantics.
4. Append the completion task of W to the resulting net.

The sole purpose of the completion task is to indicate that workflow has com-
pleted and will not compensate.

Definition 9 (Completion task). Let W be a WF-net with sink place o and
let N= (P, T,F) be a basic workflow task. N is a completion task of W iff

i. P=A{o,¢c}, T={/} and F = {(o¥), (V,¢)}.

Figure [ shows the CWF-net Wf“ constructed from Wi of Fig. @l Realize that
W1+ is composed of the paired net of W7 and the completion task. This can be
explained by the formal construction of CWF-nets. Given a WF-net W composed
of basic workflow tasks N7, Na, ..., N, and its completion task N., the CWF-net
W of W can be conceived in various ways:
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Fig. 9. Compensational model of the WF-net W3

WHt=(N1®Na®...®N,)® N,
W+ =(N1®Ny® ... 0 N,,) ® N, by Theorem [

Wt =Wa® N,.

Definition 10 (Compensational workflow net). Let W be a WEF-net and
let N, be a completion task of W. The Compensational workflow net (CWF-net)
W of W is defined as:

w+ =def W & N,.

The source place of W7 is identical with the source place i of W. i’ and c are
the places of W+ with empty postsets. We call 7/ the failure sink place and c the
successful sink place.

Lemma 2. Let W be a WF-net with source place i. Then 1 is also the source
place of W+. Furthermore, W+ has i’ and c as the only sink places.

Proof. Let W = (P, T, F) be a WF-net and let N, be its completion task. Given
W+ = W@ N,; Since N, has a single sink place ¢, W should have a single source
place ¢ and single sink place i’. Place i was the single source place of W and
we know from paired net definition (see Definition [7]) that there is no transition
t € T st. (t,i) € F* or (t,i) € (F')~!. Therefore, i is still a source place. For
all other places pt € P% there is a transition t € T s.t. (t,p!) € F'® and p’ € P’
there is a transition t? € T s.t. (t?,p’) € F*. Hence i is the only source place
in W. Next, we’ll show that 7’ is the only sink place of W. For all places p € P
there is a transition t? € T® s.t. (p,t?) € F® and for all places p* € P® there is
a transition ¢t € T s.t. (¢,p') € F. Since each place p’ € P’ is connected with
(F")~1, 4" is the only sink place in P’ and hence only sink place in W. O
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Since a WF-net and its inverse copy have similar structures, we would like to
show CWF-nets graphically in a compact and simple way. Figure [I0] shows the
compact graphical representation of the CWF-net W;". In this representation,
Wi is shown in the foreground and its inverse copy Wj in the background.
We haven’t shown the failure transitions and the activation places. We simply
assume them between these two nets.

6.2 Failures in CWF-Nets

In accordance with WF-nets, a CWF-net initially has a single token in its source
place i. If a CWF-net does not fire any failure transitions, the tokens follow the
control flow of its WF-net. However a CWF-net has additional runs including
failure and compensating transition occurrences. A failure in a concurrent run
of a CWF-net is the concurrent occurrence of one or more failure transitions.
A failure is called an absolute failure if it occurs in all concurrent branches. We
call a run with a failure a failure run.

Definition 11 (Failure, absolute failure, failure run). Let W be a WE-
net, let K = (Px, Tk, Fx) be a concurrent run of W7, let TA = {t| t € Tk and
I(t) € T} be the set of failure transition occurrences of W and let

TN ={t| t € Tk and l(t) € T} be the set of transition occurrences of W.

i. A set f C TA is called a failure of K iff the elements of f are pairwise
concurrent and no x € TA\ f is concurrent to all y € f.
1. A failure f is called an absolute failure iff no x € TN is concurrent to all
yef.
ii. A concurrent run K is called a failure run iff K has some failure f # @.

Figure [[T] shows a failure run of W, with a failure f = {t$,#2¢}. Since no tran-
sition of W7 occurs concurrent to f, it is also an absolute failure. The places on
the dotted lines C; and Cs represent the markings of W+ before and after the
failure, respectively. We have drawn the element occurrences of W in grey color
since they represent compensating task occurrences.

In a workflow, a failure of a task is expected to cause all concurrently ex-
ecuting tasks to fail, i.e., it causes an absolute failure. In our compensational
workflow net model, we didn’t specify such an explicit termination. An explicit
termination assumes no message delays between concurrent branches. In dis-
tributed environments where workflow tasks reside on different sites, message
delays are more realistic. Not implementing such an explicit termination allows
us to simulate message delays and to gain a simpler model. Instead, we rely on
the soundness notion of WF-nets for an absolute failure.

The soundness notion requires that a workflow starting with a single token in
source place ¢ always terminates with a single token in sink place o, with all the other
places empty. This requirement implies that every parallel branch (AND-split) of
a WF-net to be eventually synchronized (AND-join). As we mentioned earlier, in
a CWF-net W initially having a single token in place i tokens follow the control
flow of WF-net W. An occurrence of a failure transition simply removes a token
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Fig. 10. A compact graphical representation of the CWF-net W,

from the net W and places it to the net W*. A token disappearing from the net
W disables a synchronization which consequently disables other synchronizations.
The tokens in parallel branches of W will eventually, by the progress assumption,
will fire a failure transition as the only alternative. Figure[I[2 shows the CWF-net
Wfr at amarking where in the upper branch a failure transition occurred. The token
in place p3 will eventually realize at place p5 that transition ¢ cannot be fired and
therefore fires a failure transition.

Theorem 2. Let W be a sound WF-net. Each failure run of W has an absolute
failure.

Proof. Let W = (P, T, F') be a sound WF-net, let K = (Px, Tk, Fi) be a failure
run of W, let f be a failure and let TN= {t| t € Tk and I(t) € T} be the set
of transition occurrences of W in K. Assume there is an element x € TN which
is concurrent to each y € f. Soundness notion implies that elements following x
and y will be synchronized at a transition ¢ € TN, where x,y <k t. Let v,z €
*t be two elements s.t. v and z occurs after x and y respectively, i.e., x <g v
and y <y z. We know from flow relation of paired nets (see Definition [7) that
for each transition ¢ € T, input places of ¢ are in P, which implies I(v),(z) € P.
From the same definition we also know that output places of each transition
tP € T® are in P’, which implies {(y)* C P’. By Lemma [Il we know that an
element p € P is not reachable from an element ¢’ € P’. In other words, 2z
cannot occur after y. Therefore there cannot be a transition x € TN which is
concurrent to each y € f. O

In a CWF-net generated from a sound WF-net, a failure in a concurrent run
is not only an absolute failure but also the only failure. An absolute failure
simply empties a WF-net and places all the tokens into its inverse copy net. The
structure of a paired net prevents the tokens reaching to the WF-net again
(see Lemmal [I]).

Theorem 3. Let W be a sound WF-net, let K be a failure run of W+ and let
f be a failure. Then f is the only failure of K.

Proof. Let W = (P,T,F) be a sound WF-net, let K = (Px,Txk,Fk) be a
failure run of W, let f be a failure and let TA = {t| t € Tk and I(t) € T}
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Fig. 11. A failure run of the CWF-net W;"

be the set of failure transition occurrences of W+. Assume f is not the only
failure of K. This implies by Definition [[T[i) that there is an element y € TA
which occurs after (or before) an element x € f: © <y y. From the definition of
paired net(see Definition [7), for each t¥ € T%, *(t?) C P, hence occurrence of y
requires an element v s.t. [(v) € P and occurs after x: © <x v <x y. From the
same definition we know also that for each t¥ € T% (#?)* C P’ which implies
I(z)* C P'. By Lemmal[ll we know that [(v) is not reachable from I(z), hence y
cannot occur in K. O

In the failure run of Fig. [l f = {t§,t¢} is the only failure since no failure
transition occurs before or after it.

6.3 Recovery in CWF-Nets

A workflow experiencing a failure is required to compensate its completed tasks
in the reverse order of their completion. In terms of failure runs that means the
run occurring after an absolute failure should be the inverse copy of the run
occurring before an absolute failure. A failure run satisfying this requirement is
called completely recovered.

Definition 12 (Cut, prefix, suffix). Let K = (Pg, Tk, Fi) be an occurrence
net.

i. A set C C Pk is called a cut of K if the elements of C' are pairwise concur-
rent and no x € Pr\C' is concurrent to each y € C.
1. A Prefix of a cut C is the net induced from the largest subset C— of K s.t.
for each x € C_, there is ay € C s.t. © <k y.
iti. A Suffix of a cut C is the net induced from the largest subset C_, of K s.t.
for each x € C, there is ay € C_, s.t. x <k y.
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Fig. 12. The CWF-net W;" in a failure state

Definition 13 (Completely recovered). Let W be a WF-net, let K be a
failure run of W, let f be an absolute failure and let C1 and Cs be two cuts of
K s.t. for each x € f, *x C Cy and z°* C Cs. E K is called completely recovered
iff Cr = (Co)"™.

The failure run of Fig. [[1lis a completely recovered run. The markings C; and
Cs correspond to the cuts before and after an absolute failure. The activation
place occurrences are shared by both cuts. They belong neither to the prefix nor
to the suffix of the cuts. As we can see from Fig. [[T], the run occurred after the
cut Cy (drawn in grey) is the inverse copy of the run occurred before the Cf,
hence completely recovering.

A CWF-net generated from a sound acyclic WF-net has always completely
recovered failure runs. In a failure run of a CWF-net W™, an absolute failure
moves a token from a place in W to its copy place in W*. The only way for W*
to have an inverse copy run is to fire the copy of the same transitions occurred in
W. An activation place in a CWF-net contributes to enabling a copy transition,
if the corresponding original transition occurs in W. Since W* has an inverse flow
relation of W, W* will generate an inverse copy run after an absolute failure.
In this paper, we excluded cycles in WF-nets. In a failure run, a transition
occurring n times requires a compensating transition occurring exactly n times.
This semantics cannot be captured within the low level Petri net model.

Definition 14 (Acyclic net). Let N = (P, T, F) be a net and letp € (PUT).
N s an acyclic net iff ~(pF*p).

Theorem 4. Let W be a sound acyclic WF-net. Each failure run of W is
completely recovered.

Proof. Let W = (P,T, F) be a sound acyclic WF-net, let K be a failure run of
W, let f be a failure and let C; and Cy be the cuts s.t. for each z € f, *x C C}
and z* C Cy. By Theorem [3 we know that f is the only failure of K. Since f is
the only failure, for each element x € C1—, I(x) € W. By Theorem 2] we know

! Here we overloaded the subset (C) operation for nets. The subset operation holds
for two nets if it holds between the corresponding place, transition and flow relation
sets.
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also that f is an absolute failure. Therefore, given a marking M of W enabling
each failure transition occurred in K, an absolute failure creates a marking M’ of
W*. For C5_, to be inverse copy of Cy._, W* with an initial marking M’ should
fire the copy of the same transitions occurred in Ci.. Since W is acyclic, we
don’t have to consider multiple occurrences of the same transition. In a paired
net (see Definition [0) for each t € T and ¢ € T’, there is a place p' € P*
s.t. *pt = {t} and p'* = {#'}. A transition ¢’ can occur in a concurrent run if
and only if transition ¢ occurs before. Therefore, W* can only fire copy of the
transitions that W already fired. Since W* fires these transitions using (F’)~!,
we can conclude that Cy_, is an inverse copy of Cy.. O

A completely recovered run terminates with a single token in the failure place ’.
Similarly a run without a failure completes with a single token in the successful
sink place c. In case of successful completion, together with the token in ¢, all
the activation places contain a token. We didn’t explicitly clean those tokens.
Here two modelling approaches can be followed. In the first approach, the to-
kens in activation places and in place ¢ can be left there and accepted as a final
marking. In this case the marking is interpreted as ”the workflow has finished its
execution and executed the tasks indicated by the activation places”. The second
approach is to clean the tokens in activation places, which can be interpreted as
”the workflow has finished its execution and released its remembered compen-
sations”. The token cleaning procedure can be implemented for a CWF-net W+
by attaching the copy of W*, (W*) = (P"” . T" (F")~1), to the activation places
with an additional arc from the transition (¢) to the place o”. A run of this net
upon a successful completion cleans all the tokens.

7 Conclusions and Future Work

In this paper, we developed an approach to specify the compensation of work-
flows in case of failures. We refined the basic task model of WF-nets to include
compensation behavior. We showed that our construction is compositional. We
also show that a CWF-net generated from a sound acyclic WF-net meets the ex-
pected properties, i.e., either completes successfully or compensates everything
executed so far. We didn’t present the case where WF-nets contain arbitrary
loops and span over multiple organizations. Specifying compensation of cyclic
WF-nets remains as our next work. Effects of failures and compensations in
inter-organizational workflows still require investigation.
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Abstract. A netchart is basically a Petri net whose places are located at some
process and whose transitions are labeled by message sequence charts (MSCs).
Two recent papers showed independently that any globally-cooperative high-level
MSC corresponds to the behaviors of some communicating finite-state machine
— or equivalently a netchart. These difficult results rely either on Thomas’ graph
acceptors or Zielonka’s construction of asynchronous automata. In this paper we
give a direct and self-contained synthesis of netcharts from globally-cooperative
high-level MSCs by means of a simpler unfolding procedure.

1 Introduction

Message Sequence Charts (MSCs) are a popular model often used for the documenta-
tion of telecommunication protocols. They profit by a standardized visual and textual
presentation (ITU-T recommendation Z.120 [12]) and are related to other formalisms
such as sequence diagrams of UML. An MSC gives a graphical description of communi-
cations between processes. It usually abstracts away from the values of variables and the
actual contents of messages. Yet this formalism can be used at an early stage of design
to detect errors in the specification [[11]]. In this direction, several studies have already
brought up methods and complexity results for the model-checking and implementation
of MSCs viewed as a specification language [[1,12}13}15164819,[10, 115,16, 117,/18].

Collections of MSCs are often specified by means of high-level MSCs (HMSCs).
The latter can be seen as directed graphs labeled by component MSCs. However such
specifications may be unrealistic because this formalism allows to specify sets of MSCs
that correspond to no communicating finite-state machine. Furthermore it is undecid-
able whether a HMSC describes an implementable language. In [[17], Mukund et al. in-
troduced a new formalism for specifying collections of MSCs: Netcharts can be seen as
HMSCs with some distributed control whereas HMSCs require implicitly some global
control over processes in the system. Basically a netchart is a Petri net whose places are
labeled by processes and whose transitions are labeled by MSCs. This new approach
benefits from a graphical description, a formal semantics, and an appropriate expres-
sive power: As opposed to HMSCs, netcharts describe precisely all implementable
languages and it is actually easy to derive an equivalent communicating finite-state
machine from a netchart. It follows that it is undecidable whether a HMSC is equiva-
lent to some netchart.

Many model-checking problems are undecidable with general HMSCs. For this rea-
son subclasses of HMSCs have been investigated in the literature, in particular globally-
cooperative HMSC:s [§]]. Logical and algebraic characterizations of these HMSCs were
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established in [16] and various related verification techniques are now available [9].
Recently two papers showed that globally-cooperative HMSCs describe implementable
languages [5,9]]. These works extend a seminal result by Henriksen et al. who showed
that all regular sets of MSCs are implementable [[10]. In [S] Bollig and Leucker ap-
ply the theory of graph acceptors [21] to prove that any set of MSCs definable in ex-
istential MSO logic is implementable. In [9] Genest et al. apply Zielonka’s theorem
[22] to prove that any existentially-bounded recognizable set of compositional MSCs
is implementable. Both studies are rather difficult and quite technical. In the particular
case of finitely generated and recognizable sets of MSCs [16], both results imply that
any globally-cooperative HMSC describes an implementable set of MSCs, i.e. it cor-
responds to some netchart. The aim of this paper is to present a direct, self-contained,
and simpler implementation technique to transform a globally-cooperative HMSC into
an equivalent netchart. The translation from netcharts into communicating finite-state
machines is rather simple to define but quite tedious to handle in detailed proofs. We
adopt in this paper the formalism of netcharts in order to simplify the presentation of
our construction. Besides netcharts were at the origine of our first intuitions.

The paper is organized as follows. In Section 1 we recall the basic definitions of
MSC:s, Petri nets, and netcharts. Next Section 2 presents the semantics of a netchart as
the set of MSCs that correspond to the behaviors of some underlying Petri net. Sec-
tion 3 introduces the notion of HMSC regarded as an automaton labeled by MSCs.
We define there a simple but naive transformation of HMSCs into netcharts. In some
cases this transformation leads to a netchart whose behaviors differ from those of the
given HMSC. Our strategy is motivated by an example that shows that it is sufficient to
unfold the given HMSC in order to ensure that the naive transformation into netcharts
preserves the semantics. Section 4 presents in details our unfolding algorithm of globally-
cooperative HMSCs together with some simple but crucial properties of the resulting
structure. Finally Section 5 explains why the naive transformation preserves the behav-
iors when it is applied to the unfolding of any globally-cooperative HMSC.

Our unfolding algorithm proceeds inductively on the number of communication
types involved in the given HMSC by defining a family of globally-cooperative HMSCs
called triangles and boxes. A triangle corresponds intuitively to a partial unfolding that
represents only part of the behaviors starting from a given node of the HMSC. The role
of boxes is to complete triangles by connecting copies of triangles with missing edges.

Admittedly this unfolding resembles an algorithm designed recently in [4] in the
framework of Mazurkiewicz traces [7] to build asynchronous automata of polynomial
size in terms of the number of states from asynchronous systems. However it is of-
ten quite difficult to transfer results or techniques from Mazurkiewicz trace theory to
the framework of MSCs (see e.g. [2,19,/10]) because communication no longer means
synchronisation. The unfolding procedure presented here differs from the one used in
[4] in several aspects: The induction proceeds over communication types, not compo-
nent basic MSCs; the termination of the construction of boxes relies essentially on the
hypothesis that loops of globally-cooperative HMSCs have a connected communica-
tion graph whereas [4] unfolds asynchronous systems with possible unconnected loops
and termination is there obvious; last but not least, the present unfolding algorithm is
exponential in the number of nodes of the given HMSC.
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Fig. 1. FIFO MSC Fig. 2. Non-FIFO MSC

2 Background

Message sequence charts (MSCs) are defined by several recommendations that indicate
how one should represent them graphically [12]. Examples of MSCs are given in Fig-
ures[IlandRlin which time flows top-down. In this paper we regard MSCs as particular
labeled partial orders (or pomsets) following a traditional trend of modeling concurrent
executions [7,/13,120].

A pomset over an alphabet X is a triple t = (F, <, £) where (E, <) is a finite partial
order and £ is a mapping from F to Y. A pomset can be seen as an abstraction of an
execution of a concurrent system. In this view, the elements e of E are events and their
label £(e) describes the basic action of the system that is performed by the evente € F.
Furthermore, the order < describes the causal dependence between events.

An order extension of a pomset t = (F,<,£) is a pomset t' = (F,<’,£) such
that <C<’. A linear extension of t is an order extension that is linearly ordered. It
corresponds to a sequential view of the concurrent execution ¢. Linear extensions of
a pomset ¢ over X' can naturally be regarded as words over X. By LE(t) C X*, we
denote the set of linear extensions of a pomset ¢ over 2.

2.1 Basic Message Sequence Charts

We present here a formal definition of basic MSCs. The latter appear as particular pom-
sets over some alphabet X4 that we introduce first. Let Z be a finite set of processes
(also called instances) and A be a finite set of messages. For any instance i € Z, the al-
phabet X = X/, UX¢!; is the disjoint union of the set of send actions X, = {i!*j | j €
I\ {i}, = € A} and the set of receive actions X3'; = {i?"j | j € T\ {i}, = € A}. The
alphabets X! are disjoint and we put X4 = Uicr X, Given an action a € X4, we
denote by Ins(a) the unique instance i such that @ € X1, that is the particular instance
on which each occurrence of action a takes place.

For any pomset (E, <, £) over ¥4 we denote by Ins(e) the instance on which the
event e occurs: Ins(e) = Ins(£(e)). We say that f covers e and we write e—f if e < f
and e < g < f implies g = f. We say that two events e and f are two matching events
and we write e ~ f if e is the n-th send event i!*j and f is the n-th receive event j7%i:
In other words, we put e ~» f if there are two instances ¢ and j and some message
x € Asuchthat{(e) =174, £(f) = j7%i and Card{e’ € E|&(¢/) = il*jne g e} =
Card{f' € E|&(f) = j7i N f' < f}.
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DEFINITION 2.1. A basic message sequence chart (MSC) over the set of messages A
is a pomset M = (E, %, &) over Ef that fulfills the four following conditions:

Mi: Ve, f € E:Ins(e) =Ins(f) = (e fVf=<e)
Mo: Ve, feEre~ f=ex f

Ms: Ve, f € E: [e—f Alns(e) # Ins(f)] = e~ f
M4.’ VZ,.] EI,VJU (S A, |M‘z'”] = |M‘

G

By My, events occurring on the same instance are linearly ordered: Hence non-determi-
nistic choice cannot be described within an MSC. Property Mo formalizes simply that
the reception of any message will occur after the corresponding send event. By Ms,
causality in M consists only in the linear dependency over each instance and the order-
ing of pairs of corresponding send and receive events. Finally, Condition M4 requires
each send event matches some receive event: The matching relation ~» builds a one-to-
one correspondence between send events and receive events. We let bMISC denote the
set of all basic MSCs. Note here that if two basic MSCs share some linear extension
then they are equal. We denote by Ins(M) the set of active instances of a basic MSC
M:Ins(M) ={i € I |3e € E,Ins(e) =i}.

In Figure 2] the basic MSC exhibits some overtaking of message y above two mes-
sages x. A basic MSC is called FIFO if it shows no overtaking, that is, the messages
from one instance to another are delivered in the order they are sent (Fig.[I)). Non-FIFO
basic MSCs allow for scenarios that use several channels (or message types) between
pairs of processes (Fig.[2).

For convenience we shall use at some point the notion of MSC with e-actions. For
each instance ¢ € Z we define a new symbol ¢; and we put Ins(e;) = 4. Then a basic
MSC with e-actions is simply a pomset over the extended alphabet X4 U {¢; | i € T}
which satisfies the conditions M; to My.

2.2 Petri Nets

Let us now recall the definition of a Petri net and some usual notations. A Petri net is
atriple P = (P, T, F) where P is a set of places, T is a set of transitions such that
PNT =0,and F C (P x T)U (T x P) is a flow relation. We shall use the following
usual notations. Forall x € PUT, weput®z = {y € PUT | (y,z) € F} and
z* ={y € PUT | (z,y) € F}. Clearly, for all transitions ¢, *t and t* are sets of
places, and conversely for all places p € P, *p and p® are both sets of transitions. A
marking m of P is a multiset of places m € N¥. A transition ¢ is enabled at m € N* if
m(p) > 1forall p € *¢. In this case, we write m [¢) m’ where the marking m’ is defined
by m’(p) =m(p) —Lifp € *t\t*, m'(p) = m(p) + Lif p € ¢*\ *¢, and m'(p) = m(p)
otherwise.

In this paper, we consider Petri nets provided with an initial marking m;,, and a finite
set of final markings §. An execution sequence frommtom’ isawordu = t1...t,, € T*
such that there are markings mo,..., m,, satisfying mg = m, m,, = m’, and my,_; [t) my
for all naturals k& € [1, n]. Then the sequence s = mg [t1) my...My,_1 [£) My, is called
the firing sequence of u from m to m’ and is denoted by s = m [u) m’. If m = m;,, and
m’ € § then the execution sequence u is called complete. The language L(P) consists
of all complete execution sequences of P.
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Fig. 3. A netchart N and a corresponding MSC

2.3 Netcharts

{A netchart is basically a Petri net whose places are labeled by instances and whose
transitions are labeled by FIFO basic MSCs. Similarly to Petri nets, netcharts admit an
intuitive visual representation: Examples of netcharts are given in Fig. Bl [7 O and [Tl

DEFINITION 2.2. A netchart over A consists of a Petri net (P, T, F,m;,,§) and two
mappings Ins : P — T and M : T — bMSC such that Ins associates each place
p € P with some instance Ins(p) and M associates each transition t € T with a FIFO
basic MSC M(t) over the set of messages A. Three conditions are required for such a
structure to be a netchart:

Ni: For each instance i € I, there is a single token within places located on instance
b L€ Y qng(p)=: Min(p) = 1.

No: For each transition t € T and each instance i € I there is at most one place
p € t* such that Ins(p) = i.

Ns: For each transition t € T and each instance i € T there is at most one place
p € *t such that Ins(p) = i.

A netchart is called prime if for all t € T we have Ins(*t) = Ins(t*) = Ins(M(¥)).

By N; the initial marking of a netchart is safe; furthermore each instance is associ-
ated with a unique initial place. Intuitively this observation extends to the semantics of
netcharts: In each reachable marking a token denotes the current local state of each in-
stance. Axiom N3 stipulates that an instance occurs at most once in the postcondition of
any transition. This condition ensures that the local state of each instance corresponds
to a single token. Axiom N3 requires that at most one place located on instance ¢ is a
precondition of a given transition. The semantics detailed below will show that transi-
tions that do not satisfy this requirement cannot take part entirely in the behaviors of
the netchart: We could remove N3 without affecting the expressive power of netcharts.

Prime netcharts are those introduced in [17]. This additional requirement ensures
in particular that ®¢ U t*® is empty as soon as M (t) is the empty MSC. In the next
section we make use of basic MSCs with e-actions to extend the semantics of prime
netcharts studied in [17,[3] to the relaxed setting adopted here. Noteworthy any netchart
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can easily be transformed into an equivalent prime one: Consequently the expressive
power of these extended netcharts is the same as the prime ones. This remark simplifies
the presention of our result and allows us to apply to the present setting some of the
results from [3]].

3 Semantics of Netcharts

In this section we fix a netchart N = ((P, T, F, min, §), Ins, M) over the set of mes-
sages /A and define formally its behaviors. The semantics of N consists of FIFO basic
MSCs over A (Fig.[3). The latter are derived from the FIFO basic MSCs that correspond
to the complete execution sequences of some low-level Petri net Py (Fig.[3). Actually,
the execution sequences of Py use a refined set of messages A° and the behaviors of N
are obtained by projection of messages from A° onto A.

3.1 From MSCsto Petri Nets

The construction of the low-level Petri net P starts with the translation of each tran-
sition ¢ € T with component FIFO basic MSC M (t) = (F, <, &) into some Petri net
P, = (P, Ty, F}). This natural operation is depicted in Fig. [l

This construction needs to regard each basic MSC (with e-actions) M = (E, <, &)
as a dag (direct acyclic graph) denoted by (E, <, £). For any instance i € Z we let <; be
the restriction of < to events located on instance i. Then e—; f if e occurs immediately
before f on instance . Then the binary relation < consists of all pairs of matching
events together with all pairs of covering events w.r.t. <;.

DEFINITION 3.1. The MSC dag of a basic MSC M = (E, %, £) with possibly e-actions
is a labeled directed acyclic graph (E, <, £) such that we have e< f if e ~ f ore—=; f
for some instance i € T.

Clearly we can recover the basic MSC from its MSC dag. The reason for this is that
— C =< hence < is simply the reflexive and transitive closure of <. That is why we
will identify a basic MSC with its corresponding MSC dag in the sequel of this paper.

We can now formalize how each component MSC M (t) = (E, <, €) is translated
into some Petri net P; = (P, Ty, F}). First we add to the basic MSC M(t) an event
labeled ¢; on instance 1 if the instance 4 is not active in M (¢) while there exists a place
p € *t such that Ins(p) = i. Note that these new events are isolated because no other
event occurs on this instance.

Now the places P; are identified with pairs from <. In particular places do not
depend on possibly added events labeled ¢;. On the other hand the transitions 7} are

iF 57 4] J\/\—>

n

ifj j?hi
—— — ipt ,bj j?nrtl b

Fig. 4. From transition ¢1 to Petri net Py,
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identified with some send or receive actions over the new set of messages A° = A x
T x P, or with added event labeled by ¢;. Formally, we put P, = < and

Ty = {itmt(ed)j, jrmt(eh); € < AE(e) = ilmj AE(F) = j7mi
P=A U{ (ejﬂj) |i ¢ Insg ¥ ’(f))) A dp €£°(t)1ns( )J— zf( )=
Note that the translation from the basic MSC M(¢) into the Petri net P; is one-to-
one: We will be able to recover the basic MSC M (t) from the Petri net P;. For this, we
let p be the mapping from T} to E such that p(i!"™5(¢f)j) = ¢, p(j7mb()4) = f
and p(e;,t) = €;. To complete the definition of P; we choose a flow relation F} in
accordance with the causality relation < of M (t): We put

Fy={(r,(e,f)) € Ty x Py [ p(r) = e} U{((e, ),r) € P x T [ p(r) = [}

In the next subsection the transitions of the Petri net P, = (P, T}, F}) will be connected
to places of N by means of the following connection relation:

F/={(p,r)e PxTy|pe*tn®r=0AIns(p(r)) = Ins(p)}
U{(r,p) €Ty x P|pet®* Ar®* =0 AIns(p(r)) =Ins(p)}.

3.2 Low-Leve Petri Net and Its FIFO Behaviors

Now, in order to build the low-level Petri net P of the netchart N, we replace each
transition ¢ € 7" of N by its corresponding Petri net P; as shown in Fig.

The low-level Petri net Py = (P, T, Fin, Min, §n) is built as follows. First, the
set of places P collects the places of N and the places of all Py: Py = J,cpp Py U P.
Second, the set of transitions collects all transitions of all P;: Ty = Ut e It For latter
purposes we also define the map Comp that associates each transition a from T with
the transition ¢ € T such that a € T}. Thus Comp(i!™*?5) = t, Comp(i?"™*Pj) = ¢,
and Comp(e;,t) = t. Now the flow relation consists of the flow relation F} of each P,
together with the connection relations Fy: Fy = |J, o Ft U Fy. The initial marking of
P is the one of N: The new places p € Py \ P are initially empty. Similarly a marking
m of Py is final if the restriction of m to the places of N is a final marking of N and if
all other places are empty: §n = {m € N” | m|p € FAmp\p =0}.

Any complete execution sequence u € L(Py) of the low-level Petri net leads from
the initial marking to some final marking for which all places from Py \ P are empty.

Fig. 5. The low-level Petri net Py associated to the netchart N of Fig.[3]
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Moreover u is actually a linear extension of a unique basic MSC over the set of extended
messages /A° that consists of triples (m, ¢, p).

DEFINITION 3.2. The MSC language Lo (PN) consists of the FIFO basic MSCs M
such that at least one linear extension of M is a complete execution sequence of P.

Interestingly, it can be easily shown that a basic MSC M belongs to Lt (Poy) if and
only if all linear extensions of M are complete execution sequences of P. Noteworthy
it can happen that a complete execution sequence of the low-level Petri net Py corre-
sponds to a non-FIFO MSC (see e.g. [177, Fig. 5] or Fig. [1). Following [17], we focus
on FIFO behaviors and neglect this kind of execution sequences in this paper.

3.3 Set of MSCs Associated to Some Netchart

Recall now that MSCs from Lgs,(P) may contain some events labeled by ¢; and use
a refined set of messages A° that consists of triples (m,t,p) where m € A, t € T,
and p € P,. We let 7° : A° — A denote the labelling that associates each triple
(m,t,p) € A° with the message m € A. This labelling extends to a function that
maps actions from Efo onto actions of Zf in a natural way. Furthermore this mapping
extends in the obvious way from the FIFO basic MSCs over A° onto the FIFO basic
MSCs over A. Since we deal here with MSCs with possibly e-actions, we ask in this
paper that ° removes all actions ¢;, too. The semantics of the netchart N is defined
now from the semantics of its low-level Petri net Py by means of the projection 7°.

DEFINITION 3.3. The MSC language Lgto(N) is the set of FIFO basic MSCs obtained
Sfrom an MSC of its low-level Petri net by the projection 7°: Lgso(N) = 7°(Lago(P))-

EXAMPLE 3.4. Consider the netchart N; depicted in Figure [7] for which the initial
marking is the single final marking. Its language Lgar,(N1) is the set of all basic MSCs
that consist only of messages a and b exchanged from ¢ to 7 in a FIFO manner. The
MSC M on the right-hand side of this figure illustrates a complete execution sequence
of the low-level Petri net of N that does not correspond to some FIFO basic MSC.

The main property of prime netcharts from [17] is that their MSC language can be
implemented in polynomial time as the behaviors of some communicating finite-state
machine. Clearly this observation extends easily to the netcharts adopted in this paper.

AR
A

Fig.6. G1 Fig. 7. Netchart N1 and some non-FIFO behavior M & Lag, (N)
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4 Netchartsvs. High-Level M essage Sequence Charts

In this section we recall the equivalent notions of high-level MSCs (HMSCs) and MSC-
graphs (MSGs). We recall also some decidability results about the respective expressive
power of MSGs and netcharts. By means of three examples we introduce a naive transla-
tion of MSGs into netcharts and motivate the seek for an unfolding procedure to ensure
a correct implementation of globally-cooperative MSGs as netcharts.

41 HMSCsand MSGs

Let us now recall how one can build high-level MSCs from basic MSCs. First, the asyn-
chronous concatenation of two basic MSCs M; = (E1, <1,&1) and My = (E2, <2,&2)
is the basic MSC M; - My = (E, <,£) where E = Ey W Ea, £ = & U & and the par-
tial order < is the transitive closure of <1 U <2 U{(e1,e2) € E1 X Ey | Ins(ey) =
Ins(eq)}. This concatenation allows to compose specifications in order to describe in-
finite sets of basic MSCs: We obtain high-level message sequence charts (HMSCs) as
rational expressions or equivalently automata labeled by basic MSCs.

DEFINITION 4.1. An MSC-graph (MSG) is a structure G = (Q,1, X, —, Q) where
Q is a finite set of nodes with some initial node v and some final nodes Q; C Q, X is a
finite subset of basic MSCs, and —C @ x X X Q is a set of labeled edges.

The semantics of MSGs is quite natural. The language associated with an MSG consists
of all basic MSCs that are the product of MSCs appearing along a path from the initial
node to some final node. By Kleene’s theorem, a set of basic MSCs corresponds to some
MSG iff it is rational, i.e. it can be built from finite sets by means of union, product, and
iteration.

EXAMPLE 4.2. Let A and B be the two components MSCs of the netchart N depicted
in Fig.[1l The language Lg¢,(N7) corresponds to the HMSC (A + B)* and to the MSG
of Fig.

We showed in [3] that it is undecidable whether the language L (N) of a given
netchart is rational, that is, can be described by some MSG [3} Cor. 4.4]. We showed
also that it is undecidable whether the language of some given MSG can be described
by some netchart [3, Th. 4.7].

Fig.8. G» Fig. 9. Wrong implementation of (A + C)*
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4.2 Globally-Cooperative M SG

Most model-checking issues related to MSGs are undecidable in general. For this reason
subclasses of MSGs have been introduced in the past years. We are here interested
in globally-cooperative MSGs from [8]. These MSGs correspond precisely to the -
connected HMSCs from [16] and extend the class of bounded or locally-synchronized
MSGs from [1,[18] by removing the requirement that the set of MSCs described by
these MSGs be channel-bounded [15]. These restrictions are motivated by a similar
approach in Mazurkiewicz trace theory [14,[19].

We need first to introduce the following notion. The communication graph CG(M)
of abasic MSC M = (E, %, £) is the directed graph (Z,—) such that (4, j) €— if there
is an event e € FE such that £(e) = i!*j for some x € A. An instance ¢ € 7 is called
active if either ¢ — j or j +— i for some j. In this paper a directed graph (Z, —) is called
connected if the symmetric closure of its restriction to active instances is connected.

DEFINITION 4.3. An MSG is globally-cooperative (for short, a gc-MSG) if for all loops

qo M, q M, M, qn = qo the product basic MSC M1 -Ms-...- M, has a connected

communication graph.

Algebraic and logical characterizations of the languages described by gc-MSGs were
established in [16]. More recently two articles showed independently that these lan-
guages are implementable by communicating finite-state machines provided that one
restricts to FIFO MSCs [5,19]. On the other hand we have showed in [3, Th. 3.7] that
all implementable sets of MSCs can be described by netcharts. As a consequence, the
language of any gc-MSG can be described by some netchart. Note here that [3] relies on
Thomas’ graph acceptors [21] whereas [9] is based on the construction of asynchronous
cellular automata [22]. Both approaches are quite involved and have high complexity
costs. We give in this paper a direct, self-contained, and simpler construction that trans-
forms any given gc-MSG into an equivalent netchart.

4.3 Naivelmplementation Technique
Our method uses a translation of MSGs into netcharts illustrated by Figures[@ to[T1]

DEFINITION 4.4. Let G = (Q,7, X, —, Q) be an MSG. The corresponding netchart
G is the structure G = (P, T, F,mip, §, Ins, M) where
— P =Q x I withIns(q, k) =k,
- T=—5CQx X xQwith M(q %qg) =M,
— forall edgest = (1 M, qz2) from T and all places (q,k) € P we have (¢,k) €
*‘t<qg=q and(q,k) €t* S q¢ = qo,
—my, = {(,k) | k € T} and a multiset of places m € N¥ is final if there exists a
final node qy € Q¢ such that for each (q,k) € Q we have m(q,k) = 1if ¢ = ¢y
and m(q, k) = 0 otherwise.

EXAMPLE 4.5. Consider first again the netchart Ny of Fig.[7 and its two component
MSCs A and B. Clearly the MSG G; depicted on Fig. laccepts (A+ B)*.1tis easy to
check that Ny = Gy with 7 = {4, j}. Note here that G is a correct implementation of
G, since a and G; both accept (A + B)*.
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EXAMPLE 4.6. Consider now the netchart No of Figure [0 with its two component
MSCs A and C. Then N is exactly the netchart é; associated with the MSG G,
of Fig. [l Observe here that Go accepts (A + C)* whereas Gs accepts some MSC
M ¢ (A + C)* depicted on the right-hand side of Figure [0l

This example shows that the direct construction of the netchart G from some MSG G
may fail to produce a correct implementation of G. This is no surprise since we know
that there are MSGs whose languages are not implementable and it is even undecid-
able to check implementability of MSGs. That is why we shall restrict to globally-
cooperative MSGs in the next section.

Although G- and é; from Example .6 accept distinct languages we have in general
the following useful inclusion relation.

~

PROPOSITION 4.7. For any MSG G we have L(G) C L(G).

For each node ¢ € () we let m,; denote the marking of the low-level Petri net of the
netchart G such that my(p) = 1if p = (g, k) for some instance k — that is, p is a
place from the netchart G that corresponds to the node ¢ — and mg(p) = 0 otherwise.
We say that a firing sequence s = m [u) m’ in the low-level Petri net of G is arched if
there are two nodes ¢ and ¢’ in G such that m = my and m’ = m,/. Noteworthy each
complete execution sequence that leads the low-level Petri net of the netchart G from
its initial marking to some final marking corresponds to an arched firing sequence. The
next observation will be used to prove our main technical lemma.

REMARK 4.8. Let G be an MSG and m, [u) m, be an arched firing sequence of the

low-level Petri net of QA . Then u is the linear extension of some basic MSC M,,. Recall
now that each transition ¢ of the low-level Petri net of G corresponds to a transition

Comp(t) of G which is defined as an edge ¢ LR g2 from G. If an arched firing se-
quence m, [u) m, satisfies ¢ # ¢’ and there is some edge a such that all transitions ¢
. . o TrO(MU) 2
that appear in u satisfy Comp(t) = a then a equals g  —"" ¢'.
Let j be some instance and g some node of G. The behavior of instance j within a
firing sequence of the netchart G from m, may be projected to a path from ¢ in Q.
Intuitively the local state and the behavior of instance j along a firing sequence corre-
sponds to some token moving from places to places, all located at instance j, some of
them corresponding to a state of G. The idea here is simply to collect the sequence of
states of G visited by instance j. Formally we associate inductively each firing sequence
s = mg [u) m’ in the low-level Petri net of G with a path s|j in G called the projection
of s on instance j as follows:
— If s is the empty firing sequence restricted to m, then s|j = ¢;
—Ifs=¢"- f where f = m[a) m’ then
e slj=s'lj-tifIns(p(a)) = j, Comp(a) =t,and 3_ .o m'(¢',j) = 1;
e and s|j = s’|j otherwise.

4.4 Unfolding Strategy

We conclude this section by introducing our unfolding approach with the help of an
example. LetG; = (Ql; 1, A, —1, Fl) and Gy = (QQ7 19, A, —9, FQ) be two MSGs
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Fig. 10. MSG G Fig. 11. Correct implementation of (A + C)*

over a subset of actions A C Y. A morphism o : Gy — G from Gy to Go is a mapping
o : Q1 — Q2 from Q)1 to Q2 such that 0'(21) = 19, O'(Fl) C F;, and 1 iq qi
implies o(q1) 2 o(¢}). In particular, L(G;) € L(G2). Moreover if G is globally-
cooperative then G; is globally-cooperative, too. A morphism o : G; — G5 is called full
if the following two requirements are satisfied: o(F;) = F N o(Q1) and for all nodes
q1 € Qy and all actions a € A, if 0(q1) ——» ¢4 for some ¢ € Q2 then ¢y L q; for
some ¢; € Q1 such that o(q]) = ¢5. In that case we have L(G1) = L(G>).
Our strategy is motivated by the following example.

EXAMPLE 4.9. We continue Example 4.6 and consider the MSG G/, depicted in Fig-
ure[[Q Clearly G5 accepts (A + C)* similarly to G2. Note here that there is an obvious
full morphism from G5 onto G, which leads us to call informally G an unfolding of
Go. The netchart ég is depicted in Fig. [[1] It is not difficult to check that this netchart
accepts (A 4+ C)*, too. Thus @ is a correct implementation of Gs.

This example shows that in some cases it is sufficient to unfold the MSG in order to
ensure that the simple translation into netcharts from Definition 4] yields a correct
implementation. In the two next sections we show that this approach is valid for any
gc-MSG.

5 Unfolding of a Globally-Cooper ative M SG

In the rest of the paper we fix a globally-cooperative MSG G = (Q, 1, X, —, F') where
each MSC from X is FIFO. The aim of this section is to associate with G a family of
MSGs called boxes and triangles which are defined inductively. The last box built by
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this construction will be called the unfolding of G (Def. [5.I). Boxes and triangles are
associated with an initial node that may not correspond to the initial node of G. They are
associated also with a subset of MSCs A C Y. For these reasons, for any node ¢ € Q)
and any subset of actions A C X, we let G4 4 denote the MSG (Q,q,A,— a4, F)
where — 4 is the restriction of — to the edges labeled by MSCs in A: — pg=—
NQ x Ax Q).

We shall proceed inductively on directed graphs over Z. For each directed graph
T C 7?2 welet Xy C X denote the subset of basic MSCs from X whose communication
graph is included in T'. For convenience we put Gr ; = Gx,. ;. We shall define the box
Or,, forall nodes ¢ € Q and all subgraphs T C Z2. The box O, is a pair (Br,q, B1,q)
where Br, is an MSG over T" and 1, : Br,q — Gr,q is a morphism. Similarly,
we shall define the triangle Ar 4 for all nodes ¢ and all non-empty subgraphs T'. The
triangle A 4 is a pair (77 4, 7r,4) Where 77 4 is an MSG over X and 7r g : T4 —
Gr,q is @ morphism. Since G is globally-cooperative (Def. d.3), all boxes B, and all
triangles 77 , are globally-cooperative, too.

The height of a box Or 4 or a triangle Ar 4 is the cardinality of 7. Boxes and tri-
angles are defined inductively on the height. We first define the box Oy , for all nodes
q € Q. Then triangles of height / are built upon boxes of height g < h and boxes of
height h are built upon triangles of height h. More precisely each box Or 4 is made
of copies of triangles A7 ,. The precise construction of Or , will depend on the con-
nectivity of the directed graph T'. Moreover we shall make use of the hypothesis that
g is globally-cooperative when defining the construction of the Or , associated with a
non-connected graph 7'

This family of boxes and triangles will lead us to the definition of the unfolding of
G which is simply the box Br 4 with T' = 72 and q=1.

DEFINITION 5.1. The unfolding Guus of G = (Q, 1, X, —, F) is the box Bz ,.

Along the definition of boxes we will observe that each morphism 874 : By, — Gr 4
is full. This is precisely the main property of boxes as opposed to triangles.

The base case of the induction deals with boxes of height 0. For all nodes ¢ € @,
the box Oy , consists of the morphism 3y , : {¢} — @ that maps g to itself together
with the MSG By , = ({¢},4,0,0, Fy ,) where Fyy , = {q}if¢g € Fand Fy , = 0
otherwise. More generally a node of a box or a triangle is final if it is associated with a
final node of G.

5.1 Building Trianglesfrom Boxes

Triangles are made of boxes of lower height. Boxes are inserted into a triangle induc-
tively along a tree-like structure and several copies of the same box may appear within
a triangle. We need to keep track of this structure in order to prove properties of trian-
gles (and boxes) inductively. This requires to distinguish between nodes inserted within
different copies of different boxes or different copies of the same box. To achieve this,
each node of a triangle is equipped with a rank k € N such that all nodes with the
same rank come from the same copy of the same box. For these reasons, a node of a
triangle Ago g0 = (T70 40, Tro 40 ) is encoded as a quadruple v = (w, T', g, k) such that
w is a node from the box O7 , with T' C T°; moreover v is added within the k-th box
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inserted into the triangle in construction. By convention the node v maps to the node
Tro g0 (V) = Br,q(w) € Q, i.e. the insertion of boxes preserves the correspondence to
the nodes of G. Thus the morphism 77o 40 of a triangle A7o 4o is encoded in the data
structure of its nodes. We denote by B’ = MARK(B, T, q, k) the generic process that
creates a copy B’ of an MSG B by replacing each node w of B by v = (w, T, q, k).

The construction of the triangle Ao o starts with using this marking procedure and
building a copy MARK(Op 40,0, ¢°, 1) of the base box Oy ,o which gets rank k& = 1
and whose marked initial node (iq g 4,0, ¢°, 1) becomes the initial node of Apo go.
Along the construction of this triangle, an integer variable k£ counts the number of boxes
already inserted in the triangle to make sure that all copies inserted get distinct ranks.
The construction of the triangle Ao 4o proceeds by successive insertions of copies of
boxes according to the single following rule.

A new copy of the box O o is inserted into the triangle Ao o in construc-

tion if there exists a node v = (w, T, q,l) in the triangle in construction and a

basic MSC M € Yo such that

Ty Brq(w) 2, ¢ in the MSG Gro 405

To: TCT' CT°andT' =T UCG(M);

Ts3: no edge labeled by M relates so far v to the initial node of some copy of
O o in the triangle in construction.

In that case an edge labeled by M is added in the triangle in construction from

v to the initial node of the new copy of the box Ot .

Note here that Condition T2 ensures that inserted boxes have height at most |77°| — 1.
By construction all copies of boxes inserted in a triangle are related in a tree-like struc-
ture built along the application of the above rule. It is easy to implement the construction
of a triangle from boxes as specified by the insertion rule above by means of a list of
inserted boxes whose possible successors have not been investigated, in a depth-first-
search or breadth-first-search way. Note here that if a new copy of the box O/ 4 is
inserted and connected from v = (w,T,q,l) then T C T’ thus the communication
graph T' grows along the branches of this tree-structure. This shows that this insertion
process eventually stops and the resulting tree has depth at most |T'|. Moreover, since
we start from the empty box and edges in boxes O , carry basic MSCs from X7, we
get the next key property.

LEMMA 5.2. If a word w € X* leads in the triangle ro 40 from its initial node to
some node v = (w, T, q,1) then the communication graph of w is precisely T.

Note also that it is easy to check that the mapping 77 4o induced by the data structure
builds a morphism from Aro 40 to Gro 40. However this morphism may not be full in
some cases. The role of boxes is precisely to take care of this drawback with the help
of the next notion.

DEFINITION 5.3. Let T° C 2 be a subgraph of I? and ¢°,q be two nodes of G.
The set of missing edges MISSING(T°, ¢°,q') consists of all pairs (v, M) where v =
(w,T,q,l) is a node of Ao qo and M is a basic MSC such that

— Brq(w) M, ¢ in the MSG Gro qo;

- TCTUCGM) =T
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Note here that the insertion rule T for triangles forbids to insert a box Bro 4 and to
add an edge labeled by M from node v. This missing edge will be added into boxes of
height |7°°| in order to get a full morphism.

5.2 Building Boxesfrom Triangles

Boxes Oro 40 are made of triangles Ao , associated with the same directed graph
T°. Again several copies of the same triangle are often necessary to build a box and
the structure relating these triangles plays a crucial role. For this reason we adopt a
similar data structure: A node w of a box O7o 4 is a quadruple (v, T°,q, k) where
v is a node of the triangle A7o , and k& € N. The rank k£ will allow us to distinguish
between different copies of the same triangle. The construction of boxes uses here again
an integer variable k that counts the number of triangles already inserted in the box in
construction to make sure that all copies inserted get distinct ranks. On the other hand
the parameter 7 is useless here but we keep it to get a uniform data structure.

As announced in the introduction of this section the construction of the box Q7o g0
depends on the connectivity of 7°°. Recall that an instance 7 € 7 is active in the directed
graph T° C 772 if there is an edge (i, j) € T° or an edge (j,i) € T° for some instance
j # 1. Moreover a directed graph T° C Z? is connected if the symmetric closure of its
restriction to its active instances is connected.

We assume first that 7° C T2 is a non-connected directed graph and define the
box Oro 4o. The definition of boxes with a connected directed graph is postponed to
the next subsection. The construction of the box Do o starts with building a copy
MARK(A7o 40,T°,¢°, 1) of the triangle Aro g0 which gets rank k& = 1 and whose
marked initial node (24 70 40,0, ¢°, 1) becomes the initial node of O7o 4. The con-
struction of the box Oro 4o proceeds then by successive insertions of copies of triangles
in a tree-like structure according to the following rule (which differs from [4]).

A new copy of the triangle Ao o is inserted into the box Oro 4o in construc-
tion if there exists a node w = (v, T°, q,1) in the box in construction and a
basic MSC M € Y7o such that we have (v, M) € MISSING(T°, q, ¢') and no
edge labeled by M relates so far w to the initial node of some copy of Ao o
in the box in construction. In that case an edge labeled by M is added in the
box from w to the initial node of the new copy of the triangle Ao .

At each step of this procedure we have a morphism from the box in construction to
G which is encoded in the data-structure of nodes. In particular the initial node of each
triangle Ao 4 maps to node q of G.

By means of Lemma [5.2] the definition of missing edges (Def.[5.3) leads us to the
following property.

LEMMA 5.4. Within a box Oro 4o associated with a non-connected graph T°, if a word
u € X* leads from the initial node of a triangle to the initial node of another triangle
then the communication graph of u is precisely T°.

Recall now that T°° is not connected and G is globally-cooperative. Therefore a branch
of the tree-structure of a box in construction cannot involve twice the same triangle,
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otherwise we get a loop with communication graph 7° in G which contradicts the defi-
nition of a globally-cooperative MSG. It follows that this procedure stops and the depth
of the resulting tree-structure is at most |@Q)|. As a consequence the size of a box is
exponential in the size of the given HMSC.

5.3 Building Boxeswith a Connected Graph

We come now to the definition of boxes associated with a connected directed graph.
This part is more subtle than the two previous constructions which have a tree-structure:
Both do not create new loops in the unfolding. On the contrary the construction of boxes
associated with a connected directed graph essentially deals with loops.

Let T° C Z2 be a connected (non-empty) directed graph. Basically the connected
box Oro 4o collects all triangles Ao , forall nodes ¢ € Q. Each triangle is replicated a
fixed number of times and copies of triangles are connected in some very specific way.

The construction of the box Do 4o consists in two steps. First m copies of each
triangle A7o , are inserted in the box. Moreover the first copy of Aro 40 gets rank 1
and the first copy of its initial node becomes the initial node of the box in construction.
The actual value of m will be discussed below. For simplicity’s sake we require also
that copies of the same triangle have consecutive ranks: In particular copies of Ao 40
get ranks 1 to m. In a second step edges are added to connect these triangles to each
other. The idea here is to take care of the missing edges in order to get a full morphism:
For each triangle Ao 4, for each node ¢’ € @, and for each missing edge (v, M) €
MISSING(T°, q,q’) we add an edge labeled by M from each copy of node v to some
copy of the initial node of triangle Ago 4.

In this process of connecting triangles we require two key properties:

Ci: No added edge connects two nodes from the same copy of the same
triangle: There is no added edge from node (v, T°,q,l) with rank l to
(tare,q.T°,q,1).

Cy: At most one edge connects one copy of Are 4 to one copy of Ao gr:

If we add from a copy of Aro 4 of rank | an edge (v1,T°,q,1) 24,

(ZA,TO,q’ 3 Toa qlv l/) and an edge (1}27 Toa q, l) &) (ZA,T",q’a Toa q/7 l/)
to the same copy of Ao o then vy = vg and My = Mo.

Condition C; requires simply two copies of each triangle. The number of added
edges from a fixed copy of Are 4 to copies of Ago o is [MISSING(T®, ¢, ¢')]. It fol-
lows that the two conditions above require only

m = maxy g e |[MISSING(T°, ¢,¢')| + 1

copies of each triangle. The construction of the box O7o 40 starts with the insertion of m
copies of each triangle Ao 4. Then for a fixed copy of Ape 4 and for a fixed node ¢’ we
add at most m edges as follows: For each missing edge (v, M) € MISSING(T°, q,q")
the copy of node v is connected to a distinct copy of the initial node of triangle Ao 4.
In case ¢ = ¢’ we make sure that v does not get connected along this process to the
initial node of the triangle it belongs to.
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From the definition of missing edges (Def. B.3)) it follows that the data-structure
defines a morphism from the box Ope 40 to Gro go. Furthermore Lemmal[5.2]yields the
following useful property.

LEMMA 5.5. Within a box O 4 associated with a connected graph T°, if a non-
empty word u € X* leads from the initial node of a triangle to the initial node of a
triangle then the communication graph of u is precisely T°.

6 Propertiesof the Unfolding

6.1 Main Result

The constructions of triangles and boxes yield morphisms to Gr , that are built induc-
tively on the data-structure. These morphisms are useful in particular to check that the
construction of a box with a non-connected directed graph eventually stops because G
is globally-cooperative. We can also check by induction the following useful property.

LEMMA 6.1. The morphism Bt q from a box Bt 4 to Gr 4 is full.

Following Definition [5.1] the last box built yields the unfolding MSG Gy together
with a full morphism Buns : Gunt — G which ensures that L(Gune) = L(G). By

Proposition[4.7] we have also L(Guyr) C L(Q/sz). We will prove below that the con-
verse inclusion relation holds (Lemma[6.6)) by induction on the structure of boxes and
triangles: Thus L(G) = L(Gun¢)- In that way we get our main result.

THEOREM 6.2. For any globally-cooperative MSG G the unfolding MSG Gynt leads
to a netchart Gung such that L(G) = L(Gunt)-

Thus our unfolding procedure builds an unfolded globally-cooperative MSG for which
the naive construction of a corresponding netchart yields a correct implementation of
the specification.

6.2 Propertiesof Arched Firing Sequences

Let T be a non-empty subgraph of Z2 and g € Q. Let v be a node from the triangle 77 .
By construction of 77 4, v is a quadruple (w,T”, ¢, k') such that w is a node from the
box 07 and k' € N. Then we say that the box location of v is [P (v) = (T", ¢, K').

We define the sequence of boxes visited along a path s = v —= v’ in 7, as follows:

— If the length of s is 0 then s corresponds to node v of 77, and L7 (s) = [ (v).
— If sis a product s = s’ - t where ¢ is the edge v/ — v’ then two cases appear:
o If |7 (v") =1 (v') then L7 (s) = L7 (s');
o If[7(v") #17(v') then L7 (s) = L (s').17 (v').

Due to the tree-like structure of triangles we have the following obvious property.

PROPOSITION 6.3. Let It 4 be a triangle with T a non-empty subgraph of I?. Let s be

an arched firing sequence of the low-level Petri net of’]/}::]. Then L7 (sk) = L7 (s|k)
for each instance k, k' € T.
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Similarly to triangles, we define the triangle location 1 (w) of a node w in a box Brq
and the sequence of triangles 1> (s) visited along a path s = w — ' in Br,q- The
tree-like structure of unconnected boxes yields a property similar to Proposition
We aim now at establishing a similar property for connected boxes (Prop. [6.3)).

Let ¢, j be two distinct instances. For each firing sequence s = m [u) m’ of the low-
level Petri net of a netchart we define the projection of s on @ w.r.t. (7, j) as the sequence
of messages send(s, i, j) = mq...m,, such that the sequence of send actions from i to j
inw consists of 4! j,...,i!™n j. Similarly we define the projection of s on j w.r.t. (¢, 7) as
the sequence of messages receive(s, i, j) = mj...m,, such that the sequence of receive
actions on j from 7 in u consists of j7™14,...,57™"4. It is clear that if a firing sequence
s = m[u) m’ of the low-level Petri net of a netchart corresponds to a FIFO basic MSC
then send(s,,j) = receive(s, 1, j) for each pair of distinct instances i,j € Z. This
observation leads us to the next result.

LEMMA 6.4. Let B, be a box with T a non-empty connected subgraph of I? and let
i,7 be two distinct instances such that (i,j) € T. Let s be an arched firing sequence
of the low-level Petri net of the netchart B/\m that corresponds to a FIFO basic MSC.
Then L (si) = L>(s]j).

Proof. Since s is arched the first (resp. last) triangles coincide in L* (s i) and L* (s 7).
This result follows now from the three next observations. First, let m be a message in
send(s, 1, 7). Due to the the definition of a low-level Petri net, the message m corre-
sponds to a unique transition t = ! j in the low-level Petri net of the netchart g;q and
moreover Comp(?) is an edge from B ,. Thus the sequence of messages send(s, 4, j)
maps in a natural way to a sequence of edges of the connected box Bt , and conse-
quently to the sequence of corresponding triangles. Second Lemma[3.3] ensures that at
least one send action from ¢ to j occurs when the path s|i goes through a triangle of
Br,q. Third, due to Condition C; of the construction of connected boxes, when the path
st goes out of a triangle then it enters into a distinct triangle.

These three facts imply that send(s, i, j) is enough to recover the sequence of tri-
angles IL*(s]14) visited by 4 along s. A similar observation holds for the process j and
receive(s, i, j). We can now conclude easily. If s is an arched firing sequence of the
low-level Petri net of fTTq that corresponds to a FIFO basic MSC, then send(s, i, j) =
receive(s, i, j) hence > (s]i) = L (s]j).

PROPOSITION 6.5. Let B, be a box with T a non-empty connected subgraph of °.
Let s = m[u) m' be an arched firing sequence of the low-level Petri net of B/\m that
corresponds to a FIFO basic MSC Mg. Then there exists an arched firing sequence
st =m [uT> m’ of the low-level Petri net ofB/\T,q that corresponds to a FIFO basic
MSC M such that

— m°(My) = w° (M),

— LA (st k) = L2 (st |K') for each pair of instance k, k' € T.

Proof. Consider first two active instances k and k' of T. Lemma ensures that
LA (s|k) = L®(s|k") because T is connected. Now the processes that are not active
in T produce in M only e-actions because all transitions that may take place on these
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processes in the low-level Petri net of E/\T,q are e-events. Thus we can force them to
behave like a fixed active process k of 7". The result is an MSC M that differs from
M only in e-events located on non-active processes. Consequently, 7° (M) = 7°(M,+)
and L2 (s | k) = IL#(s" | k") for each non-active instance &’ of 7.

6.3 Main Technical Result
LEMMA 6.6. We have L(Gunt) € L(Gunt).

Proof. We proceed by induction. We show for each natural n € {0,1,2,...,|Z2|} the
property H (n) which consists of two similar sub-properties:

1. Foreach T C Z? with 1 < |T| < n + 1 and all nodes ¢ € Q if s = m,, [u) m,/
is an arched firing sequence of the low-level Petri net of ’fT; that corresponds to a
FIFO basic MSC M then 7°(M) leads in 77, from v to v'.

2. Foreach T C 72 with 0 < |T'| < n and all nodes ¢ € Q if s = m, [u) m,/ is an
arched firing sequence of the low-level Petri net of B/T:I that corresponds to a FIFO
basic MSC M then 7° (M) leads in B, from v to v'.

The proof of Lemmal[6.6 follows from H (n) with n = |Z|2. The base case H(0) is
obvious because for each ¢ € @ and each singleton T', the box By , and the triangle
Tr,q consist of a single node.

Induction step of H: We assume now H (n). We show H (n + 1) for connected boxes
only, but the cases of triangles and unconnected boxes are similar. We consider some
connected subgraph T C Z?2 with |T'| = n + 1 and some node ¢ € Q. First, we prove
by induction that for each natural d € N the intermediate property P(d) holds:

P(d): Let L be a sequence of triangles of By, such that 1 < |L| < d. Let s =
m, [u) m,s be an arched firing sequence of the low-level Petri net of E/\T,q that
corresponds to a FIFO basic MSC M. If > (s k) = L for each process k € T
then 7°(M) leads in By, from v to v'.

The base case P(1) follows basically from the induction hypothesis H (n) because in

this case s can be viewed as an arched firing sequence of 7/'T71.

Induction step of P: We assume now that P(d) holds and we prove P(d+1). Let L.l be

a sequence of triangles with |L.l| = d 4+ 1 and let s = m,, [u) m,, be an arched firing

sequence of the low-level Petri net of E/\T,q that corresponds to a FIFO basic MSC M

such that L”(s|k) = L.l for each process k € Z. Due to the structure of connected

boxes, we claim that we can find an other arched firing sequence s’ = s1 - o - s3 for

which s1 = m,, [u1) my,, s2 = my, [u2) m,, and s3 = m,, [u3) m, are three arched

firing sequences such that s, is non-empty and

S1. wj.ug.us corresponds to a linear extension of M,

S2. each transition ¢ that appears in u3 comes from an edge Comp(t) of Br, that
occurs within the last triangle [ visited along ',

S3. each transition ¢ that appears in uo satisfies Comp(t) = a where a is the unique
edge (by Condition C of connected boxes) of B 4 that relies the two last triangles
visited along s’.
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In particular, Condition S1 implies that L (s| k) = IL.** (s’ | k) for each process k € .
Conditions S2 and S3 ensure that L* (s3|k) = [ and L (s; k) = L. Moreover, Re-
mark 4.8 shows that s1, s and s3 correspond respectively to some basic MSCs M7y, M>
and M3. Then by Condition S1 we have M = M, - M5 - M3. Therefore these three basic

MSCs are FIFO because M is FIFO. Using the induction hypothesis P(d) we deduce

7° (M 7% (M. . .
that v “M) v, and Vs “(Ms) v" in Br 4. To conclude, we use Remark [4.8 with S3

. . ° (M. °(M .
and obtain that q is actually the edge v; ﬂ(—>2) vy of By 4. As aresult v 7T(—>) v'is a

path of B 4. This conclude the proof of P(d + 1).
We return now to the proof of H(n + 1). Let s = m, [u) m,, be an arched firing

sequence of the low-level Petri net of B/TTq that corresponds to some FIFO basic MSC
M. By Proposition there exists an arched firing sequence s = m, [u') m, of

the low-level Petri net of B/TTq that corresponds to a FIFO basic MSC M such that (¥)
(M) = n°(MT) and L* (s i) = L#(sT|j) = L for each pair of instances i, j € Z.

Then we can apply P(|L|) together with (*) to get that v () v'. This conclude the

proof of H(n + 1).
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Abstract. Dynamic nets are an extension of Petri nets where the net
topology may change dynamically. This is achieved by allowing (i) tokens
to be coloured with place names (carried on as data), (ii) transitions to
designate places where to spawn new tokens on the basis of the colours
in the fetched tokens, and (iii) firings to add fresh places and transitions
to the net. Dynamic nets have been given step or interleaving semantics
but, to the best of our knowledge, their non-sequential truly concurrent
semantics has not been addressed in the literature. To fill this gap, we
extend the ordinary notions of processes and unfolding to dynamic nets,
providing two different constructions: (i) a specific process and unfolding
for a particular initial marking, and (ii) processes and unfolding patterns
that abstract away from the colours of the token initially available.

1 Introduction

Petri nets, introduced in [I3], have became a reference model for studying concur-
rent systems, mainly due to their simplicity and the intrinsic concurrent nature
of their behaviours. In addition to the classical ”token game” operational seman-
tics, several alternative approaches have appeared in the literature for charac-
terising the semantics of Petri nets, notably non-sequential processes, unfolding
constructions and algebraic models. In particular, non-sequential processes have
played a very important role when studying the non-interleaved semantics of
Petri nets. In essence, non-sequential processes provide a full-fledged account for
the causal relations among the steps of a computation, i.e., they provide a full
explanation about the causes that led to the firing of a transition.

Recently, the basic Petri net model has been extended to account for mobil-
ity, giving birth to the so called Mobile nets [I] and Dynamic nets [I,5]. The
difference between the two is that the structure of dynamic nets is slightly more
constrained so to enforce the locality principle: tokens in a place can be con-
sumed only by local transitions (that were spawned together with that place).
Dynamic nets are an extension of coloured nets (since tokens carry on informa-
tion) where token colours are the names of places in the net, transitions may use
the information carried on by tokens to designate places where to spawn new
tokens, and transitions may add fresh places and transitions when they fire.

* Research supported by the EU FET-GC2 IST-2004-16004 Integrated Project
SENSORIA.

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 105-{I24] 2006.
© Springer-Verlag Berlin Heidelberg 2006



106 R. Bruni and H. Melgratti

The behaviour of dynamic nets has been defined by providing their step or
interleaving semantics but, to the best of our knowledge, there is no proposal
for their non-sequential truly concurrent semantics. In this work, we pursue this
line of research by extending the classical notions of processes and unfolding
to dynamic nets. In particular, we provide two different kind of constructions:
(i) a specific process and unfolding for a particular initial marking (where the
information carried on by tokens of the initial marking is essential), and (ii)
a notion of general process and unfolding pattern that do not depend on the
information carried on by tokens of the initial marking.

It is worth remarking that the unfolding construction has proved very helpful
to define the correct notion of processes for dynamic nets, as otherwise it would
have been very difficult to deal with the changes in the net topology due to the
introduction of fresh subnets.

The results presented here can find an interesting application in defining net
models and causal semantics for distributed mobile calculi and programming
languages. More specifically we are thinking of the join calculus [7] and those
languages like JoCaml [6] and C-omega [3] whose designs have been strongly in-
fluenced by the join paradigm. In fact it has been shown in [5] that join processes
may coherently be viewed as dynamic nets (and vice versa).

Structure of the paper. In Section 2] we recall the preliminary definitions from
the literature, aiming to keep the paper self-contained. It is worth noting that
while we expect the reader to have some confidence with the material in Sec-
tions 2.1] and (nets, step semantics, causal processes and unfolding), we have
chosen to give an extensive introduction to dynamic nets (Sections 23]), which
could be a less familiar subject for many readers. The unfolding construction for
marked dynamic nets is carried on in Section ] accompanied by the definition
of deterministic process of dynamic nets. The main result establishes a strong
correspondence between the two notions. Section ] introduces unfolding pat-
terns and process patterns as a framework to give more compact and abstract
representations of net behaviour: the same pattern can be instantiated to many
different concrete computations. Conclusions and directions for future work are
given in Section

2 Background

2.1 p/T Petri Nets

Petri nets are built up from places (denoting resources, type of messages), which
are repositories of tokens (representing instances of resources), and transitions,
which fetch and produce tokens. In the following we shall consider an infinite set
P of resource names.

Definition 2.1 (Net). A net N is a 4-tuple N = (Sn,Tn,don,01n) where
Sy C P is the (nonempty) set of places, a,a’,..., Tx is the set of transitions,
t,t/,... (with Sy NTn = 0), and the functions don, 01N : Tn — pe(Sn) assign
finite sets of places, called respectively source and target, to each transition.
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We denote Sy U Tx by N, and omit the subscript NV if no confusion arises.
We abbreviate a transition t € T with preset *t = Jo(t) = s1 and postset t* =
01(t) = s2 as s1[)s2. Similarly for any place a € S, the preset *a = {t|a € t*} of
a is the set of all transitions of which a is target and the postset a® = {t|a € *t}
of a is the set of all transitions of which a is source. We consider only nets
whose transitions have a non-empty preset. If *aUa® = () the place a is isolated.
Moreover, we let °N = {xz € N|*z = 0} and N° = {z € N|z* = 0} denote the
sets of initial and final elements of N respectively.

While according to Definition [Z1] transitions can consume and produce at
most one token in each state, in P/T nets (see Definition [Z2]) transitions can
fetch and produce several tokens in a particular place, i.e., the pre- and postsets
of transitions are multisets instead of sets.

Given a set S, a multiset over S is a function m : S — N (where N denotes
the set of natural numbers with zero). Let dom(m) = {s € S | m(s) > 0}. The
set of all finite multisets (i.e., with finite domain) over S is written Mg. The
empty multiset (i.e., with dom(m) = () is written (. The multiset union & is
defined as (m1 @ mz)(s) = mi(s) + mea(s) for any s € S. Given a multiset m,
|m| =3 cgm(s) denotes the size of m.

Note that & is associative and commutative, and () is the identity for .
Hence, Mg is the free commutative monoid S® over S. We write s for a sin-
gleton multiset m such that dom(s) = {s} and m(s) = 1. Moreover, we write
{s1,...,su]} for s ®...® s,. By abusing notation we will apply functions (i.e.,
fs) over (multi)sets, meaning the multiset obtained by applying the function
element-wise: fs({{ao,...,an]}) = fs(ao) ® ... ® fs(an). Also, we shall use set
operators over multisets to denote the operation over the domain of the multiset,
e.g. s € m and my N'mg in place of s € dom(m) and dom(m1) N dom(my).

Definition 2.2 (P/T net). A marked place / transition Petri net (P/T net)
is a tuple N = (Sn,Tn, 0N, 018, mon) where Sy C P is a set of places, Tn
is a set of transitions, the functions don,0n : Tn — Mg, assign respectively,
source and target to each transition, and mon € Mg, is the initial marking.

The notions of pre- and postset, initial and final elements, and isolated places
are straightforwardly extended to consider multisets instead of sets. Note that a
net can be regarded as a P/T net whose arcs have unary weights.

The operational semantics of P/T nets is given by (the least relation induc-
tively generated by) the inference rules in Figure [ Given a net N, the proof
for m —7 m’ means that a marking m evolves to m’ under a step, i.e., the
concurrent firing of several transitions. We omit the subscript 7" whenever the
set of transitions is clear from the context. Rule (FIRING) describes the evolu-
tion of the state of a net (represented by the marking m @ m’) by applying a
transition m[)m’, which consumes the tokens m corresponding to its preset and
produces the tokens m’ corresponding to its postset. The multiset m’ represents
idle resources, i.e., the tokens that persist during the evolution. Rule (STEP)
stands for the parallel composition of computations. The sequential composition
of computations is the reflexive and transitive closure of —, which is written
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(FIRING) (sTEP)
m)m' el m'eMg my —7 My Mg —T Mh
m@m" —pm'om"” my @ ma =7 my O my

Fig. 1. Operational semantics of P/T nets
—* i.e., m —* m’ denotes the evolution of m to m’ under a (possibly empty)
sequence of steps.

2.2 Unfolding and Process Semantics of P/T Nets

The definition of the processes and unfolding semantics of P/T nets rely on
the notions of occurrence nets and deterministic causal nets, which are defined
below. (We report here on the presentation given in [12])

Definition 2.3 (Occurrence net). A net N is an occurrence net if

— forallae Sy, |®a] <1
— the causal dependency relation < is irreflexive, where < is the transitive
closure of the immediate cause relation

<'={(a,t)]ac Sy Atca®}U{(t,a)lac Sy AtE " a};

moreover, Yt € T, the set {t' € Tn|t' < t} is finite and the reflexive
closure of < is denoted by =<;

— the binary conflict relation # on Tx U Sy is irreflexive, where # is defined
in terms of the binary direct conflict relation #,, as below:

Vti,t2 € T,  ti#mta € don(t1) Ndon(t2) # DAty # to
Vx,yESNUTN, THY < Tti1,te € TNt t1#Fmta At S At <y

Given x,y € Ty U Sy s.t. ¢ # y, x and y are concurrent, written x co y, when
x Ay, y A x, and ~x#y. A set X € Ty U Sy is concurrent, written CO(X), if
Ve,ye Xtz #y=x coy, and |{t € Tn|3z € X, t < x}| is finite.

Definition 2.4 (Causal Net). A net K = (Sk, Tk, 00k,01k) i a causal net
(also called deterministic occurrence net) if it is an occurence net and

Va € Sk, |a®| < 1.

It is worth noting that for any causal net K the conflict relation is empty.
Consequently, a causal net is an acyclic net where the presets (resp. postsets) of
transitions do not share places.

Occurrence nets can represent non-sequential computations: their places rep-
resent tokens and their transitions represents events, i.e., firings. The “typing”
of tokens and events in the occurence net over places and transitions of the ex-
ecuted net can be expressed as net morphisms, mapping tokens to the places
where they have been stored and events to the triggered transitions.
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(INI-MK)
my(a) =n

{(0,a)} x[n] €5
(PRE)

B = {(Ejabjaij”j € J} c s, CO(B)v t €1, 50N(t) = @jEij
(B,t) €T, 6o(B,t)=DB

(POST)

r=(B,t)eT
Q={({z},b,i) |1 <i<an(t)(b)} S5, d(r)=Q
Fig. 2. Unfolding rules

Definition 2.5 (Net morphisms). Let N, N’ be nets. A pair f = (fs : Sy —
Snv, fr: Ty — Tnv) is a net morphism from N to N’ (written f: N — N') if
fs(din(t)) = din: (fr(t)) for any t and i = 0,1. Moreover, N and N’ are said
to be isomorphic, and thus equivalent, if f is bijective.

The above definition extends in the obvious way to the cases in which N and
N’ are P/T nets.

Definition 2.6 (Deterministic Causal Process). Let N be P/T net. A de-
terministic causal process for N is a net morphism P from a causal net K to
N such that P(°K) = mon,i.e., P maps the implicit initial marking of K (i.e.,
the minimal elements °K ) to the initial marking of N.

Roughly, a deterministic process represents just a set of causally equivalent com-
putations [§]. Differently, the unfolding of a net N is the least occurrence net
that can account for all the possible computations over N, making explicit the
causal dependencies, conflicts and concurrency between firings.

Definition 2.7 (Unfolding). Let N be a P/T net. The occurrence net U[N] =
(S,T,d0,01) generated inductively by the inference rules in Figure[d is said the
unfolding of N.

In the case of the unfolding U, it can be readily verified that the mapping over
N is just the projection of places and transition names to their second element.
In fact tokens are encoded as triples (H,a,:) where H is the set of immediate
causes (determining the history of the token), a is the place of N where the
token resides and 7 is a positive integer used to disambiguate tokens in the same
place and with the same history, while events are encoded as pairs (H,t), where
H is the set of immediate causes and t is the fired transition.

2.3 Dynamic Nets

Different formulations for dynamic nets have been proposed in the literature
[1L5]. The definition we give here is based on [I]. We consider an infinite set of
place names P ranged over by a,b,... and an infinite set of variable names X,
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ranged over by z,y, . ... We require also variable names to be different from place
names, i.e., X NP = (. We will use C = PU X, ranged over by c1, ca, ...., to refer
both to place and variable names.

Similar to high-level nets, tokens in dynamic nets carry on information (or
colours as they are usually known). Although colours can be thought of as data
structures of any type, for the sake of simplicity we will assume colours to be
sequences of names. Let C' be a set of names, C* stands for the set of all finite
(possible empty) sequences of C, i.e., C* = {(c1,...,¢,) | Vi st. 0 < ¢ < n:
¢; € C}. The empty sequence, i.e. a token that carries no information, is denoted
by e (by analogy with ordinary tokens), and the underlying set of a sequence
(c1y...,cp) is written:

(617 ey Cn) = U{Cz}

Then, markings of a dynamic net are just coloured multisets.

Definition 2.8 (Coloured Multiset). Given two sets S and C, a coloured
multiset over S and C' is a function m : S — C — N. Let dom(m) = {(s,c) €
Sx C | m(s)(c) > 0}. The set of all finite (coloured) multisets over S and C* is
written Mg c. The multiset union is defined as (mi ® ma)(s)(c) = m1(s)(c) +

ma(s)(c)-

We write s(c) for a multiset m such that dom(m) = {(s,¢)} and m(s)(c) = 1.
Additionally, (s,c¢) € m is a shorthand for (s,c¢) € dom(m), while s € m means
(s,¢) € m for some c.

Definition 2.9 (DN). The set DN is the least set satisfying the following equa-
tion (when considering the set of colours C):

N ={(S~n,Tn,don, 018, moN) |
SNCP A 60N3TN_’MSN,C AN 0N TN — N A mONEMC,C}

For (Sn,Tn,d0n,01N,moN) € DN, Sy is the set of places, T is the set of
the transitions, do and d;y are the functions assigning the pre- and postset
to every transition, and mgy is the initial marking. Note that A is a domain
equation [9] defining the recursive type of dynamic nets. The simplest elements
in A are markings, i.e., the tuples (0,0,0,0,m) with m € Mc . Then, nets
are defined recursively, because the postset of any transition (given by 1) is
another element of N. The set DN is defined as the least fixed point of the
recursive equation above.

As usual, we denote Sy U Txn by N, and omit subscript N whenever no
confusion arises. Moreover, we abbreviate a transition t € T such that dp(t) = m
and d1(t) = N as m[)N, and refer to m as the preset of t (written *t) and N
as the postset of t (written t*).

Note that the initial marking moy is not required to be a multiset over the
places of the net, i.e., the initial marking can put tokens in places that are not
defined by the net. In fact, the initial marking mon is a multiset in mon € Mc ¢
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© ONENO RO ORINO

v C?\ v v /C?\ v
t t ty t) t tq
M % %
N1 Ny Ny

(a) Initial state. (b) After firing t. (c) After two firings of t.

Fig. 3. A simple dynamic net

and not over the places of the net Sy (e.g., in Mg, ¢). A trivial example is to
consider the coloured transition a(x)[)((, 0, ?, D, b(e)), where b does not belong
to the places of the subnet (0, 0,0, 0,b(e)). We usually abbreviate transitions as
the previous one, where the postset does not define new places, by writing just
the initial marking fixed by the postset, i.e., a(x)[)b(e).

Names defined in Sy act as binders on N. Therefore, nets are considered
up-to a-conversion on Sy. For instance, the two nets ({a},0,0,0,a(e)) and
({b},0,0,0,b(e)) are a-equivalent, while (0,0,0,0,a(e)) and (0,0,0,,b(e)) are
not. Analogously, the names of transitions in T are binders, and hence we
consider nets up-to a-conversion on transition names.

Ezample 2.1. Consider the net N in Figure[Ba), where circles are places, boxes
are transitions, and solid lines connect transitions to their pre and postset, and
tokens are represented by their colours. The double-lined arrow indicates the
dynamic transition t = a(e)[) N7, which creates an instance of the subnet N;
when fired. We allow the initial marking of N7 and the postset of transitions in
Tn, to generate tokens in a. Therefore, the following is a valid definition for N:
Sn, ={d}, T, = {t1}, mon, = a(e)®d(e) and t1; = d(e)[)a(e). A firing of t will
lead to (a net isomorphic to) the net shown in Figure[3(b). (Firings are formally
defined in Figure[Bl) A fresh place d and a transition t; (whose pre- and postset
are d(e) and a(e), resp.) have been added to the net. Also two tokens have been
produced: one in a and the other in d, accordingly to the initial marking of Nj.
This marking enables t, which can be fired again. The new activation of t will
create a new subnet containing a new place and a new transition whose names
are different from all other names already present in the net (Figure Bl(c)).

The colours appearing in the preset of a transition are intended to be the formal
parameters of that transition, which are substituted by the actual colours of
consumed tokens when a transition is fired. The set of formal parameters (or
received names) of a transition is defined below.

Definition 2.10 (Received names of a transition). The set of colours of a
multiset m C Mg ¢ is defined as col(m) = Uy cyem ¢, the set of constants is
colp(m) = col(m) NP, and the set of variables or received names of a multiset
is rn(m) = colxy(m) = col(m) N X. Given a transition t = m[)N, the set of
received names of t is given by rn(t) = coly(m).
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Fig. 4. Graphical representation of N and N;

Note that colp(m) stands for the set of constant (not variable) colours used as
formal parameters of a transition. This feature provides a basic mechanism for
pattern matching, since a transition will be enabled only when consumed tokens
carry on the same constant colours as those specified by the preset of the tran-
sition. Differently, colx(m) is the set of all variables, which will be instantiated
when the transition fires.

Definition 2.11 (Defined and Free names). The set of defined names in
a marking m is dn(m) = {a|3c.(a,c) € m}, i.e., names appearing in place
position. Given N = (Sn,Tn,don, 018, mon) € DN, the set of defined (dn) and
free (fn) names of transitions, sets of transitions, and nets are defined as follow:

dn(my[)N1) = dn(my)

dn(Tn) = User, dn(t)

dn(N) = SN

fa(mi)N1) = dn(mi) U colp(mi) U (fn(N1) \ rn(mi))

fn(Tn) = Uiery, fn(t) \ dn(Tn)

f(N) = (fn(Tn) U dn(mon) U col(mon)) \ Sn

Ezample 2.2. Consider N; and N defined as follow and depicted in Figure [
(Note places v and w in the representation of N; are not defined places by Nj):

SN, = {d}
Sy ={a,b,c} Ty = {t1,t2}
don (t1) = a(v) @ b(w) din(t1) = Ny ?j\; (_t){t_}d(u)
dox (£2) = a() & c(u) S (£2) = v(uw) o (£) = v()

my =a(b) ®b(a) @ c(a)

rn(ty) = {v,w} ro(ty) = {v,w} rn(t) = {u}

dn(t1) ={a,b} dn(ts) ={a,c} dn(t) = {d}

fn(t1) ={a,b} fn(tz) ={ac} fn(t) ={d,v}
dn<TN) = dn<N) - {a7b7 C} dn(TN1) = dn(Nl) - {d}
fn(Ty) =10 fn(Tn,) = {v}

fn(N) =0 fn(N1) = {v,w}
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Definition 2.12 (Dynamic Net). N € DN is a dynamic net if fn(N) = 0.

The above definition states that a dynamic net is closed, i.e., it does not generate
tokens in places that do not belong to it. The condition fn(N) = §) assures tokens
to be generated always in places of the net, since markings are bound to places
defined by the net, which are guaranteed to be different from places in other
nets.

Remark 2.1. If N is a dynamic net then mony € Mgy sy-

The net N presented in Example is closed, and hence dynamic, even though
Ny is not. In fact, the names v and w are not bound in Nj.

Remark 2.2. As variables in a transition are used to describe parameters, we
consider only dynamic nets whose transitions t = m[) N satisfy the condition
(fn(N)NX) C rn(t). This restriction requires all free variables of the postset of
a transition to be bound to some variable in the preset. Note that this is always
the case when a net is closed.

Similarly to coloured nets, the firing of a transition t requires the instantiation
of the received colours of t, i.e., the formal parameters rn(t) of the transition
t have to be replaced by the actual parameters corresponding to the colours
of the consumed tokens. Hence, we need suitable notions of substitution and
instantiation of nets.

Definition 2.13 (Substitution). Let 0 : X — X U P be a partial function.
The substitution o on a multiset m € Mc¢ ¢ is given by

(mo)(al)(cl) = Zae{a’|a’a:a1} Zce{c’|c’o:c1} m(a)(c)

Definition 2.14 (Instantiation of transitions and nets). Let 0 : X —
PUX be a substitution. The instantiation of a transition t = my[) N1 with o is the
transition to = myo[)N1o. Given a dynamic net N = (Sn,Tn,don, 01N, MON),
the instantiation of N with o s.t. range(oc) N Sy = 0 is defined as No =
(SN7TN7(50N7(51NO', mONO'), where 51NJ(t) = ((51]\[(12))0’ if rn(t) N (dom(o) U
range(o)) = 0.

Remark 2.3. (i) The recursive definition given above is well-founded because it
is recursive on the structure of a net N € DN, which is well-founded. (ii) The
conditions range(c) N Sy = 0 and rn(t) N (dom (o) Urange(o)) = 0 avoid name
clashes. When such condition is not satisfied, a-conversion either on the places
of the net or on the received names of the transition (as defined below) can be
applied before the instantiation. (i4¢) Note that ¢ is not applied on dgn, since
all variables appearing in the preset of a transition are local.

Definition 2.15 (a-equivalence). Two transitions t; and to are a-convertible
if there exists an injective substitution o : X — X, with rn(ty) C dom(c), s.t.
ti0 = ta. As usual, a-conversion is a equivalence relation denoted by =,. Two
nets N and N’ are a-convertible if there exist bijective substitutions og : Sy —
Sn: and o : Ty — T s.t. .to'sDt.O'S =a .(tO'T)D(tG'T). and monos =
mon'. We shall always consider transitions and nets up-to a-equivalence.
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(DYN-FIRING)
t=m[)NieT m"eMse rn(t) C dom(o) and
(S,T,ma@m”) N (S,T,m”)@N1U r(mge(a) g S

(DYN-STEP)

(S, T,ma) — (S, T,mi) © N1 (S, T,mz) — (S,T,m3) © Na
(SaT,ml @mQ) - (SvT,mll @mé) © (Nl @NQ)

Fig. 5. Operational semantics of dynamic nets

The following definition introduces two different ways for composing nets, which
will be used to formalize the operational semantics of dynamic nets.

Definition 2.16 (Composition of nets). Let N1, Ny € DN s.t. Ny Ny = ()
(i.e., they share neither places nor transitions) and fn(N1) NSy, = 0 (i.e., No
does not define the free names of N1 ). Then, the addition of Ny to Ny (written
N1 © NQ) is defined as N1 © Ny = (SNl (] SszTNl (] TN2760N1 (] (50]\[27(51]\[1 (]
01N, MoN, @ mon,). The addition N1 © Ny is said the parallel composition of
Ny and No (written N1 & Nz) if also fn(N2) N Sy, = 0.

Observe that the side conditions required by parallel composition avoid free
names of one net to be captured by the transitions defined by the other. Nev-
ertheless, when a subnet Ny is added to a net Ny (N7 © No) we allow the free
names of Ny to be captured by the definitions in N;. We remind that we are con-
sidering nets up-to a-conversion on the name of places and transitions. Hence,
it is always possible to choose Nj a-equivalent to Ny s.t. Ny N N5 = 0.

Rules defining the operational semantics of dynamic nets is in Figure [l
Note that the state of a computation considers not only markings but also
the structure of the net. For simplicity we write (S,T,m) as a shorthand for
(S,T,d0,01,m). Rule (DYN-FIRING) stands for the firing of t when the marking
contains an instance of the preset of t (for a suitable substitution o). The re-
sulting net consists of the original net, where the consumed tokens have been
removed, and a new instance of Ny (i.e., the postset of t) has been added. The
composition © of nets assures the names of the added components to be fresh.
The side condition rn(t) C dom(o) assures all formal parameters of t to be
instantiated, while range(c) C S guarantees all consumed tokens to be coloured
with names defined by the net. Rule (DYN-STEP) stands for the parallel com-
position of computations when the initial marking contains enough tokens for
executing them independently. Note that both concurrent steps operate over the
same net structure, in fact both start from a net whose places and transitions
are S and T. Those steps can add new elements (i.e., N7 and Nz), which by
definition are fresh. Moreover, the new components can be chosen to assure new
elements to be disjoint, i.e., such that (N7 @ Na2) is defined.

Remark 2.4 (Subject reduction). When starting from a dynamic net, the appli-
cation of rules (DYN-FIRING) and (DYN-STEP) generates dynamic nets.
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(INI-PL) (INI-TR) (INI-MK)
a€ Sy telyn my(a)(c) =n

a€S teT, &ft)=don(t), &(t)=0dn(t) {(0.al)}xn]Cs
(PRE)
B = {(¢;,b;,ij)|j € J} €S, Co(B), t €T, &(t)o = @jesb;
(B,o,t) €T, éo(B,o,t)=DB

(POST)

z=(B,o,t) €T, &i(t) =Ny

Q = {({z},b(c),7) | 0 <i <mp,p0(d)(c)} €5, di(z) =Q, Sn,ps €S,
Tnpz €T, fort e Ty, :&(tpe) = don, (t)pa, &1 (tpz) = din, (t)pz0

Fig. 6. Definition of U[N]

Ezample 2.3. Consider the dynamic net presented in Example 2] (see Fig-
ure [B(a)) but with the initial marking m’ = a(e) & a(e). In what follows we
show a computation that fires concurrently two instances of t. We have

a(e)) M1 a(e)) M1
({a}, {t}a(0) — ({a} {t}, M) © N1 ({a}, {t},a(e)) — ({a}, {t},0) © NV
({a} {t} a(e) @ a(e)) — ({a}, {t},0) © (N1 & NY')

where N = ({d}, {t1},a(e) ® d(e)) and Ny = ({d'},{t}},a(e) @ d'(e)). Note
that N{ @ Ny = ({4,d'}, {t1,t}},a(e) D d(e) @ a(e) @ d’(e)). And finally,

({a}. {t}1,0) o (N & N{) = ({a,d,d'}, {t, t1,t1},a(e) D d(e) © a(e) B d'(e)).

3 Unfolding Dynamic Nets

In this section we characterise the unfolding of dynamic nets. Different from
P/T nets, the unfolding of a dynamic net should consider, not only the evolution
of markings but also, the changes on the structure of the net. Intuitively, the
unfolding of a dynamic net gives two different structures: (i) the places and
transitions of the unfolded dynamic net, and (ii) the occurrence net describing
the evolution of the states (i.e., markings).

Definition 3.1 (Dynamic net unfolding). Let N = (Sn,Tn, don, 01N, MN)
be a dynamic net. The unfolding U[N] = (S,T,do,01,S,7T,&,&1) is the joint
combination of an occurrence net (S, T, 8y, 01) and a dynamic net (S, 7T, &, &1,0),
which are defined inductively by the rules in Figure [@.

In the above definition (S, T, do, 1) is the causal net describing the evolution of
the marking of the net, while (S,7,&p,&1) gives the structure of the unfolded
dynamic net. Note that both structures are inductively defined starting from
the original dynamic net N: At the beginning (by rules INI-PL and INI-TR) the
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unfolded structure of the dynamic net (S,7,&p,&1) coincides with the definition
of N, ie., with (Sy, Tn, don and d1y). Initially, the causal net contains the
places corresponding to the initial marking (rule INI-MK), i.e., for any token a(c)
in mon, there is one place in U[N] named (0}, a(c),4) for some i. Note that the
name of a place contains a set (in this case () that records the history (i.e., the
immediate causes) of the particular token associated to that place. In this case
() means that the associated token is part of the initial marking of N (i.e., it
has not been generated by a transition). The part a(c) of the name provides the
correspondence with the original token (it identifies the corresponding place and
colour in N), while the number i univocally identifies one token a(c) when the
initial marking contains several copies.

Then, the rules PRE and POST unfold the net by defining the transitions
x = (B, 0,t) of the causal structure. In fact, rule PRE identifies the set of places
B corresponding to concurrent events (i.e., CO(B)) in the causal structure that
conform an instance (for a substitution o) of the preset of some transition t in
the dynamic structure 7. For any such B, a new transition (B, o, t) is added to
the causal net. Note that the preset of (B,o,t) is B. We assume w.l.o.g. that
dom(c) = rn(t), i.e., we consider only the relevant part of substitutions.

Rule POST updates both the dynamic structure and the causal net. Consider
transition z = (B, 0,t) s.t. the postset of t is Ny (i.e., £&1(t) = Ny). Rule PoSsT
adds a fresh instance of N7 to the dynamic structure and the events for the
initial marking of N7 to the causal net. Freshness is obtained by applying to
every element of Sy, and T, the renaming p,, which is defined as follow

Vz € Sy, UTN, : pe(2) = 22

Note this renaming adds the name of the fired transition x to any element
generated by z (i.e., its history). Hence, by applying p, we assure new elements
in the generated instance of Ny to be fresh (and unique).

Then, the causal structure is modified as follows: for any place in the initial
marking of N7 a new place is generated in S. Note the name of such places
carries {x} as its history (i.e., the name of the transition that generates them),
the name of the token b(c) corresponding to the tokens in the initial marking
of Ny suitably renamed by p, (i.e., the names of the fresh instance of N7) and
instantiated by o (i.e., the colour of the consumed tokens). Moreover, the postset
of = is defined as the set ) of all generated places.

Furthermore, rule POST refreshes the structure of the dynamic net by adding
the elements of the fresh instance of Ny (i.e., Sy, p. and T, p,), and updating
the flow relations ¢; accordingly. In particular, note that o is also used when
defining &;. This is necessary in cases as the following: consider the transition
t = a(z)[) N1, s.t. N defines the transition t; = b(y)[)z(y). Since z is free in
t; (and hence in Np), z is bound to the occurrence of z in the preset of t.
Consequently, if t is fired with the substitution o, then ¢ has to be applied to
the transitions in Nj. In contrast with this, we do not use o for &g, since the
substitution has no effect on the presets of transitions.
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Fig. 7. The dynamic part of the unfolding U[N]: (S,7,£0,51)

st = (0,b(a), 1) s2 = (0,a(b),1) ss = (0,c(a),1)

O O

% = ({51, SQ},v{b/v, a/ul, t1) X2 = ({EQ,SB},V{b/v, a/ul, ta)

sa = ({x1}, a(dy, ), 1) ss = ({x2},b(a), 1)
O O

vV £
X3 = ({537 54}’ {dxl /V’ a/w}7 t2)

e = ({X3},dx1(a)71)é

\
x4 = ({se}, {a/u}, tx)

s7 = ({xa},b(a),1) é

Fig. 8. The causal structure of the unfolding U[N]: (S,T,61,02)

O

Remark 3.1. (i) The unfolding construction works since transitions generated
dynamically can be seen as resources that are concurrent to tokens. When a new
transition is added to 7 by using rule POST, we are sure that such transition
cannot fetch tokens from already existing places. Hence, all elements generated
previously are still valid. (i¢) The unfolding is unique since the result is influ-
enced neither by the order in which productions are applied nor by the multiple
applications of a same rule that produce always the same elements.

Example 3.1. Consider the dynamic net N defined in Example Its unfolding
U[NT] is depicted in Figures[7 and 8

Proposition 3.1. Let N be a dynamic net and U[N] = (S, T, do,01,S,7T,&0,&1)
the unfolding of N. Then (S,T,d0,01) is an occurrence net.

Proof. By induction on the structure of the proof x € T.

Proposition 3.2. Let N be a dynamic net and U[N] = (S, T, do,01,S,7T,&0,&1)
the unfolding of N. Then (8,7 ,&0,£&1,0) is a dynamic net.
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Proof. By induction on the structure of the proof that t € 7.

The unfolding for the case of an ordinary P/T net (when regarded as a dynamic
net) essentially coincides with the ordinary notion of unfolding, since () tokens
carry on the colour e, which determines a unique possible substitution o = @) in
rule PRE, and (i7) rule POST does not modify the dynamic structure.

The dynamic net unfolding U[N] = (5,T,d9,61,S,7,&0,&1) defines an im-
plicit morphism from the occurrence net (S, T, &g, 61) to (8,7, &, &1, 0), which
is given by the projections of places (e, b,4) to the second component b and of
transitions (B, o, t) to the third component t. Exploiting this fact, we can define
the notion of deterministic processes of a dynamic net as below.

Definition 3.2 (Process of a dynamic net). A deterministic process for a
dynamic net N (written P : K ~» N ) is a net morphism P from a causal net K
to C' = (S, rf7 (507 (51) s.t. P(OK) = OO, where U[N] = (S, rf7 (50, 51, S, T, fo, 51)

We note the set of origins and destinations of P : K — N respectively by
O(P) = °K and D(P) = K° N Sk. Moreover, pre(P) and post(P) stand for the
multisets of initial and final markings of P, i.e., pre(P) = @, ;. ;)e p(o(p)) b and
post(P) = B, b.0yep(p(p)) b-

The following result relates the operational semantics of dynamic nets with
their non-sequential semantics. In particular, we show that, although processes
capture more information about the behaviour of a net than reductions, compu-
tations in both cases are the same. (We recall that dynamic nets are considered
up-to a-conversion).

Theorem 3.1 (Correspondence). Let N, N’ be dynamic nets. Then N —*
N’ iff there exists a process P : K ~~ N such that:

(i) pre(P) = mon and post(P) = mon+, and
(i1) all places and transitions in N’ are either in N or they are added by
the computation described by P, i.e., N @ EBw:(B,a,t)eP(TK)t'(PmU) -
(SN, Tnry donr, 01N, m), where substitution t*(p, o) for t* = N is defined
as (Si, T, io, 6i1, mio) (p, o) = (Sip, Tip, Siop, diopa, miopa).
(#i1) Moreover, for the unfolding U[N] = (S, T, do,61,S,7 ,&0,&1) of N, we have
Syt €8, Tne €T ,00n € &o, 0187 C &1

Proof. =) Tt follows by induction on the length n of the derivation N —™ N'.

e Base case (n = 0): Hence N = N’. Conditions (i) — (#4¢) hold by taking
K = (8k,0,0,0) with Sk = U, cdom(mon)) (s 2(€)) x [mon(2)(c)], and
P: K — (5,T,p,01) as the identity on places and transitions.

e Inductive Step (n = k + 1): Then, N —* N” — N’. By inductive
hypothesis on N —* N’ 3P’ satisfying (i) — (ii1). The proof follows by
showing (by rule induction on the structure of the proof N — N’) that
3P, which is an extension of P’, satisfying conditions (i) — (¢41).

* Rule (DYN-FIRING): Then, N’ — N’ by firing t € Tn~. Note the
final elements of P’ contains a set M of concurrent elements corre-
sponding to an instance of the preset of t. Since elements in M are
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concurrent, the unfolding contains an event e corresponding to the
firing of t with preset M. P adds e and its postset to P’.

* Rule (DYN-STEP): By inductive hypothesis, there are two processes
P, and P; starting from two different markings m, and mso of the
same net N. Although, P, and P, are processes of two different
unfoldings, they can be seen as being processes of the same unfolding
of N with initial marking mq @& mo. W.l.o.g, we assume K; and K,
only to share initial elements that are not in conflict. Then, K7 U Ky
is a causal net. Finally, P is defined as the union of P, and Ps.

In both cases, conditions can be verified by straightforward analysis.
<) The proof follows by induction on the number of transitions of K.

e Base Case (|Tk| = 0). It follows immediately by taking N’ = N.

e Inductive Step. Tx = Tk Ut s.t. t* C K° Let K’ be the causal net
obtained from removing t and t® from K, and P’ the restriction of P to
the elements of K’. By defining N” as

 (Sn, T, doners don,m) = N @ B, (5.o)ep(ry) t (P2, 0), and

* mon» = post(P") = post((D(P) U *t)\t*)

and using inductive hypothesis on P/, we have N — N”. By condition
(74i) and the definition of P, there exists t € N” whose firing makes N
to become N'.

4 Unfolding Pattern

The definitions of unfolding and deterministic processes for dynamic nets given
in the previous section depend on the colours carried on by tokens. The main
disadvantage of such kind of definitions is that they cannot abstract away from
colours that are irrelevant for the computation. Consider the net N, where
Sy ={a,b,c}, Tn = {t1,ta} s.t. t1 = a(z,y)[)z(y), t2 = b(z)[)c(x). When con-
structing the unfoldings for the initial markings m; = a(b, a) and ms = a(b, b),
we obtain isomorphic causal nets as shown in Figure @ (we omit the represen-
tation of the dynamic structure because it stays N in both cases). To quotient
out the set of all unfoldings with isomorphic causal nets and the same dynamic
structure, we generalise the notions given in the previous section by allowing
unfolding and processes to be parametric in (some) colours carried on by tokens
of the initial marking. We call such constructions unfolding and process patterns.

Definition 4.1 (Pattern). A (marking) pattern is a multiset p € Mpux pux-
Moreover, p is a colour pattern if p € Mp pux, i.e., variables appear only as
colours. A colour pattern p is linear if any variable occur at most once in p.

Definition 4.2 (Unfolding pattern). Let N = (Sy,Tn, don, 01N, MmN ) € DN,
s.t. the initial marking my is a linear colour pattern. The unfolding pattern
UPIN] = (S,T,d0,01,S,T,&,&1) is defined inductively by the rules in Figure[IQ.

The three first rules are quite similar to the definition of unfolding in the previous
section. The main difference is that place names (rule INI-MK-PATT) carry on an
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81 = (@, a(b, a)y 1) S1 = (®7 a(b7 b)7 1)
Y Y
%0 = ({s:}. {b/x.a/y}. t2) % = ({s:). {b/x.b/y}, t1)
o2 = ({}0(a) 1) () o2 = ({},600,1) ()
%2 = ({82, {a/x), t2) %2 = ({82, {b/x}, t2)
S3 = ({xz},c(a), 1) é Sz = ({X2}7 C(b)7 1) é
(a) m1 = a(b, a). (b) m2 = a(b, b).

Fig. 9. Causal nets of the Unfolding of N for different initial markings m1 and ma

(INI-PL-PATT) (INI-TR-PATT) (INI-MK-PATT)

a€ Sy teln mpy(a)(c) =n
acS teT, &(t)=0don(t), &i(t)=0d0n(t) {(0,a(c),0)} xn]CS

(PRE-PATT)

B ={(¢j,bj, py,15)lj € J} €S, Co(B), teT, &(t)o=djcsbjpm,
range(pc) € Sy, = pe U, pj well — defined substitution
(B,O',t,/l) GT, 50(370',1:,#) =B

(POST-PATT)

x=(B,o,t,p) €T, &(t) =Ny

Q= {({z};b(c), 1) | 0 <i <mn,pao(b)(c)} © 5, bi(z)=Q, Snpa €S,
Tnps €T, fort €Ty, :&(tps) = don, (t)pz,&1(tpz) = Oin, () pao

Fig. 10. Definition of UP[N]

extra element (the third one) that records all substitutions made on variable
colours of the initial pattern. Clearly, for tokens corresponding to the initial
marking, the third element is set to the empty substitution.

As far as the unfolding is concerned, it works analogously to the previous case.
The main difference is that when identifying the preset B of a transition (in rule
PRE-PATT) it may be the case that €, b; is actually a pattern more general
than the preset of the transition we would like to apply, hence its variables may
require to be instantiated in order to conform the preset of a transition. Consider
the simple case of N containing only the transition t = a(b,z)[)b(a). When
considering the initial pattern moy = a(v,w) the causal net of the unfolding
contains the place s; = (0, a(v,w),0,1) (i.e., sy € 9). Since t € 7 we would like
to fire t with the token s;. To make a(v,w) be an instance of *t we need to
substitute the variable v of a(v, w) by b, and substitute the variable x in *t by w.
Hence, we take py = {b/v} and o = {w/zx}, so that a(v, w)u, = a(b,w) = *to.

Moreover, we require py to be minimal in order for the unfolding to describe the
most general pattern of computation. That is, we will not consider substitutions pu
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b a c dy, dg,
O O O O O
< Z N pa v v

tl t2 tx1 tx4
| |

V(v,w) v w u u

N, O

Fig.11. The dynamic part of the unfolding pattern UP[N]: (S,T,£0,&1)

CF

that instantiate more variables than those needed. In the previous example we do
not consider the substitutions #; = {b/v,a/w} and 2 = {b/v,b/w} as candidate
ey (although they also satisfy the equation a(v, w)d; = *to; with oy = {a/z} and
o9 = {b/x}) because they are not minimal instantiations. In particular, 1, means
that there not exists u' satisfying the instantiation condition and uy = ' o u”,
with p/ # (). Substitutions renaming variables are not possible u. In such cases
the renaming occurs in o, as in the previous example.

Since colours in any marking refer to places of the net (i.e., names in Sy) and
[t is an instantiation of a pattern corresponding to an initial marking, we require
range(u) C Sy. Additionally, this condition assures that if a variable appearing
in place position is instantiated, then the chosen transition t belongs to T
(because transitions generated dynamically cannot fetch messages from already
existing places). Consequently, we are also sure that the applied transition is
causally independent of the consumed tokens.

Condition p = py U Uj w; well — defined substitution assures that all instan-
tiations made by concurrent computations on pattern variables are consistent.

Ezxample 4.1. Consider the dynamic net N presented in Example Bl The un-
folding pattern for the marking a(y) ®b(x) @ c(z) is shown in Figures [Tl and

While the unfolding is defined for a concrete marking (i.e., all places and colours
are constants), an unfolding pattern defines a set of different unfoldings, one for
any possible (compatible) instantiation of the pattern.

Definition 4.3 (Instance of an unfolding pattern). Let UP[N] the un-
folding pattern of N = (Sy,Tn,00n,01N,D), where p is a linear pattern, and
a substitution 6 s.t. dom(0) C colx(p) and range(6) C Sn. The instance of
UPIN] by 6, written UP[N]0 = (S0,T6,600,01,56,76,£00,£61), is given by
the inference rules in Figure[13.

Note that UP[N]6 is obtained by removing all elements of P[N] that are in-
compatible with 6, i.e., elements instantiating the variables of p differently from
0. The following result relates unfoldings and unfolding patterns by showing that
the unfolding corresponding to an initial marking mg = pf can be obtained by
instantiating the unfolding pattern for p with 6.

Lemma 4.1. Let U[N] = (S,T,d0,61,S,7,&0,&1) be the unfolding of N, and
UPIN] = (Sp,Tp,dop,01p,Sp,Tp,&op.&1p) be the unfolding pattern of N for



122 R. Bruni and H. Melgratti

S1 = (@7b(x)7 @, 1) S2 = (@, a(Y)v @7 1) 51 = (@, C(Z), @7 1)

O

% = ({s1,5}. {y/v.x]u}. £, 0) % = ({52, 5}. {y/v, 2/u}. t2,0)
Sq4 = ({X1}7 X(dx1)7 07 1) S5 = ({X2}7 .V(z)’ Q)’ 1)

%o = ({89,56}, {dus /92 24}, o, {a/x)) xa = ({81, 85}, {2/, x/u}. 4, {a/7))
S = ({X3}’ Xm (2)7 {a/x}7 1) S7 = ({X4}7 X(dx4)7 {a/.V}7 1)

xs = ({se}, {Zyu},txu {a/x})
Sg = ({X5}a y(z)7 {a/x}7 1)

Fig. 12. The causal part of the unfolding pattern UP[N]: (S,T,61,02)

(H,a(c),pu,n) €S, (pnU0O) well — defined a, €S, z€TH xeTl
(H,a(c),u,n) € 56 a, € S0 80;(x) = 0;(x)

(B,o,t,u) €T, (nU0) well — defined t, €T, zeTh teT0
(B,o,t,u) €T t, €70 £0;(t) = &(t)

Fig. 13. Definition of UP[N]0, the f-instance of UP[N]

the linear pattern p s.t. mon = pb, and UP[N]O the corresponding instance of
UPIN]. Then, there exists a bijective function f = (fs : S — Spb, fr : T —
TpO, fs: S — Spb, fr : T — Tph) such that:

1.Vt € T : fs(*t))fs(t®) =a *fr(t)])fr(t)®, ie., dynamic structures are
isomorphic;

2.VxeT: fs(*x)) fs(x®) = *fr(t)) fr(t)®, i.e., causal nets are isomorphic;

3. Vx = (B,o,t) € T: fr(x) = (B,d, fr(t),un), i.e., mapped events corre-
spond to the same transition;

4. Vs = (H,a(e),i) € S: fs(s) = (H',b(c"), 1, 7) and a(c) = fs(b(c)b), i.e.,
mapped places correspond to the same token.

Proof. The proof follows by rule induction on the definition of U[N].

Then, starting from the definition of the unfolding pattern, we give the notion
of process pattern, which is a process parametric on the colours of the initial
tokens. Such definition relies on the following notion of associated instantiation.



Non-sequential Behaviour of Dynamic Nets 123

Definition 4.4 (Associated instantiation). Given an UP[N], the instantia-
tion inst(s) associated to an element e of SUT is defined as inst(H, o, p,i) = p
and inst(H,o,t,pu) = p. Given a set E C SUT, inst(E) = {inst(e)|e € E}.

The associated instantiations for a set E of elements belonging to an unfolding
pattern collects all the instantiations made by the elements of E to the variables
of the initial pattern. Then, a process pattern is defined as follows.

Definition 4.5 (Process Pattern). A process pattern for a dynamic net N
is a net morphism PP from a causal net K to the net (S,T,00,01), where
UPIN] = (S,T,b0,61,5,7,&0,&1) for a particular pattern p as initial marking
s.t. Yy, po € inst(PP(D(PP))) : p1 U pe is a well-defined substitution.

The above definition is analogous to Definition but it also requires the in-
stantiations made by final elements to be consistent. This condition assures
concurrent events in a process not to instantiate variables differently.

As for unfolding patterns, we allow process patterns to be instantiated.

Definition 4.6 (Compatible instantiation of a process). A substitution ¢
is a compatible instantiation of a process pattern PP if Vu € inst(PP(D(PP))),
1wU 0 is a well-defined substitution, i.e., 0 is compatible with the instantiations
of final elements of P.

Finally, we show that process patterns generalise the definition of processes.
We start by showing that an instance of a process pattern is a process of the
corresponding instance of the unfolding pattern (Lemma [£2). Then, we show
that the processes of a marked net can be obtained as instantiations of suitable
process patterns (Theorem E.T]).

Lemma 4.2. Let PP be a process pattern of N for the unfolding pattern UP[N],
and 6 a compatible instantiation. Then, PP is a process of UP[N]6.

Proof. The proof follows from the fact that all elements of the unfolding that
are image of PP are consistent with 6. Hence, they are also in UP[N]6.

Theorem 4.1. Let PP be a process pattern of N for the linear pattern p s.t.
mon = pf. Then, PP describes also a process of U[N].

Proof. By Lemma 2] PP with 6 is a process of UP[N]0. By Lemma [.T] U[N]
and UP[N]6 are isomorphic, then there exists P (defined as the composition of
PP and the function f of Lemma [1]), which is a process of U[N].

5 Concluding Remarks

We have defined the semantic foundations for expressing and analyzing the
non-sequential behaviour of dynamic nets. This work extends the line initiated
in [4)[I1], where suitable notions of process and process pattern have been de-
fined for coloured and reconfigurable nets. Here, we have extended the ordinary
notion of unfolding and process to the more expressive setting of dynamic nets.
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Since the unfolding semantics have been used for checking properties of, e.g.,
marked P/T nets and graph grammars [I0,2], we expect the notions given in
this paper will allow for the development of techniques for checking properties
of dynamic nets. Moreover, unfolding patterns would also enable the study of
properties at a more abstract level than unfoldings, for instance, to prove non
reachability for a set of initial markings instead of just for a marking.

Since dynamic nets are in one-to-one correspondence with asynchronous join
processes, this work provides a process semantics for an asynchronous name pass-
ing calculus. Hence, the notions presented in this paper can serve as a starting
point for studying the non-sequential behaviour of asynchronous name passing
calculus, for instance, for studying process equivalences by considering the true
concurrent semantics of processes.
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Abstract. Time Petri nets have proved their interest in modeling real-
time concurrent systems. Their usual semantics is defined in term of firing
sequences, which can be coded in a (symbolic and global) state graph,
computable from a bounded net. An alternative is to consider a “par-
tial order” semantics given in term of processes, which keep explicit the
notions of causality and concurrency without computing arbitrary inter-
leavings. In ordinary place/transition bounded nets, it has been shown
for many years that the whole set of processes can be finitely represented
by a prefix of what is called the “unfolding”. This paper defines such a
prefix for safe time Petri nets. It is based on a symbolic unfolding of the
net, using a notion of “partial state”.

1 Introduction and Related Work

Time Petri nets have proved their interest in modeling real-time concurrent
systems. Their usual semantics is defined in term of firing sequences, which
can be coded in a (symbolic and global) state graph, computable if the net is
bounded. Although efficient for many verification problems, the main drawback
of this approach is to mask the concurrent aspects of the model behind the
explicit computation of the possible interleavings of actions, leading to the usual
state explosion problem. This can be circumvented by the use of heuristics,
named as “partial-order reductions”. The idea is to explore only the subset
of states and transitions that are relevant for properties that are not concerned
with commutation of concurrent actions. The main difficulty is the identification
of concurrency among the symbolic representation of states. Examples of this
approach can be found in [112].

An alternative is to consider a “partial order” semantics given in term of
processes, which keep explicit the notions of causality and concurrency without
computing arbitrary interleavings. This is our framework. The goal is not only
to avoid the cost of having in memory all the interleavings when performing ver-
ification, but also to have a graphical representation of the timed processes. This
opens new perspectives to other applications like supervision and diagnosis [3].

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 125-{I45] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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The first definition of a (denotational) partial-order semantics for time Petri
nets was given in 1996 by Aura and Lilius [A[5], who formally defined the timed
processes of a net. The question of a finite representation of the whole set of
timed processes was left open. To do that, two approaches have been explored.
The first one is limited to the discrete time framework. It is based on a modeling
of clock ticks, which defines an embedding of time Petri nets into ordinary Petri
nets. In ordinary place/transition bounded nets, it has been shown for many
years that the whole set of processes can be finitely represented by a prefix of
what is called the “unfolding” [6,[7]. The drawback is the explosive nature of the
transformation. The advantage is to recover the unfolding technology and the
existence of a complete finite prefix. This is the historical approach of [8,9], who
defined for the first time the notion of finite prefix for time Petri nets.

We follow a second approach, which definitely uses a symbolic framework
to code the time constraints associated with the timed processes. It can deal
with dense time and is in the continuation of Berthomieu’s works on symbolic
representations of the global states of time Petri nets [I0]. The first contribution
in that direction was made in 1996 by Semenov [II], who has considered a
restrictive subclass of safe time Petri nets, named “time independent choice
nets”. It is a very simple case where the timed aspects do not actually introduce
so many constraints. The interest is that the whole set of timed processes can
be simply represented as a subset of the unfolding of the underlying ordinary
Petri net, by copying the interval constraints. The general case is much more
complicated. We have shown in [3] that a new definition of unfoldings is required.
These use symbolic constraints on the possible firing dates of transitions, and
are based on a notion of “partial state”, richer than the usual marking of the
input places. This is required by the fact that firing a timed transition cannot be
decided locally, and may depend on the dates of arrival of tokens in places feeding
transitions that are in conflict (this situation is often called “confusion” in Petri
nets). [3] presented this new notion of unfolding and its application for diagnosing
timed distributed systems. In this paper, we show that there also exists a notion
of complete and finite prefix of this unfolding. It opens new perspectives in the
verification of timed systems, based on a time Petri net modeling.

The rest of the paper is organized as follows. Section [2 presents the safe
time Petri net model, with their interleaving semantics and their partial order
representation given in term of processes. The concurrent operational semantics
and the merging of the induced extended processes into a symbolic unfolding is
described in Section [Bl Section [ is dedicated to its finite representation using
the notion of complete finite prefix, before conclusion.

2 Safe Time Petri Nets

2.1 Definition

Notations. We denote f~! the inverse of a bijection f. We denote fla the
restriction of a mapping f to a set A. The restriction has higher priority than
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the inverse: fqul = (f] 4)~ L. We denote o the usual composition of functions. @Q
denotes the set of nonnegative rational numbers.

Time Petri nets were introduced in [12]. A time Petri net is a tuple
(P, T, pre, post, efd, Ifd) where P and T are finite sets of places and transitions
respectively, pre and post map each transition ¢ € T to its preset often denoted
*t = pre(t) C P (*t # 0) and its postset often denoted t* = post(t) C P;
efd : T — @Q and Ifd : T — Q U {oo} associate the earliest firing delay efd(t)
and latest firing delay Ifd(t) with each transition ¢. A time Petri net is represented
as a graph with two types of nodes: places (circles) and transitions (rectangles).
The closed interval [efd(t), Ifd(t)] is written near each transition (see Figure [).

2.2 Interleaving Semantics

A state of a time Petri net is given by a triple (M, dob, ), where M C P is a
marking denoted with tokens (thick dots), 8 € @ is its date and dob : M — @
associates a date of birth dob(p) < 6 with each token (marked place) p € M.
A transition ¢ € T is enabled in the state (M, dob, ) if all of its input places
are marked: *t C M. Its date of enabling doe(t) is the date of birth of the

def

youngest token in its input places: doe(t) = maxpes; dob(p). All the time Petri
nets we consider in this article are safe, i.e. in each reachable state (M, dob, ),
if a transition ¢ is enabled in (M, dob,8), then ¢t* N (M \ *t) = 0.

A time Petri net starts in an initial state (My, dobg, 8}, which is given by the
initial marking My and the initial date 6. Initially, all the tokens carry the date
0y as date of birth: for all p € My, doby(p) T

The transition ¢ can fire at date 8’ > 6 from state (M, dob, 0), if:

— t is enabled: *t C M,

— the minimum delay is reached: 8’ > doe(t) + efd(¢);

— the enabled transitions do not overtake the maximum delays:
Vi'eT *t'CM = 0 <doe(t')+ifdt).

The firing of ¢ at date 0’ leads to the state ((M \ *t) Ut®, dob’,6'), where
dob’ (p) = dob(p) if p € M\ *t and dob’(p) = ¢’ if p € t°.

We call firing sequence starting from the initial state Sy any sequence
((t1,61),...,(tn,0,)) where there exist states Si,...,S, such that for all i €
{1,...,n}, firing ¢; from S,_; at date 6; is possible and leads to S;. The empty
firing sequence is denoted e.

Finally we assume that time diverges: when infinitely many transitions fire,
time necessarily diverges to infinity.

In the initial state of the net of Figure [[l p; and p, are marked and their
date of birth is 0. ¢; and ¢2 are enabled and their date of enabling is the initial
date 0. t5 can fire in the initial state at any time between 1 and 2. Choose time
1.3. After this firing, p; and ps are marked, ¢; is the only enabled transition
and it has already waited 1.3 time unit. ¢; can fire at any time 6, provided it is
greater than 1.3. Let ¢; fire at time 3. p3 and p4 are marked in the new state,
and transitions t3 and ty are enabled, and their date of enabling is 3 because
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p1 (@)

[1,2] " P

[0, oof [0,0]
3
ps ()
p3 ()

(2,2]
ps O
def

g1 = ((tz, 1.3), (tl,g), (to,?)), (t1,3), (t2,5), (t3,5))

o @
E1—Q

o2 = ((t2,1.3), (t1,3), (to,3), (t1,3), (t3,5), (t2,5)) (3) (5)
D3 (E 24 @)
er = ({(L,p1)}, t) e2 = ({(L,p2)}, t2) o
es = ({(e1,p3), (e2,pa)bto) e ™= ({(es,pr)}ith) (5)
es = ({(es,p2)}. t2) e6 = ({(e,p3)}, ts)
75 O

Fig. 1. A safe time Petri net and two of its firing sequences o1 and o2 starting at date

0 from the marking My def {p1,p2}, that lead to the same process, represented on the
right, with the date of the events in parentheses

they have just been enabled by the firing of ¢;. To fire, t3 would have to wait
2 time units. But transition ¢y cannot wait at all. So ¢y will necessarily fire (at
time 3), and t3 cannot fire.

Remark. The semantics of time Petri nets are often defined in a slightly differ-
ent way: the state of the net is given as a pair (M, I'), where M is the marking,
and I maps each enabled transition ¢ to the delay that has elapsed since it was
enabled, that is  — doe(t) with our notations. It is more convenient for us to
attach time information to the tokens of the marking than to the enabled tran-
sitions. We have chosen the date of birth of the tokens rather than their age,
because we want to make the impact of the firing of transitions as local as pos-
sible. And the age of each token in the marking must be updated each time a
transition ¢ fires, whereas the date of birth has to be set only for the tokens that
are created by t. Furthermore, usual semantics often deal with the delay between
the firing of two consecutive transitions. In this paper we use the absolute firing
date of the transitions instead. This fits better to our approach in which we are
not interested in the total ordering of the events.

2.3 Partial Order Representation of the Runs: Processes

Processes are a way to represent an execution of a Petri net so that the actions
(called events) are not totally ordered like in firing sequences: only causality
orders the events. We will define the mapping II from the firing sequences of
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a safe time Petri net to their partial order representation as processes. These
processes are those described in [4]. We use a canonical coding like in [13].

Each process will be a pair « £y (E,0), where E is a set of events, and
O : F — @ maps each event to its firing date. © is sometimes represented as a
set of pairs (e, ©(e)). Each event e is a pair (*e, 7(e)) that codes an occurrence of
the transition 7(e) in the process. ®e is a set of pairs b = (*b, place(b)) € E x P.
Such a pair is called a condition and refers to the token that has been created by
the event *b in the place place(b). We say that the event e = (®e, 7(e)) consumes
the conditions in ®e. Symmetrically the set {(e,p) | p € 7(e)*} of conditions that
are created by e is denoted e®.

For all set B of conditions, we denote Place(B) = {place(b) | b € B}, and

when the restriction of place to B is injective, we denote placerB1 its inverse,
def

and for all P C Place(B), Placel_Bl(P) = {placel_Bl(p) | p € P}. The set of
conditions that remain at the end of the process (E,©) (meaning that they
have been created by an event of E, and no event of F has consumed them) is
1(E)= Uecre® \ Ueer %e (it does not depend on ©).

The function IT that maps each firing sequence ((t1,61),...,(tn,0,)) to a
process is defined as follows:

— II(e) = ({L},{(L,60)}), where L = ((,-) represents the initial event and
0o the initial date. Notice that the initial event does not actually represent
the firing of a transition, which explains the use of the special value - ¢ T.
For the same reason, the set of conditions that are created by L is defined
in a special way: 1* = {(L,p) | p € Mo}.

— I(((t1,01)- - -, (tps1,0n41))) = (EU {e},0U{(e,0n11)}), where (E,6) B
I(((t1,61),...,(tn,0,))) and the event e = (Placeﬁ%E)(‘th),th) repre-
sents the last firing of the sequence.

The set of all the processes obtained as the image by II of the firing sequences
is denoted X.

We define the relation — on the events as: e — ¢’ iff e®* N *e’ # (). The reflexive
transitive closure —* of — is called the causality relation. Two events of a process
that are not causally related are called concurrent. For all event e, we denote
[e] £ {feE|f—*e}, and for all set E of events, [E] = U.crlel.

Figure [[l shows two firing sequences that correspond to the same process. In
the representation of the process, the rectangles represent the events, and the
circles represent the conditions. An arrow from a condition b to an event e means
that b € ®e. An arrow from an event e to a condition b means that b € e®.

3 Symbolic Unfoldings of Safe Time Petri Nets

3.1 Introduction

Symbolic unfoldings have already been addressed in the context of high-level
Petri nets [T4] to reflect the genericity that appears in the model. In this section
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we define the symbolic unfolding of time Petri nets, i.e. a compact structure that
contains all the processes and exhibits concurrency. When we build unfoldings,
we would like to be able to unfold seperately two parts of the system when these
two parts do not communicate, like the left part and the right part of the net of
Figure[lwhen t; and ¢ fire. As opposed to untimed Petri nets, in a timed context
we accept that this may not yield proper processes but only what we will call
pre-processes, in which the different parts of the system may not have reached
the same date, provided the events that have been built are contained in a real
execution. Let us define formally these pre-process as prefixes of the processes.
Notice that in an untimed context pre-processes would simply be processes.

Definition 1 (pre-processes). For all process (E,©0), and for all nonempty,
causally closed set of events E' C E (L € E' and [E"] = E'), (E',O) is called
a pre-process. We sometimes write (E’,©) instead of (E',O\g:) for short.

Definition 2 (prefix relation on pre-processes). We define the prefix rela-
tion < on pre-processes as follows: (E,0) < (E',0") iff ECFE N O = @I/E .

In the case of untimed Petri nets, the unfolding can be defined as the super-
imposition of all the processes, that is the set of all the events that appear in
the processes. This structure is quite compact since an event generally occurs in
many different processes. However, it has to be easy to extract a process from
the unfolding. Especially, given a causally closed set of events, it has to be easy
to tell if there is a process that contains all these events, or containing at least
these events. With untimed Petri nets, these two questions are the same and can
be solved easily. In some special classes of time Petri nets, especially when the
underlying untimed Petri net is extended free choice [I5], we could simply define
a symbolic unfolding of a time Petri net as in the untimed case. [I1] defines such
an unfolding for “time independent choice nets”.

On the contrary, in the general timed case, a similar definition would not give
good results. [4] explains how to know if there is a valid timed execution of a
time Petri net that corresponds to a set of events taken from the unfolding of the
underlying untimed Petri net. But this does not give a way to build an unfolding
of a time Petri net and does not tell if there is a process that contains at least
these events.

To be convinced that things are much more complicated than in the untimed
case, it may be interesting to remark that in the timed case, the union of two
pre-processes (E,©) and (E’,©') is not necessarily a pre-process, even if EU E’
is conflict free and O\gnpr = QllEﬁE" In the example of Figure [I we observe
this if (E, ©) is the process which contains a firing of ¢; at time 0 and a firing
of to at time 1, and (E’, @) is the pre-process that we obtain by removing the
firing of ¢5 from the process made of ¢; at time 0, t5 at time 2 and ¢3 at time 2.

These difficulties come from the fact that the condition that allows us to
extend a process & = (E, ©) with a new event e concerns all the state reached
after the process x, and however the conditions in ®e refer only to the tokens in
the input places of 7(e).
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3.2 Concurrent Operational Semantics for Safe Time Petri Nets

Although the semantics of time Petri nets requires to check time conditions for all
the enabled transitions in the net before firing a transition, there are cases when
we know that a transition can fire at a given date 6, even if other transitions will
fire before 6§ in other parts of the net. As an example consider the net of Figure[l]
starting at time O in the marking {p1,p2}. The semantics forbids to fire ¢; at
time 10 from the initial state because t5 is enabled and must fire before time 2.
However we are allowed to run the net until time 10 without firing ¢; (because
its latest firing delay is infinite). Then, whatever has occurred until time 10,
nothing can prevent ¢; from firing at date 10, because only ¢; can remove the
token in place p1. On the contrary, the firing of ¢3 highly depends on the firing
date of t5 because when tg is enabled it fires immediately and disables t3. So if we
want to fire t3 we have to check whether ps or ps is marked. This intuition leads
us to define a concurrent operational semantics where it is possible to fire
a transition without knowing the entire marking of the net, but only a partial
marking made of the consumed tokens plus possibly some tokens which are only
read (not consumed) in order to get enough information. Theorems [I] and [ will
validate our concurrent partial order semantics by establishing connections with
the processes of Section 2.3l

Assumption. From now on we assume that we know a partition of the set P
of places of the net in sets P; C P of mutually exclusive placedd; more precisely
we demand that for all reachable marking M, P, N M is a singleton. For all
place p € P;, we denote p &P \ {p}. In the example of Figure [[ we will use
the partition {p1,ps3, 5}, {p2, pa}. In fact this partition will be used to test the
absence of a token in a marking. For instance if we want to fire ¢3, we have
to check that ¢y will not fire before t3 and remove the token in place ps; if
we know that ps is marked then we can deduce that ps is not, and that tq is
disabled.

Definition 3 (partial state). A partial state of a time Petri net is a triple
(L, dob, lrd) where L C P is a partial marking and dob,lrd : L — @Q associate
a date of birth dob(p) and a latest reading date Ird(p) with each token p € L.

As opposed to global states, partial states may give only partial information on
the state of the net since the partial marking L may not contain one place per set
of mutually exclusive places. Notice also that the date 6 that appears in global
states is replaced by a function that gives the latest reading date of each token
of the partial marking, since the global time of the system is not relevant any
more in a concurrent semantics.

L If we do not know any such partition, a solution is to extend the structure of
the net with one complementary place for each place of the net and to add these
new places in the preset and in the postset of the transitions such that in any
reachable marking each place p € P is marked iff its complementary place is not.
This operation does not change the behavior of the time Petri net.
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Definition 4 (maximal partial state). A partial state (L, dob, Ird) is maxi-
mal if L contains one place per set of mutually exclusive places (see the assump-
tion before). From now on the notion of maximal partial state or maximal state
will replace the notion of global state.

Definition 5 (age of a token in a maximal state). Let S = (M, dob, lrd) be
a mazimal state and let p € M a token (marked place). The date that is reached
by the system can be defined as maxy e Ird(p'). We define the age Is(p) of p

in the state S as the difference: Is(p) = max, e lrd(p') — dob(p).

Definition 6 (temporally consistent maximal state (or consistent
state)). A mazimal state S = (M, dob, Ird) is temporally consistent if for each
transition t € T which is enabled in M (*t C M), minyee; Is(p) < Ifd(t). A
temporally consistent mazximal state is also called a consistent state for short.

We will construct a predicate that applies to tuples (L, dob,t,0), where L C P
is a partial marking, dob : L — @ associates a date of birth dob(p) with each
token (marked place) p € L, t is a transition and 6 > max,cr, dob(p) is a date.

Such a predicate is called a local firing condition and is supposed to tell if
knowing that the net is in a state that contains a partial state (L, dob, lrd) with
Ird(p) < @ for all p € L is enough to be sure that ¢ can fire at date 6.

Several local firing conditions are possible; some possibilities are discussed in
[3]. In this article we will only use a local firing condition LFC that will allow
us to build a complete finite prefix of the symbolic unfolding of a time Petri net.

Definition 7 (local firing condition LFC’). We first define a predicate
LFC' as follows: LFC'(L, dob,t,0) holds iff

— t is enabled: *t C L;
— the minimum delay is reached: 6 > doe(t) + efd(t);
— the transitions that may consume tokens of L are disabled or do not overtake
the maximum delays:
dpet! pNL#AD
Vt’eT 't’ﬁL#@ o {\/9< maXLdOb(p)+lfd(t/)

peE®t’'N
The predicate LFC’ guarantees that a partial state (L, dob, Ird) with Ird(p) < 0

for all p € L is enough to be sure that ¢ can fire at date 8. We define a new local
firing condition LFC' by demanding that the partial marking L is minimal.

Definition 8 (local firing condition LFC). LFC is defined as:

‘ (LFC'(L, dob,t,0)
LEC(L, dob.t,0) iff {ﬂL’gL LFC'(L', doby,1,6).

Semantics of Local Firings. We will now define formally the concurrent
operational semantics that we obtain when we allow transitions to fire from a
partial state if the local firing condition LFC' is satisfied.
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The time Petri net starts in an initial mazimal state (My, dobo, Irdg), which
is given by the initial marking My and the initial date 8. Initially, all the tokens
carry the date 6y as date of birth and latest reading date: for all p € My,
dobo(p) = Irdo(p) = 6.

The transition ¢ can fire at date 6 using the partial marking L C M, from
the maximal state (M, dob, ird) if (L, dob|r,t, 0) satisfies LFC and for all p € L,
0 > lrd(p).

This action leads to the maximal state (M \ *t) Ut*, dob’, Ird") with

o\ aer [ dob(p) ifpe M\t 1oy aet [lrd(p) fpe M\L
d"b()_{e if p € to and Ird(p) = if pe (L\*t)Ute.

We call sequence of local firings starting from the initial state Sy any sequence
((t1,L1,01), ..., (tn, Ln,0,)) where there exist states Si, . ..,.S, such that for all
i € {1,...,n}, firing ¢; from S;,_; at date ; using the partial marking L, is
possible and leads to S;. The empty sequence of local firings is denoted e.

Extended Processes. We will define a notion of extended process, which is
close to the notion of process, but the events are replaced by extended events
which represent firings from partial states and keep track of all the conditions
corresponding to the partial state, not only those that are consumed by the
transition: the other conditions will be treated as context of the event. This uses
classical techniques of contextual nets or nets with read arcs (see [16,[I7]). It
would also be possible to consume and rewrite the conditions in the context of
an event, but we feel that the notion of read arc or contextual net is a good way
to capture the idea that we develop here.

For all extended event ¢ = (B, t), denote 7(¢) = t and €* = {(¢&,p) | p € t*}.
In an extended event, not all the conditions of B are consumed, but only
= Placeflgl('t); the conditions in ¢ = B\ *¢ are only read by é, which is rep-
resented by read arcs. Like for processes, we define the set of conditions that
remain at the end of the extended process (E,0) as T(E) = U, pe* \ Usep *¢-

The function IT that maps each sequence of local firings ((t1,L1,01),. ..,
(tn, Ln,0,)) to an extended process is defined as follows:

— Like for processes, IT(e) = ({L},{(L,60)}), where L = ((,-) represents
the initial event. The set of conditions that are created by L is defined as:
Lo {(L,p) | p € Mo} |
— H(((tl, Ll, 91), ey (tn+1, Ln+17 9n+1))) d:ef <E U {6}, 8 U {(67 9n+1)}>, Where
(E,0) = TI(((t1,L1,61),...,(tn, Ln,0,))) and the extended event ¢ =
(PlaceﬁéE)(L”H)’ tn+1) represents the last local firing of the sequence.
The set of all the extended processes obtained as the image by II of the
sequences of local firings is denoted X.
As we use read arcs, the usual causality is not sufficient any more: we have to
define an unconditional or strong causality — and a conditional or weak causality
/" between extended events as:
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—é—f iff e*n(fUf)#£0and
—e/f iff (é— fyviencf#0).

For all extended event ¢, we denote [¢] &

extended events, [F] = |J cei|€]-

Figure 2] shows several extended processes. An arrow from a condition b to
an extended event é means that b € *é¢. An arrow from an extended event ¢ to a
condition b means that b € €*. When b € é, the read arc is represented by a line
without arrow between b and é.

{feE|f—*é}and for all set E of

Definition 9 (RS ((E,®))). The mazimal state that is reached after an ex-
tended process (E,0) is defined as RS((E,0)) = (Place(1(E)), dob, Ird) where
for all b= (*b,p) € 1(E), dob(p) = O(*b) and Ird(p) = max o(é).

ecE, bee®Ué

Remark that all the sequences of local firings o such that II(0) = (E,6) lead
to RS((E, ©)).

Definition 10 (temporally complete extended process, Y) We say that
(E,0) is temporally complete if RS((E,O)) is temporally consistent. The set of
all temporally complete extended processes is denoted Y .

Correctness and Completeness of LFC. Each extended event é can be
mapped to the corresponding event

hE) = ({(h)p) | (Frp) € %))

Given an extended process (E,0) € X, (h(E),0 o h|_E1> is intuitively what we

obtain if we remove the read arcs from (E, @). For example the extended process
% in Figure @l would be mapped to the process of Figure [Tl

Lemma 1. For all (E,0) € X, (h(E),0 o h|_E1> eX iff (E,0)eY.

Proof. Let (E,0) € X be an extended process and denote (M, dob, lrd) =
RS((E,0)) and 8 = maxpe s lrd(p) = max,, ; O(¢é).

It follows from the definition of the processes that if (h(E),© o h|_El> € X,
then <E, ©) is temporally complete. .

Conversely, assume that (F,©) is temporally complete. Choose é € E such
that ©(¢) = 0 and 3f € E such that ¢ / f. Then denote (M’ dob’, Ird’) <
RS((E\ {¢},0)) and ¢ = maxyepr Ird (p), and let t € T such that *t C M’.
If *t N *7(¢) = 0, then doe’(t) = doe(t) > 0 — Ifd(t) > 0’ — Ifd(t). Otherwise let
L= *Ué. As LFC(L, dob,7(¢),O(¢é)) holds, then

Ipect pNLAD
< !/
Vo< max, dob’(p) + Ifd(t)
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As *t C M’, then #p € *t such that pN L # (; thus § < max dob’ (p) + Ifd(t).
p .
Hence doe’(t) = max dob’(p) > max dob’(p) > 0 — Ifd(t) > 0 — Ifd(t). As a
pesi pe*inL

result (E\ {¢},0) € Y.

Assume now that (E,0') = (h(E\ {¢}),00 hr;) € X. It leads to the global
state (M', dob’,0'). As *7(¢) C M’ and § > ¢’ and 6 > doe’(7(¢)) + efd(7(¢))
and for all t € T, *t C M’ = 6 < doe’(t) + lfd(t), then 7(¢) can fire at date 0
from (M’, dob’, '), which is coded by the event (Placel;%E) (t(é)),7(é)) = h(é).
Thus (h(E),O o hle1> €X.

Theorem 1 (correctness of LFC). For all extended process (E,0) ¢ X,
(h(E),O o hr;) is a pre-process (notice that hz is injective). In other terms

there exists a process (E',@') € X such that (h(E),O o hrEl) < (FE' 0.

Proof. To prove that LFC is correct, we will prove that for all <E76> e X,
there exists (E',0’) € Y such that ¥ C E' and © = O/ .; as a consequence

. : |5
(h(E),0 0 h|;§> < (W(E"),0 o hl;;,> €X.

Let (F,0) € X. If (F,0) is temporally complete, then it is sufficient to take
(E',0') = (E,0).

Otherwise, denote (M, dob,lrd) = RS((F,0)) and 0 = max,c lrd(p),
choose t € T such that *t C MA@ > doe(t)+Ifd(t) and such that ¢ minimizes 6; =
doe(t) + Ifd(t). Let F < {f € E| O(f) < 6,}. (F, O, is a temporally complete
extended process. Denote (M’, dob’, Ird') & RS((F', 0,)). LFC'(M', dob', t,6;)
holds. Thus there exists L C M’ such that LFC(L, alobh7 t,0;) holds. Let

e (Placel_TEF)(L)J). We will show that (FU{é}, OU{(¢é,8:)}) € X. OU{(é,6;)}

is compatible with : if an extended event f € E is such that f N ¢ # (), then
Q(f) <0, and if *fNé# 0, then Q(f) > 0;. The strict inequality in the second
case also guarantees that  is acyclic on E U {é}. As a result, we have built an
extended process (F' U {¢},0U{(¢,6;)}) € X by adding the event to (E,O).

Iterating this until <E.76> is temporally complete, terminates if we assume
that time diverges: at each step <F7 @|F> is temporally complete, so <h(F)7 ©o
hl}l) € X; moreover this process has strictly more events at each step and the
dates remain below 6, which does not increase.

Theorem 2 (completeness of LFC). For all process (E,0) € X, there exists
an extended process (E,0') € X such that (h(E),O0 o h|_El> =(FE,0).

Proof. Let (E,0) € X leading to the global state (M, dob,6), let t € T be a
transition that can fire at date 6 > ¢ from (M, dob,0), and assume that there
exists an extended process (F,©0’) € X such that (h(E),O0 o hr;) = (E,0).

LFC'(M, dob,t,6") holds. Thus there exists L C M such that LFC(L, dob,,,t,¢")
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holds. Define ¢ = (Placeﬁ;j(L),t). (EU{e},0' U{(¢,0)}) € X and the event
h(é) codes the firing of ¢ at date 8’ after (E,O).

3.3 Symbolic Unfoldings of Safe Time Petri Nets

We have explained in Section B3] that the definition of the unfolding has to
rely on a concurrent operational semantics. We will now show how the extended
processes obtained from our concurrent operational semantics for time Petri nets
can be superimposed to build a symbolic unfolding, and that it is easy to recover
the extended processes from their superimposition and to build the unfolding.
After the definition, we give two theorems: the first one gives a way to extract
extended processes from the unfolding, while the second theorem gives a direct
construction of the unfolding.

Definition 11 (symbolic unfolding). We define the symbolic unfolding U of
a time Petri net by collecting all the extended events that appear in its extended
processes: U = Upeyex £

For all set B of conditions such that place|p is injective and for all mapping
O : Upepl*b] — Q, we denote dobp e the mapping defined as:

for all p € Place(B), dobp o(p) = 6(‘(place|_§(p))).

Theorem 3. Let E C U be a nonempty finite set of extended events and
O : E — @ associate a firing date with each extended event of E. (E,0) is
an extended process iff:

[E]=E (E is causally closed)
Fe,¢' e B e#¢ A *ence £0 (E is conflict free)
Béo,é1,....6n€E ¢y 61 S S én S € (/' is acyclic on E)
Ve, e e B ¢ ¢ = O(é) < O(E) (6 is compatible with /)

Vé = (B,t) € E\{L} LFC (Place(B),dobpe,t,O(¢))
(é corresponds to a local firing condition)

Proof. Let (E,0) € X be an extended process that satisfies the conditions in the
curly brace, let ¢ = (B, t) with B C 1(E) and t € T and ¢’ > MaXicp ¢ e o(f)
such that LFC(Place(B), dobg.e,t,0') holds. Then we will show that the ex-
tended process (E',0") = (E U {¢},0U{(¢&,60")}) also satisfies the conditions in
the curly brace. By construction E’ is causally closed. Moreover for each condi-
tion b € *é that is consumed by é, b € T(E), which implies that b has not been
consumed by any event of E. Thus for all f € E, *¢N*f =0 and —(é / f) So
E' is conflict free and /" is acyclic on /. O is compatible with ' because © is
compatible with / and ©'(¢) = 0" > max;_; ; -, O(f).

Conversely let (E',0') satisfy the conditions in the curly brace. If £/ =
{1}, then (F',0') € X. Otherwise let ¢ € E’ be an extended event that
has no successor by  in E' (such an extended event exists since " is

acyclic on E'). (E,0) = (E'\ {é}’Q[E'\{é}> satisfies the conditions in the
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curly brace. Assume that (E,0) € X As F is conflict free, *¢ C °(E).
And as ¢ has no successor by / in E’, ¢ C 1(E). Furthermore 6'(¢) >
max;.p i -, O(f) and LFC (Place(*¢ U¢), dobseu,0,7(¢),0'(€)) holds. Thus
(E,0) = (EU{e},0Uu{(e,0()) € X.

Theorem 4. For all ¢ = (B,t) € (Ufer fOXT, eecUiff

. felel fAF AfNef #0 (1)

Beo,er,...énefe]l éo e /S Sén Séo . (2)
vifrelel f o f = o) <o(f)

30:[¢] — Q@ (Vf=(Bt) e ]\ {L} 3)

LFC(Place(B’), dobp e,t, @(f))

This theorem allows us to simply build the unfolding starting from the set {1}
and adding extended events one by one when they satisfy the condition.

Proof. Let é € U. There exists (E,0') € X such that ¢ € E (E,0') satisfies
the conditions in the curly brace of Theorem Bl As [E] C E, [é] also satisfies
them. Then (1) and (2) hold. For (3) a possible © is QllféT

Conversely if ¢ = (B,t) satisfies (1), (2) and (3), consider a possi-
ble © for (3). ([é]\ {¢},0) satisfies the curly brace of Theorem [Bl Then

(el \ {¢é},0) € X. Moreover (1) implies that B C T([¢] \ {é}). In addition
o) > MAaX jcrs) f e O(f) and LFC(Place(B),dobpe,t,O(¢é)) holds. Thus

([¢],0) € X and therefore é € U.

4 Complete Finite Prefixes

We have defined the symbolic unfolding of a time Petri net. In general this
structure is infinite, as well as the unfoldings of untimed Petri nets. However in
the untimed case it is possible to define a finite prefix of the unfolding, which
contains complete information about the unfolding [6,[7]. To construct this com-
plete finite prefix one remarks that each untimed safe Petri net has finitely many
markings, and that if two processes reach the same marking, then they have the
same possible futures. With time Petri nets, the same is true with two tempo-
rally complete extended processes that reach the same consistent state. But in
general there are infinitely many possible maximal states.

This is why we will try to group them as much as possible. The problem
of the density of time has already been solved by the use of a symbolic rep-
resentation of the dates. Another problem is that the time keeps progressing
and never loops; this is why the age of the tokens will now be used instead of
their date of birth. Recall that the date of birth was first preferred in order
to define a concurrent semantics where the system is allowed to reach tempo-
rally inconsistent states, that is states where the different parts of the net have
not reached the same date; from now we will work with temporally consistent
states.
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A last problem arises: even the age of a token may progress forever. But
we will define a reduced age for each token in a marking, which gives enough
information to know what actions are possible, and remains bounded.

4.1 Equivalence of Two Maximal States

It was already shown in [9] that the age of the tokens can be reduced to bounded
values without losing information about the possible future actions.

Definition 12 (reduced age of a token). The reduced age Js(p) of the token
p € M in the mazimal state S = (M, dob, lrd) as:

Js(p) = min{Is(p), max{bound(t) |t € T A p € *t}}

ar [efd(t) if Ufd(t) =00
where bound(t) = {lfd(t) otherwise.

Definition 13 (equivalence of two maximal states). Two mazimal states
def def

S1 = (My,doby,lrdy) and So = (Ms, dobs,lrds) are equivalent (denoted
Sl ~ SQ) foM1 = M2 and Jsl = JSZ'

Theorem 5 (firing a transition from two equivalent consistent states).
Let S1 and S be two equivalent consistent states. Let M be their marking. A
transition t can fire from S1 at date 61 > maxpenr Ird1(p) using the partial mark-
ing L C M iff it can fire from Sa at date 01 — maxpear Ird1 (p) + max,ear lrdz(p)
using the same partial marking L.

Proof. Denote (M, dob;, Ird;) = S; and 0, = max,c lrd;(p) for i € {1,2}.
Assume that ¢ can fire from S; at date #1 > max,enr Irdi(p) using the partial
marking L C M. To prove that ¢ can fire from Sy at date 0 = 6, — 6 + 6} using
the same partial marking L, we will show that:

1. 02 > doea(t) + efd(t), with doey(t) = max,ces doba(p),

*t'NL#(D
/ /
2.vt'eT {ﬂp et pnL+ (Z)} = 0y < pen}tapéL doba(p) + ifd(t").

Here are the proofs for these two points:

1. If minpees Jg,(p) > efd(t), then minpecesIg,(p) > minyeer Js,(p) =

minges; Jg, (p) > efd(t) and 6, > 67 implies that 02 > 65. Furthermore
04 = doea(t) + mingee; Is, (p) > doea(t) + efd(t).
Otherwise, (if minpee; Jg, (p) < efd(t)), then 61 > doeq(t) + efd(t) =
601 —min,ce; Is, (p)+ efd(t). And mingyee; Is, (p) = minpee; Is, (p) because for
aup such that ISl (p) < efd(t)a IS1 (p) = JSl (p) = JS2(p) = IS2 (p) (the equal_
ities between Ig, (p) and Jg, (p) hold since one of them is strictly smaller than
efd(t)), and for all p such that Ig, (p) > efd(t), Is,(p) > Js,(p) = Js, (p) >
efd(t). Thus 0 > 05 — miny,ece; Is, (p) + efd(t) = doea(t) + efd(t).
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2. Let ¢ € T such that *¢ N L # 0 and (Fp € *¢ 5N L # ). Then
61 < maxpecernr dobi(p) + lfd(t).
If ifd(t') = co then max,ceynr doba(p) + Ifd(t') = .
Otherwise for i € {1,2}, max,cernr dob;(p) = 9; - minpeot/mL Is,(p).
Then 0; < 6; < 0) — mingeepnr Is, (p) + Ifd(t'), and consequently
min,ceynr Is, (p) < lfd( ’). So minpeernr Is,(p) > minpeepnr Is, (p) be-
cause for all p such that I, (p) < Ifd(t'), Is, (p) = Js, (p) = Js,(p) < Is,(p),
and for all p such that Ig, (p) > Ifd(t'), Is,(p) > Js,(p) = Js, (p) > Ifd(t').
Thus 6y < 04 — minyeepnr Is, (p) + Ifd(t') = maxpeernr, doba(p) + Ifd(t).

4.2 Substitution of Prefixes in Extended Processes

Knowing that the same actions are possible from equivalent consistent states,
if we have two temporally complete extended processes that reach equivalent
states, we can translate any continuation of one extended process to the other,
providing we also translate the firing dates of the events. This operation is illus-
trated in Figure 2l It corresponds intuitively to merging the final conditions of
the first extended process with the conditions from which the extension starts
in the second process.

Definition 14 (substitution of prefixes in extended processes)
def def

Let @1 = <E1,@1> and &3 = <E'2782> be two extended processes, and
El C Ey such that 1 and <Eéa92|E;> are temporally complete extended pro-
cesses, RS(<E£,@2|E£>) ~ RS((E1,01)) and for all ¢ € Eb and é € Ey \ EY,
O(éy) < O(é2) and —(é5 /" é2). We define the substitution which replaces
<E§a92|E;> by &1 in &2 as:

subst (i1, B}, i0) = (E,0)
where

E= By U¢(Es\ BY)
e if é e By

O) = | 62(671(¢)) — max O(f) + max O1(f) if ¢ € $(Ex \ Ey)
fer, fek
Ve = (Bit) € B2 \ By $(¢) = (4(B),1)
def /. o: 1 - def (9(€),p) ifée¢ Eé
Vb= (é,p) € UéeEz\Eé eue oY) = {placel_TEEl)(p) iféeFE}
We generalize this notation to more than two extended processes as:
subst(io, B, &1, ..., B! in) = subst(subst(io, B, @1, ..., B | dn_1), Bl i)

Theorem 6 (X is closed under substitution of prefixes)
Let io, ..., in € X and Eh .. E’ that satisfy the condztzons required to define
subst(d:o,E17:r17 LB E). Then subst (@0, B, @1, .., B &) € X.
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P3 (E P4
& = subst(iy, {L}, 2s)

Fig. 2. Substitution of prefixes in extended processes. The dashed curves show how
the final conditions of &1 are merged with the conditions of T({L}) in #s.

Proof. We detail the proof for the substitution subst (i1, Eé, &2); the case of more
than two extended processes follows immediately.

If B = E2 then subst (i, B, ) = @ € X. Now assume that the theorem is
true when Ej \ Ej} has n elements and consider the case where there are n + 1
elements. Choose an extended event é¢; = (B,t) € Fy \ F} that is minimal in
B, \ Eé w.r.t. causality () and temporal ordering by @3. Theorem [l says that
t can fire from RS (&) at date 0; = Oy(és) — max, g Oq(é) + max, O1(¢)

def

using the same part1a1 marking L = Place(B). This firing can be coded by the

extended event é; = (Placel_TE )(L) t), and @} = (Ey U{é1}, 01 U{(é1,01)}) €

Y. Moreover subst(i1, B}, i) equals subst (i), ) U {éa}, @), which belongs to
X since Es \ (E4 U {é2}) has n elements.

4.3 Study of the Form of the Constraints

Now we have to deal with the fact that the unfolding we have defined is symbolic,
and thus each event represents an action that may occur at several dates. We
will show how to check that all the actions that are possible after a symbolic
extended process are possible after another one. For this we have to take into
account all the possible values for the date of the events of the symbolic extended
processes. As well as Berthomieu defined a finite graph of symbolic state classes
in [10] using the interleaving semantics, we show that the set of possible reduced
ages after a symbolic extended process is taken in a finite set, which allows us
to define a complete finite prefix of the symbolic unfolding of a time Petri net.
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Definition 15 (constraints predJ(E)). Let E be a nonempty, causally

closed, finite set of extended events and M= Place(T( 7). We define the predi-
cate predJ(E) as follows: for all J : M — Q, predJ(E)(J) holds iff there exists
O: E — Q such that (E,0) €Y and J = JTrs((5,0))-

def

Theorem 7. For each mazimal marking M, the set of the predJ(E . ) with M =
Place(1(E)) is finite.

Proof. Recall that predJ(E) is a predicate on the J(p), p € M. If we denote
é1,...,é, the events of I and introduce a variable ¢ to represent max,_p ©(é),

which plays a role in the definition of JRS((E,@)) and also in checking that <E, o)

is temporally complete, we can write pred.J (E)(J) as:

30(¢é1), Loy @(én.)7 0 € @ such that
(E,0) €
0= maxeeE o(é)
VteT *tCM = 0 <maxpce O° (place”( )( p))) + ifd(t)
(to check that (E, ©) is temporally complete)
Vpe M J(p) =min{l(p), max{bound(t) |t € T Ap € *t}}
(Wlth I<p) = 6 — @( (placeH(E) (p))))

Consider the system in the curly brace and rewrite all the quantifiers that con-
cern information about the structure of the time Petri net or the structure of
E (including those coming from ((E,0) € X)) as disjunctions or conjunctions.
For instance (Ip € *ty  f(p)) becomes (f(ps)V f(p4)). The result is a system of
inequalities, some of which containing one “min” or one “max”. These inequal-
ities can be rewritten without “min” and “max”, so that we obtain a boolean
combination of inequalities of the following types:

O€) # O0(é)+c ) #0+c Oé) #60—J(p)

where ¢ and ¢/ are events of E, p is a place, ¢ is a constant taken among the
efd(t) and Ifd(t) and # is an operator in {<, <, >, >} (= is not necessary).

Rewrite now this boolean combination of inequalities in normal disjunctive
form. The quantifiers (30@(é1),...,0(én),0 € Q) can be distributed in each term
of the disjunction. pred.J(E)(.J) becomes a disjunction of quantified conjunctions
of inequalities of the types we have described before. We will now eliminate one
by one the quantifiers 3@(¢;) in one quantified conjunction of inequalities: we
show that there remains a quantified conjunction of inequalities of a slightly
more general type than before:

O(é) # O(€) +c o) e
o) # 0+c p /
OE)#0—-Jp) +c J(p) # J(p') + ¢

where the constants ¢ may now be linear combinations of the efd(t) and {fd(t).
To eliminate ©(¢;), we isolate it in each inequality when it appears, which leads
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to a conjunction C of a < O(¢;), b < O(é;), ¢ > O(¢é;) and d > O(é;), where
a, b, c and d are terms of the form (©(é) + ¢), (0 4+ ¢) or (8 — J(p) + ¢). Then
(36(¢é;) C) is equivalent to the conjunction of all the inequalities (a < c¢),
(a < d), (b<c)and (b < d), which all have one of the expected forms.

Once all the ©(é;) have been eliminated, the remaining inequalities can be
only of the form J(p) # c or J(p) # J(p') + ¢. That is, 6 does not appear any
more. So the quantifier 3¢ can be removed.

Notice now that by definition 0 < J(p) < max, = max{bound(t) | t €
T Ap e *t} for all p € M. Therefore all the inequalities of type (J(p) # ¢) with
|| > max, can be immediately evaluated to true or false. The same happens
for the inequalities of the form (J(p) # J(p') + ¢) with |¢| > max{max,, max, }.
The constants ¢ that remain are bounded. Recall also that they are linear com-
binations of the efd(t) and [fd(t). Since the efd(t) and lfd(t) are rationals, there
are finitely many acceptable values for the constants c.

As a consequence, there are finitely many interesting inequalities, and then
finitely many conjunctions of such inequalities, and then finitely many disjunc-
tions of such conjunctions. Finally there is a finite number of predJ (E).

Let us take the example of predJ({L,é1})(J) using the extended events that are
represented in Figure Bl It can be written, after some simplifications, as:

6(cr) > 6(1)

6 = max{O(L),O0(¢é1)}

0 —0O(ér) <2
0—6(L)<2

J(p2) = min{0 — (1), 2}
J(p3) = min{f — O(¢é1), 2}

36(1),0(é1),0

These inequalities can be rewritten without “min” and “max”, so that we obtain
a boolean combination of inequalities, which can be written in normal disjunctive
form. Then the quantified variables can be eliminated one by one, and we obtain:
J(p3) =0 A 0<J(p2) <2.

4.4 Complete Finite Prefix

Now we can define the complete finite prefix of the symbolic unfolding of a
time Petri net, by keeping only a finite number of extended events, that contain
all the information about the unfolding. More precisely, we show that every
temporally complete extended process can be obtained by substitution of prefixes
in extended processes that belong to the prefix. Figure 2] shows an example of
such a decomposition. The complete finite prefix is represented in Figure [3
The idea behind the construction of the prefix is that a temporally complete
extended process (E,©) will not be continued if the predicate pred.J(E) is equal
to a predJ(E') with |E'| < |E|. As a possible improvement, the idea of adequate
order, introduced by Esparza [7] seems to be usable in our framework.
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maxi2 = max{O(é1), O(é2)}

6(é1) > (L) 1< 0(és) —O(L) <2

) (00en) =000 +2

O(éa) = O(é1) + 2 €)= 0Ole1) +
(s e

Fig. 3. The complete finite prefix of the symbolic unfolding of the time Petri net of
Figure [l The predicate LFC(Place(B), dobg,e,t,©(¢)) is written near each extended

event ¢ ' (B, t).

Definition 16 (X and complete finite prefix U). We define the subset X
of X as:

: v 1I(0) = (E,0)

(E,0) X iff 3o {ﬂn’,a” lo"| <n/ <l|o| A predJ(E') = predJ(E")
where o & ((t1,L1,601),...,(t|os Lio|,0)0))) and 0" are sequences of local firings
and E' (respectively E") is the set of events that appear in I((ty, Ly, 64),. ..,
(tnr, Ly 0nr)) (respectively II(a")).

We define the finite complete prefix U of the symbolic unfolding U of a time
Petri net by collecting all the extended events that appear in the extended pro-
cesses of X: U = Uiseyex E.

Denote N the cardinality of {predJ(E) | (E,0) € X}, which was proved finite
in Section The extended process IT(c) may belong to X only if |o| < N.
Since there is a finite number of sequences of local firings that are shorter than
N, there is a finite number of extended processes in X and each of them has less

than N events (without L). Thus U is finite.

Theorem 8 (decomposition of an extended process in U). For all tem-
porally complete extended process (E', ) € Y, there exist extended processes
@0y dn € X and B}, ... E! with &; = (E;,0;) for all i € {0,...,m} and
E! C E; foralli € {1,...,m}, such that (E,©) = subst(io, E},&1,..., El  im).

Proof. To build the substitution we take the extended events in a total order that
respects causality and temporal ordering. Each time we add an event, we try to
add it at the end of the last extended process (i) if it remains in X. Otherwise
we add an extended process @, 1 in the substitution. More formally, let (E, ©) €
Y, ¢ = (B,t) € F a maximal extended event in E w.r.t. causality () and tem-
poral ordering by @, and assume that there exist @y, ..., 2, € X and E{, ceey E{n
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def

such that (E\ {¢},0) = subst(io, B}, @1,..., B, &m). Let (Ep, O,) = i, and
i (B U{e'},0) = subst(im, B\ {¢}, (F,0)), where ¢ = ¢(¢) in the sub-
stitution. If #/, € X then subst(g’co,E‘{,jgl, .. ,Efn,xin) fits. Otherwise let F' &
E,, U{¢'} and find a sequence of local firings o, = ((t1, L1,61), - .., (tn, Ln,0n))
such that H(O’n) = Bpy. Let tpy1 S Ly < B, and Ont1 & O!.(¢") so that
&, = I((t1,L1,61),..., (t_n+1, L1, Hn_+1)). There exist o and n’ < n+1such
that |o”| < n' and predJ(F') = predJ(F"), where F' (respectively ") is the set
of events that appear in IT((t1,L1,601),...,(tn, Lns,0,)) (respectively II(c”)).
Choose ¢ of minimal length so that @, & ]7(0” “(tns1, Lny1,0n41)) € X.
It holds that n’ = n since #,, € X. There exists O, : " — @ such that
<1*:"”7 Om+1) is temporally complete and RS((F",Opmy1)) ~ RS((F',6,,)). And
(E,0) = subst(io, By, &1, .., Bl Zmy F"' &mg1).

5 Conclusion

We have presented a new notion of complete finite prefix for safe time Petri
nets. It is based on the construction of a symbolic unfolding, and on the study of
the form of constraints associated with the transitions. This required to define
a notion of partial state in order to equip time Petri nets with a concurrent
operational semantics. A prototype has been implemented (a few thousands
lines of Lisp code, and the help of a Simplex subroutine). Several improvements
could be done. In particular, the idea of adequate order, introduced by Esparza
[7] seems to be usable in our framework. Our next work on the subject will be to
make some experiments to try to experimentally prove (or disprove) the interest
of our technique in the context of model-checking or others.
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Abstract. Valmari’s Stubborn Sets method is a member of the so-called
partial order methods. These techniques are usually based on a selective
search algorithm: at each state processed during the search, a stubborn
set is calculated and only the enabled transitions of this set are used to
generate the successors of the state. The computation of stubborn sets
requires to detect dependencies between transitions in terms of conflict
and causality. In colored Petri nets these dependencies are difficult to
detect because of the color mappings present on the arcs: conflicts and
causality connections depend on the structure of the net but also on
these mappings. Thus, tools that implement this technique usually un-
fold the net before exploring the state space, an operation that is often
untractable in practice. We present in this work an alternative method
which avoids the cost of unfolding the net. To allow this, we use a syntac-
tically restricted class of colored nets. Note that this class still enables
wide modeling facilities since it is the one used in our model checker
Helena which has been designed to support the verification of software
specifications. The algorithm presented has been implemented and sev-
eral experiments which show the benefits of our approach are reported.
For several models we obtain a reduction close or even equal to the one
obtained after an unfolding of the net. We were also able to efficiently
reduce the state spaces of several models obtained by an automatic trans-
lation of concurrent software.

1 Introduction

State space analysis is a powerful formal method for proving that finite systems
match their specification. It consists of enumerating all the possible configura-
tions (or states) of the system to track the erroneous ones. A major obstacle
to the application of this technique to industrial systems is the famous state
explosion problem: the number of reachable states can be far too large to fit in
memory or even on disk.

The state explosion has been the subject of many researches in the last two
decades and techniques that alleviate this problem have been introduced. This
includes the family of partial order methods which tackle one of the main sources
of the combinatorial explosion: the concurrent execution of several components.
These are based on the following observation: due to the interleaving semantic

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 146-{IG5] 2006.
© Springer-Verlag Berlin Heidelberg 2006



On the Computation of Stubborn Sets of Colored Petri Nets 147

of concurrent systems, a set of different executions can have exactly the same
effect on the system and be only a permutation of the same sequence. Thus,
an efficient way to reduce the state explosion would be to explore only a single
or some representative executions and ignore all the others permutations that
are equivalent to the chosen ones. This is why the term of model checking using
representatives [14] seems more appropriate than the one of partial order model
checking.

Valmari’s stubborn sets method [I7,[16,[I8] is a member of this family. It is
based on a selective search algorithm: at each state processed, a stubborn set of
transitions is computed and only the enabled transitions of this set are used to
generate the successors of the state. The elimination of some transitions from
the stubborn set can cause some states not to be explored and can thus greatly
reduce the number of visited states.

The problem of deciding if a set of transitions is stubborn at a state is at
least as hard as the reachability problem [5]. Thus, selective search algorithms
exploit the structure of the modeled system to build sets for which the stub-
bornness conditions are guaranteed to hold. Construction algorithms are thus
tightly linked to the formalism of the model, e.g., Promela [10], Petri nets, but,
whatever the formalism, they always rely on the notion of dependency between
transitions. When adding a transition to the stubborn set, one has to find the
transitions that could disable or enable the considered transition. For ordinary
PT-nets, these dependencies can be directly deduced from the structure of the
net. For this reason, stubborn sets have been widely studied in the field of or-
dinary Petri nets and many algorithms were introduced to solve the problem.
Examples include the deletion algorithm [I7,22], and the incremental algorithm
(I7,22.16].

The computation of stubborn sets for colored Petri nets is more problematic.
Indeed, the detection of dependencies between transitions can not solely rely on
the structure of the net but must also consider the color mappings that label
arcs between places and transitions. A brute force approach consists then in
unfolding the net, i.e., building the equivalent ordinary Petri net, in order to
apply traditional stubborn sets algorithm for PT-nets. However, this unfolding
step is not always possible because of large color domains. A possible way to avoid
this unfolding is to work at the “colored” level, and to detect the dependencies
between transitions symbolically. As a counterpart, we can not expect to obtain
as good results as if the net was unfolded since the analysis of dependencies can
not be as precise.

We investigate in this paper a solution for the computation of stubborn sets
of colored Petri nets that does not rely on the unfolding of the net nor works
at the transition binding level when constructing a stubborn set. Our algorithm
detects dependencies directly on the colored Petri net. A keypoint is to use a
slightly restricted class of colored Petri net that enables a symbolic detection of
the dependencies. However, this class still allows wide modeling facilities since it
is the one used in Helena [7] an explicit state model checker based on high level
Petri nets and aimed at software verification.
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Related works. Stubborn sets of colored Petri nets were initially introduced
by Valmari in [19,[20]. His algorithm performs an implicit unfolding of the net:
the net is not explicitly unfolded but the algorithm systematically enumerates
transition bindings. The possibility to ignore the colors of the net, i.e., treat each
colored transition as if it was an agglomeration of all its unfolded transitions,
was also mentioned but not recommended, since it usually leads to unnecessary
large stubborn sets.

Brgan and Poitrenaud proposed in [I] an optimized version of Valmari’s algo-
rithm for well formed Petri nets which exploits the good structuring of the color
domains and mappings of this class. The idea of their algorithm is to translate
some structural relations into equivalent constraints systems before the search.
These systems express dependencies between transition bindings and are thus
repeatedly solved during the search to compute stubborn sets. Though their
method can efficiently speed up the detection of dependencies, their construc-
tion of stubborn sets still works at the transition binding level. Consequently,
their approach is not much different from unfolding the net.

To our best knowledge, the only algorithm proposed so far, that does not
work at the binding level is [I3]. In this paper, the authors suggest that a
possible way to obtain “good” stubborn sets for a colored Petri net without
unfolding it is to add some extra informations on top of the structure of the
net. The model designer must thus supply to the model checking tool some
additional inputs, such as the type of the places (e.g., communication buffer,
shared resource), that give crucial hints on the structure and the dynamic of
the unfolded net. These informations are then used during the search in the
stubborn sets construction. Their method seems to provide good reductions for
a very low cost as acknowledged by the experimental results. The author ar-
gue that it is reasonable to assume that the type of information needed can
be provided by the user. An analogy is made to the fact of typing variables
in a program. However, there is no other possibility for the tool for validat-
ing these informations than unfolding the net or generating the complete state
space, which is, by hypothesis, infeasible. Thus, in case of “typing error”, the
tool could produce wrong results. Another interesting contribution of [13] is a
theoretical result about the complexity of the problem: the size of the unfolded
PT-net is the worst-case time complexity of any algorithm that computes non-
trivial stubborn sets. A trivial stubborn set include all the transition bindings
of the net.

This paper is organized as follows. The next section recalls some basic defi-
nitions and notations on colored Petri nets and stubborn sets. Our algorithm is
presented in Section Bl Section F presents a set of experimental results. Lastly
we conclude in Section

2 Formal Background

We recall in this section the basic definitions and notions on colored Petri nets
[11] and stubborn sets that are needed for the comprehension of this paper. We
assume that the reader is familiar with PT-nets and their dynamic behavior.
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N will denote the set of positive integers, N the set N\ {0} and B =
{false,true} the set of booleans.

The definition of colored Petri nets is based on multi-sets. A multi-set over a
set S is a mapping from S to N. The set of multi-set over a set S is denoted by
Bag(S). The addition, substraction, and comparison of multi-sets are defined in
the usual way. () denotes the empty multi-set. If m is a multi-set then e € m <
m(e) > 0.

If S is a set, S* is the set of finite words over S and S°° is the set of infinite
words over S. The “.” operator shall be used to denote the concatenation of two
sequences. € shall denote the empty sequence.

We shall denote by P(S) the powerset of a set S, i.e., the set of its sub-sets.

2.1 Colored Petri Nets

Definition 1 (Colored Petri net). A colored Petri net (or CPN) is a tuple
(P, T,C,W~ , W, ¢,mo) where P is a finite set of places; T is a finite set of
transitions such that PNT = (); C' a color function is a mapping from PUT to
X, a set of finite and non empty sets; W~ and W the forward and backward
incidence matrixes associate to each pair (p,t) of P xT a mapping from C(t)
to Bag(C(p)); ¢ a guard function associates to each t € T a mapping from
C(t) to B; and mgo an initial marking is an element of M the set of mappings
which associate to each p € P an element of Bag(C(p)).

From now on a CPN N will implicitly define the tuple (P, T,C, W=, W™, ¢, my).
Given a node n of PUT, C(n) will be called the color domain of n. The set
of inputs (resp. outputs) of a place p is the set *p (resp. p°®) defined by: *p =
{t{W+(p,t) # 0} [ (resp. p* = {{{W~(p,t) # 0}). The same sets can be defined
for a transition ¢ : *t = {p|W ~(p,t) # 0} and t* = {p|W ™' (p,t) # 0}. These
notations are extended to set of nodes as usual.

The firing rule defines the dynamic of the net.

Definition 2 (Firing rule). Let N be a CPN and m € M. The instance ¢
of transition t is firable (or enabled) at m (denoted by m[(t,c))) if and only
if ¢t)(c) A m(p) > W (p,t)(c). The firing of the instance (t,c) at m leads
to a marking m’ (denoted by m|(t,c))m’) defined by: ¥p € P,m’(p) = m(p) —
W= (p, t)(c) + W*(p, t)(c).

The state space of a CPN is the set of all the markings of the net which can be
reached from the initial marking by a sequence of firings.

Definition 3 (State space). Let N be a CPN. The state space (or reachability
set) of N is the minimal set S C M such that mo € S and if Im € S,t € T,c €
C(t) such that m[(t,c)ym’ then m' € S.

In the remainder we will often refer to the unfolded net of a CPN. Such a net is
an ordinary PT-net obtained from the colored one by creating a node for each
place or transition instance of the net. The flow relation of the unfolded net can

! 0 denotes here the empty mapping from C(t) to Bag(C(p)), i.e., Ve € C(t),0(c) = 0.
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then be derived by a direct application of the color mappings which label the
arcs of the CPN.

2.2 Stubborn Sets

The stubborn sets method can be used to build a reduced state space of the
system. The construction of this reduced state space can be done by introducing
a little modification into a standard search algorithm: at each state processed, a
stubborn set of transitions is computed and only the enabled transitions of this
set are used to generate the immediate successors of the processed state. The
set is said to be stubborn because the transitions outside it can not affect its
behavior: it remains stubborn after the firing of any sequence of non stubborn
transitions. Consequently, some transitions may never be executed, reducing the
number of explored states. In the best case the reduction is exponential. Such a
modified algorithm is usually called a selective search algorithm.

The computation of the stubborn set must respect certain rules in order to
preserve the desired property in the reduced state space. This has led to the
introduction of several versions of the stubborn sets method. However, the notion
of dynamic stubbornness is a common basis of many of these versions.

Definition 4 (Dynamic Stubbornness). Let N be a Petri net, m be a mark-
ing of N and S CT. The set S is dynamically stubborn at m if conditions D1
and D2 hold where:

D1 Vte S,0 € (T\ S)",mlo.t) = m[t.o)
D2 (3teT |mlt) =3teS|Voe (T\S), mlo)= mlot)

Condition D1 states that the firing of a sequence of transitions that are outside
the stubborn set can not enable the firing of a disabled transition of S while D2
ensures that if the marking is not dead, then there is an enabled transition in
the stubborn set (called a key transition in the stubborn set terminology) which
remains firable after the firing of any sequence of non stubborn transitions.

It is well known that a selective search algorithm which computes stubborn
sets having the dynamic stubbornness property builds a reduced state space
which contains all the dead markings of the initial state space and at least one
infinite sequence if such a sequence exists. Because of the ignoring phenomenon
[19], that’s basically all that this definition preserves: a firable transition may
be infinitely forgotten in the stubborn set computation. In order to verify more
elaborated properties, such as liveness properties, it is crucial to prevent this
ignoring phenomenon and to add additional constraints in the computation of
the stubborn set, possibly leading to less reductions. For instance it is usually
needed that along each cycle of the reduced reachability graph, a transition
enabled at a marking of the cycle belongs to at least one of the stubborn sets
computed for the markings of the cycle. However, this subject is beyond the
scope of this work and we will focus our attention on the dynamic stubbornness
from definition @l Thus in the remainder of the paper, we will call a stubborn
set a set of transitions which respect the dynamic stubbornness property.
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3 Symbolic Computation of Stubborn Sets

We present in this section an algorithm to compute stubborn sets of colored Petri
nets. The proposed method does not rely on an explicit or implicit unfolding of
the net but rather on the two following ideas:

— We treat instances classes instead of explicitly enumerating instances. We
thus obtain an algorithm which complexity is independent from the size of
the unfolded net.

— We define a class of colored Petri nets allowing an efficient detection of the
dependencies between the transitions of the net.

Our method is therefore inspired by two works [IL[T3] on the same subject which
have been mentioned in the previous section.

In the remainder of the section we will proceed as follows. Firstly we give a
static stubbornness definition for PT-nets on which our algorithm is based. Then
we make an informal presentation of our algorithm with the help of an example
which illustrates several difficulties that arise when directly handling colored
nets instead of unfolding. A syntactically restricted class of CPN is introduced
in the third part of the section along with additional definitions needed to handle
bindings classes. The last part of the section is more technical and deals with a
concrete implementation of the algorithm for our CPN class.

3.1 Static Stubbornness for PT-Nets

The dynamic stubbornness definition is based on the semantic of the net, i.e.,
its reachability graph, and it is thus difficult to obtain an “implementation” of
this property. Moreover, it has been proved that the problem of deciding if a set
is stubborn is at least as hard as checking reachability for the full reachability
graph [5] which is exactly what we want to avoid. Consequently, rather than
checking the dynamic stubbornness property for an arbitrary set of transitions,
algorithms usually exploit the structure of the modeled system to produce sets
of transitions for which the dynamic stubbornness is guaranteed to hold. Such
algorithms have been proposed for various description languages, e.g., Promela
[10], Variable/Transition systems [19], and Petri nets [17,16],22].

We now introduce a stubbornness definition for Petri nets. It is far from being
optimal and could be refined, e.g., see [22], but we will use it for its simplicity.

Definition 5 (Stubbornness). Let N be a Petri net, m be a marking and
S CT. S is stubborn at m if the three following conditions are satisfied:

1. (3teT |m[t) =3teS | mlt)
2. if t € S and m[t) then (*t)* C S
3. if t € S and —-m|t) then Jp € °t such that m(p) < W~ (p,t) and *p C S

Item [ prevents from picking an empty set if there are enabled transitions. Item
ensures that a firable transition ¢ remains firable after the firing of a sequence
which only includes transitions outside the stubborn set. Indeed, all the tran-
sitions which could prevent the firing of ¢, i.e., the set (°¢)®, are also in the
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stubborn set. Let us note that all the enabled transitions selected in the stub-
born sets are thus key transitions since they remain firable. At last item [Bensures
that a disabled transition ¢ remains disabled after the firing of a sequence of non
stubborn transitions since place p prevents the firing of ¢ and transitions that
could put tokens in it are also stubborn. The place p of this item is usually called
a scapegoat in the stubborn sets terminology.

These three items are thus sufficient to prove the following proposition.

Proposition 1. Let N be a Petri net, m be a marking and S C T. If S is
stubborn at m then it is dynamically stubborn at m.

The previous definition can be used to define a stubborn sets computation al-
gorithm for PT-nets. This algorithm initiates the construction with an enabled
transition and successively applies item 2 and 3 until reaching a fix point. If the
marking does not enable any transition then it directly returns an empty set.

The goal of our work if to present a “colored” version of this algorithm. We
will see that difficulty arise with the introduction of color mappings in the net
and how to deal with this additional complexity.

3.2 Informal Presentation of the Algorithm

At first we informally present our algorithm with the help of the net of figure[ll
This net models the part of a distributed system in which different client and
server process interact. Clients compete for acquiring access to a pool of shared
objects. To each object of the pool is an associated lock guaranteeing an exclusive
access to the object. An idle client C can evolve in two different ways. First he can
try to grab the lock of object O (transition takeLock). Alternatively, if a server
S has acknowledged his request (transition sendAck) he can choose to receive

and treat this acknowledgment (transition receiveAck). We denote {cy,...,cn}
the set of clients, {s1, ..., S, } the set of servers and {o1, ..., 0;} the set of shared
objects.

We propose to detail a few steps of the construction of the stubborn set S at
the marking m depicted.Binding tby = (takeLock, (C' = ¢1,0 = 01)) is enabled
at m and we choose it to initialize the stubborn set S.

Binding tby = (takeLock, (C = c¢1,0 = 01) Since tb; is enabled we must apply
the second item of definition [l and identify the instances in conflict with it to

serverSend

gotoldie sendAck 9 m(locks) = (o1} + (02)
) S,C m(clientIdle) = {c1,01)
focks “k (C) SO +{ca, 01)
c m(ack) =0
€ () m(serverldle) = ()
takeLock receiveAck m(serverSend) = ()

serverldle

Fig. 1. An illustrative CPN example
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include them in S. It appears that binding thby = (receive Ack, (C' = ¢1,0 = 01))
is clearly in conflict with tby. Indeed, they both withdraw the token (c1,01)
from place clientIdle. We therefore include tbs in S. What seems less clear from
a PT-net point of view is that tb; is also in conflict with other bindings of
transition takeLock. An analysis of the unfolded net would indeed reveal that
bindings of set Uecge,,....c,1{(takeLock, (C = ¢,0 = 01))} also withdraw token
(01) from place locks and must thus be included in S. Algorithms of [20] and
1] would directly insert these m — 1 bindings. The size of the stubborn set
would then quickly increase as color domains grow. This may even fail with
infinite color domains. Our approach is different since we choose to not explicitely
enumerate these n — 1 bindings but rather to treat this set as a single unit.
For this purpose we introduce the x symbol which will be used to denote “any
item” of a color. Thus we will say that tb; is in conflict with binding tbs =
(takeLock, (C = %,0 = o1)), i.e., all the clients who wishes to acquire the same
lock. Since tbs is a compact representation of a set of bindings we will rather use
the term bindings class or more simply class.

Binding tbe = (receiveAck, (C = ¢1,0 = 01)) To be enabled tby needs a token
(c1) in place ack. The instance (ack, (¢1)) is therefore chosen as a scapegoat. The
set Usefs,,....sm}1(sendAck, (S = s,C = c1))} includes all the bindings which can
produce this token. We thus add class tby = (sendAck, (S = *,C =¢1)) to S. In
other words, the only event that can cause the reception by ¢; of an acknowl-
edgment is the sending of this acknowledgment whatever the sending server.

Binding tbs = (takeLock, (C' = x,0 = 01)) The introduction of the concept of
bindings class raises here a difficulty. Indeed, since we want to treat all the
bindings of this class as a unit without differentiating them we have to assign
the same status (disabled / enabled) to all these bindings in order to apply the
second or third item of definition [Bl In practice, the number of enabled bind-
ings of a CPN always remains relatively low even when the color domains are
large. We thus choose to proceed as follows. We treat each class as if all the
bindings within it were disabled and we extract from it the enabled bindings
which are inserted into the stubborn and treated separately. Thus an enabled
binding added by this way to the stubborn set will be both considered as dis-
abled and enabled. Though this will produce larger stubborn sets, this does
not affect the validity of our algorithm. For instance, the two enabled bindings
thy = (takeLock, (C = ¢1,0 = o1)) and tbs = (takeLock, (C' = c¢3,0 = 01)) both
belong to the class tbs and must therefore be included in S.

Let us come back to tbs. Each disabled binding b = (takeLock, (C = ¢;,O = 01))
of this class needs a token (01) in locks and a token (c;, 01) in clientIdle. Since
m(locks)({o1)) = 1, the absence of token (c;, 01) is the reason why b is disabled.
Once again we avoid an explicit enumeration of these scapegoats by using the
symbol: the scapegoat of class tbs is (clientIdle, (x,01)). Such an approximation is
valid since any disabled binding of tbs has a scapegoat place in this class. Item 3]
requires that we insert in S the bindings which put in clientIdle tokens belonging
to class (%, 01). The single input of clientIdle is gotoIdle. By looking at the color
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mapping which labels the arc from gotoldle to clientIdle we notice that a binding
(gotoldle, {C = ¢, O = o)) can produce a token of class (x, 01 ) if and only if o = 0;.
Consequently, we must add (gotolIdle, (C = *,0 = 01)) to S.

We mentioned in the introduction of this section that the time complexity
of this algorithm is not related to the size of the unfolded net. As a matter of
fact, the worst time complexity is indeed related to this size since each enabled
binding can be processed and the number of enabled bindings is bounded by
the number of transitions in the unfolded net. However, in practice, we observe
that, even when the types of places and transitions are very large, the number
of enabled bindings remains reasonable. So the worst time complexity of our
algorithm is rarely reached.

This example highlighted the necessity to have CPNs with a well structured
syntax. Indeed, each time we processed a binding we exploited the structuring
of the arc functions to detect dependencies between transitions. This approach
would typically fail with CPNs having arbitrarily complex arc functions or color
domains. We introduce in the next sub-section a class of CPNs inspired by Well
Formed colored nets [3] which, on one hand, allows us a symbolic detection of
dependencies and, on the other hand, still enables large modeling facilities.

3.3 A Class of Colored Petri Nets

Color domains of our colored nets are Cartesian products of finite and non empty
sets called basic types.

Definition 6 (Color domain). The set of basic types A is a finite set of finite
and non empty sets. A color domain C is a product Cy x - - -x Cycy where C; € A
and s(C) € N is the size of C. The set of color domains is noted C.

A color domain item will be noted as a tuple, e.g., (2, true). In addition, for each
transition ¢, we will assume a bijective mapping associating each element of its
color domain to a variable which will appear in the tuple, e.g., (X = 2, B = true).

Color mappings of the net are built with the help of elementary expressions.
Two types of elementary expressions are allowed: the projection (or variable) and
the functional expression. The first one is used to choose a specific element in an
item of a color domain. Functional expressions are provided to enable complex
operations on basic types. All the valid expressions from a color domain to a
basic type can be put in this family. Projections are thus particular cases of
functional expressions.

Definition 7 (Elementary expression). Let C € C and § € A. Ec s, the set
of elementary expressions from C' to ¢ is the set Ec.s = Vc,5 U Fc,s where

—Ves={Vi|ie[l.s(C))ANC; =6}
is the set of projections from C to §. V; is defined by:
Ve = {c1,...,cq)) € C,Vi(c) = ¢;.
— Fos={(f,(e1,...,en)) | fE€ X+ x 0y = dAViE[l.n],e; € Ecp, }
is the set of functional expressions from C tod. (f, (e1,...,en)) is defined

by: Ve e C,(f, (e1,...,en))(c) = fle1(c), ..., en(c))
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In our examples, instead of using the formal notation V; we will prefer to use
the variable of the transition at position i. For example V5 will be directly noted
B if the second element of the transition domain is associated to this variable.

Expressions tuples are basic components of color mappings. They can be
guarded by a boolean expression which condition the tokens production. The
syntax of guards will appear later in this section.

Definition 8 (Elementary expressions tuple). Let C,C" € C. The set of
elementary expressions tuples (or tuples) from C to Bag(C"), is noted Tupc,c
and is the set of triplets (v, a, E) such that: v € Go is the guard of the tuple;
o € N* is the factor of the tuple; E = (e1, ..., es ), with Vi € [1..5(C")],e; €
Ec,cy, is the expressions list of the tuple. tup = (v, v, (e1, ..., en)) is defined by:
Ve € C,tup(c) = if v(c) then a - (e1(c),...,en(c)) else 0.

A tuple (v, q,{e1,...,e,)) will also be noted [y] « - {ey,...,e,). For instance
[X >Y]2-(X,0,f(Y)) is a valid example tuple. Given an instantiation of the
variables X and Y of the transition it produces 2 items of type (X,0, f(Y)) if
X > Y. Otherwise, it produces the empty multi-set.

At last, color mappings that label the arcs of the net are sums of elementary
expressions tuples.

Definition 9 (Color mapping). Let C,C’" € C. A color mapping [ from C
to Bag(C") is a sum [ = Zi;l tup; (with Vi € [1..k], tup; € Tupc,cr) defined
naturally. The set of color mappings from C' to Bag(C") is noted Mapc, c:.

A color mapping will sometimes be considered as the union of the tuples which
constitute it, i.e., tup € map < map = tup + map’.

Expressions tuples and transitions can be guarded by a boolean expression
which states under which conditions the tuple produces items or the transition
if firable. We do not impose special constraints on these guards. Any boolean
expression on the color domain of the transition is a valid guard.

Definition 10 (Guard). Let C € C. Go = Ecp is the set of guards over C.

Dealing with instances classes. We first “extend” basic types by including to
them the x symbol. The same extension is done for color domains. The definition
assumes that this symbol does not belong to any basic type.

Definition 11 (Extended color domain). Let § € A. The extended type 6*
is the set 6 U{*}. The set of extended types A* is the set {6*|6 € A}. Let C € C.
The extended color domain C* is the Cartesian product C1* x - -- x Cycy*. The
set of extended color domains is noted C*.

We must also modify the semantics of the elementary expressions to take into ac-
count this extension. The value of a projection is unchanged. If a sub-expression
of a functional expression e is evaluated to * so is e. Otherwise its value does
not change.
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Definition 12 (Extended elementary expression). Let C € C, § € A, and
e € Ec,5. The extended expression e* from C* to 6* is defined by:
Ve € C* such that ¢ = {c1,...,¢pn):

if e =V, then ¢;

=9 it e=(f.(er,...,em) then {

if Vi € [1..m],e;*(c) # * then e(c)
else %

We will often use in this section the unfolding mapping defined below which
is used to enumerate all the items within a class, e.g., Unfexp({x,true)) =
{(false,true), (true, true)}.

Definition 13 (Class unfolding). Let 6 € A and C € C. The mappings Un f5
from 6* to P(0) and Unfc from C* to P(C) are defined by:

— Unfs(e) = if e = x then 0 else {e}
— Unfc({e1y...,en)) =Unfe,(c1) x - x Unfe, (cn)

Lastly we introduce the inclusion relation > defined for every basic type or color
domain C. We have ¢ =¢ ¢ if each item ¢; of ¢ is either the x symbol either ¢,
the item at the same position in ¢/. For instance, it holds that (true,*) »pxs
(true, false), but (true,*) =pxp (false,*) does not. Trivially, if ¢ = ¢ then
Unfc(d) CUnfe(c). We will then say that ¢ is a subclass of c.

Definition 14 (Inclusion relation). Let C € C. The relation =¢ over C*xC*

is defined by: (c1,...,cn) =c (c|,....ch) & Vi€ [l.n],c; =%V =d.

rn

We will omit in the sequel the subscript and superscript of Un fe, >=¢ or e* when
there will be no ambiguity.

3.4 The Algorithm

We now introduce the general algorithm (figure Bl) to compute a stubborn set
of transitions of a CPN. Its input is a marking m of the CPN and it returns a
stubborn set at m. Three main data structures are used. S is the stubborn set
computed. U is the set of bindings classes which have not been treated yet. A/
is the set of binding classes which must be included in the stubborn set.

An enabled binding is randomly chosen to initialize the stubborn set and the
set of unprocessed classes (line 1). If there is no enabled binding at m, the empty
set is directly returned. At each iteration, a binding class (¢, ¢;) is removed from
U and treated by the algorithm (lines 3-4). If this class is composed of a single
binding, i.e. the x symbol does not appear in it, enabled at m we apply item 2] of
the stubbornness definition and we compute the set of bindings classes in conflict
with (¢, ¢¢) (line 6). Otherwise we consider it as a class of disabled bindings. We
first check (line 8) if ¢; is not a subclass of a previously treated class ¢}, i.e., all
the bindings of ¢; are in ¢}. In this case the stubborn set is unchanged. Else the
algorithm applies item [3] and computes the classes of bindings which produce
tokens needed by the disabled bindings of (¢, ¢;). Additionally, we must include
in NV all the enabled bindings which belong to the bindings class (¢, ¢;) (line 11).
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STUBBORN (m)

1 8« if 3(t,c;) such that m[(¢,c;)) then {(¢t,c;)} else §; U — S

2  whiled # () do

3 let (t,c¢;) € U with ¢, = (ce,1,...,Cen)

4 U—UN{(t )}

5 if Vi € [1..n], ¢,i # * and m[(t,¢;)) then

6 N «— disablingClasses(t, ct) (* apply item 2 of definition 5 *)
7 else

8 if 3(¢,c;) € S such that ¢, = ¢; then N/ —

9 else

10 N «— enablingClasses(t,ct, m) (* apply item 3 of definition 5 *)
11 N — N U{(t,c;) such that m[(t,c;)) and c; = ¢, }

12 end if

13 end if

14 U—UUWNN\S); S—SUN
15 end while
16 return S

Fig. 2. A stubborn sets computation algorithm for colored Petri nets

3.5 Implementing Algorithm’s Operations

The algorithm of figure 2l is a generic one in the sense that it is not related to
our CPN class and could theoretically be implemented for any colored net. We
have seen in our introductory example that an efficient implementation of the
mappings enablingClasses and disablingClasses seems to require colored nets
well structured enough to enable symbolic computations or alternatively some
user supplied informations as it is done in [13].

We detail now an implementation of these operations for our CPN class.

Reversing color mappings. A frequently used operation in our algorithm is
the reverse operation. This one consists of finding for a given color ¢ and a color
mapping f the set of colors ¢’ such that f(¢")(¢) > 0. Different methods have been
proposed in the literature to address this problem in an efficient way (e.g., [6],
1, 2, [8]) for Well Formed nets or similar classes. Even for this formalism, the
problem is quite hard, and the solutions proposed either extend the formalism
[2] or add some extra restrictions on arc functions [g].

For our colored nets, the reverse operation is, in general, impossible to apply
without an explicit enumeration of colors. This is due to the possibility to in-
sert in tuples some functional expressions which can obviously not be reversed.
However, we can still approximate the result of this operation by exploiting the
elementary expressions that are “well formed”, i.e., the projections, and which
are easily reversible.

We now introduce the mapping reverseMap,, defined for every couple (p, t)
of P x T. Given a color mapping map from C(t) to Bag(C(p)) and a class
cp € C(p)*, reverseMapy, computes a set of classes of transition ¢ which is
such that any binding of ¢ which image by map contains a token of class ¢,
belongs to one of the classes computed. More formally, the following proposition
must hold for all ¢ € Unf(c,) and ¢ € C(t):
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map(c’)(c) > 0= e, € reverseMapy ,(cp,map) | ¢ € Unf(cy)

Using the fact that a color mapping is a sum of tuples we reduce the problem
to the definition of the tuple reversal mapping reverseTup, , (definition [I5]).

We can clearly identify two steps in this procedure. In the first one we identify
the class of bindings (¢,¢;) such that tup(c.)(c) > 0 for some c of class c¢,.
This is done by initializing the resulting class to (x,...,*) which covers all the
bindings of ¢ and by looking for projections in tup. When a projection Vj is
found at position ¢ in the tuple we replace in r the x at position j by the
item at position ¢ in ¢,. For instance reverseTup; ,((0,1,2),(X,Z, f(Y))) =
{{X =0,Y =%,Z =1)}. The class computed is clearly an over-approximation
of the bindings which are really needed. This is mainly due to the fact that
functional expressions may appear in the tuple and that such expressions can
not be handled without being “unfolded”. Since this is typically what we want to
avoid, we have no other choice than ignoring these expressions in this first step.
A possible optimization would be to identify expressions which can be reversed,
and to exploit this reversibility, e.g., reverseTup, ,((1), (X + 1)) = {{X = 0)}.

The second step of the reverse operation consists of checking if the computed
class is inconsistent with respect to the tuple or the transition. A first inconsis-
tency may appear if there is an expression e; in the tuple which can be evalu-
ated with binding 7, i.e., ¢;(r) # *, and which value is different from ¢;, the item
at the same position in class ¢, (if ¢; # x). We can then directly return the empty
set since there is obviously no binding of ¢ which can produce by tup a token of
class c. For instance, reverseTup; ,((2,2), (X, X + 1)) = 0. A second inconsis-
tency is detected if either the guard of the tuple or the guard of the transition
can be evaluated and does not hold. For instance, reverseTup((0,*),[X > 0]
(X,Y)) = 0. Let us recall that these guards or the expressions in the tuple may
not be evaluable since the variables which appear in these can have an undefined
value.

Definition 15. Let t € T and p € P. The mappings reverseMap; , from
C(p)* x Mapcy,cp) to P(C(t)") and reverseTupy.,, from C(p)* x Tupc(t),c(p)
to P(C(t)*) are defined by:

reverseMapy ,(cp, map) = U reverseTupy p(cp, tup)
tupeEmap

reverselups p (cp, tup)

let ¢, = (c1,...,¢n)
let tup =1[y] a-{e1,...,en)
7= (K, k)

for i € [1.n] do if ¢; = V; and r; = « then r; — ¢;

(* check inconsistencies *)

if 3i € [1..n] such that e;(r) # x and ¢; # x and e;(r) # ¢; then return (
if v(r) = false or ¢(t)(r) = false then return ()

return {r}

o D GrA o e~
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Computing scapegoats. The treatment of a disabled bindings class ¢ in-
volves to identify the bindings firing of which can enable the elements of c.
This detection is based, in our static stubbornness definition, on the ability
to compute a scapegoat. A scapegoat of a low-level transition ¢ at a marking
m is a place which disables ¢, i.e. W™ (p,t) > m(p). For a high-level transi-
tion binding (¢, ¢) it is simply a couple (p,¢,) such that p € P,¢, € C(p) and
W= (p,t)(ct)(cp) > m(p)(cp). When directly handling bindings classes instead
of explicit bindings a difficulty appears that was not highlighted by our intro-
ductory example. Indeed, we must find a scapegoat for all the bindings within
the class. Thus, in some cases, we will have to choose several scapegoats. We
illustrate this problem with the help of the following net.

(X,Y) (Y, false)

p q
t

Let us consider the class ¢; = (X = 2,Y = «) of transition ¢ for which we have
two possible scapegoats: (g, (x, false)) and (p, (2,*)). For instance, at the two
markings m and m’ our algorithm will proceed as follows:

— for m defined by m(p) = (2,3),m(q) = (4, true)
Class (g, (%, false)) is a valid scapegoat for all the bindings of ¢; since no
token in ¢ has false as its second component.

— for m’ defined by m/(p) = (2, 3),m/(¢q) = (4, false)
Class (q, (x, false)) can not be chosen since m/(q) > W~ (t,q)(c) for ¢ =
(X =2,Y = 4) which belongs to the class ¢;. For the same reason, (p, (2, x))
can not be chosen since m/(p) > W~ (p,t)((X = 2,Y = 3)). Consequently,
both classes, i.e., (g, (x, false)) and (p, (2,*)), must be chosen to ensure that
each binding of ¢; has a scapegoat in one of the two classes.

Once again, this example shows that working at the high-level has a cost insofar
as we compute a set of scapegoats which, from a PT-net point of view, is clearly
unnecessarily large.

The purpose of function scapegoat is to find, given a bindings class (¢, ¢;), and
a marking m, a set of scapegoat classes for (¢,¢;) at m: each disabled binding
of (t,¢;) has a scapegoat in a class of scapegoat(t,ci, m). More formally, the
following must hold for all ¢ € Unf(¢;) such that—-m|[(¢, c)):

I(p, ¢p) € scapegoat(t,cy,m),c € Unf(cy) | W (p,t)(c)(c") > m(p)(c)

The function proceeds in two steps. It first tries to find a unique class which is
an acceptable scapegoat for all the bindings of ¢;. A sufficient condition is that
there is a tuple [y]a - {e1,...,e,) appearing in the input arc from p to t such
that all the tokens present in p at m fulfill one of these two conditions:

— The multiplicity of the token is strictly less than the factor of the tuple a.

— There is an expression at position ¢ in the tuple which produces with ¢; a
value different from x and different from the item at the same position in
the token.
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In addition, the guard of the tuple must evaluate to true with ¢;. Otherwise,
i.e., y(ct) = false or y(ct) = *, there could be instances in ¢; for which the
tuple does not produce any item. For these instances, the token consumed by
the tuple is obviously not a valid scapegoat. If there exists such a tuple tup,
then it is straightforward to see that Ve € Unf(c;),tup(c) > m(p). The token
produced by the tuple can therefore be chosen as a scapegoat.

If we fail to find such a tuple then we pick all the tokens consumed by the
bindings of ¢;. This set is obviously a correct scapegoat for ¢;. However, all the
couples (p, ¢’) for which it necessarily holds that m(p)(¢’) > W (p,t)(c)(¢') for
any c of ¢; can be safely withdrawn from this set. A sufficient condition for this
to hold is that there exists a tuple tup in W~ (p,t) such that (1) ¢p, the image
of ¢; by tup does not contain the x symbol, (2) the multiplicity of ¢, at m is
greater than the maximal multiplicity of any item produced by W~ (p,t), i.e.,
LW~ (p,1).

Definition 16. The mapping scapegoat from T xC*xM to P(P x C*) is defined
by: scapegoat(t,cy,m) =

if dp et (v, (e1,...,en)) € W (p,t) such that
v(er) = true
and Ve, = (cp1,...,Cpn) € m(p), m(p)(cp) <
or Ji € [1.n] | e;(ct) & {*,¢cpi}
then {<p’ <61(Ct)7 AR en(ct)>)}

else {(p,c,) | p €t and I(y,a, (e1,...,e,)) € W (p,t) such that

cp = (e1(ct), .. en(ce)) and () # false
and —(Vi € [1.n],e(¢c;) #* and m(p)(cy,) > I'(W(p,t)))}

where I'(map) = Zi;l a; with map = Zf:1(7i7 a, By).

The size of the reduced reachability graph depends to a large extent on the
stubborn sets computed. Though always choosing the stubborn set with the
lowest number of enabled bindings does not necessarily yields the best reduc-
tion it seems however to be the best and simplest heuristic. The choice of the
scapegoats is a nondeterministic factor which can affect the number of enabled
bindings in the resulting stubborn set. For PT-nets different strategies have been
proposed in [21I]. Our implementation of mapping scapegoat sorts “scapegoat
candidates” according to three criteria and chooses the first candidate according
to this sorting. These three criteria are (we note C' the set of bindings classes
which are directly inserted into the stubborn set if the scapegoat if chosen): (1)
the number of enabled bindings in C, (2) the number of x which appear in the
classes of C, and (3) the number of classes in C. We thus try to limit the number
of enabled bindings and the number of transitions of the unfolded net inserted to
the stubborn set right after the choice of the scapegoat. Indeed, the number of
low-level transitions covered by a class directly depends on the number of stars
which appear in the class.

After intensive experiments we observed that this strategy competes favorably
against a pseudo-random strategy.
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Mappings disablingClasses and enablingClasses. Concluding, we de-
fine the mappings disablingClasses and enablingClasses.

The definition of mapping disablingClasses is based on this simple observa-
tion: a binding (¢, ¢;) remains firable as long as any binding which could with-
draw tokens needed by (¢,¢;) are not fired. It is thus sufficient to inspect the
tokens consumed by (¢,¢;) and to identify the bindings which consume these
tokens by an application of the reverse operation. Therefore we closely follow
the stubbornness definition for PT-nets (definition B).

Definition 17. The mapping disablingClasses from T x C* to P(T x C*) is
defined by: disablingClasses(t, c¢;) =

U reverseMapy ,(cp, W™ (p,t'))

pE®t,t’Ep®,cp €W~ (p,t)(ct)

To identify the bindings which can enable the instances of a class ¢; of transition
t we enumerate the scapegoats of (¢, ¢;) and, for each scapegoat (p, ¢p,), we look
at each input transition ¢’ of p. An application of the reverse operation gives us
the bindings of ¢ which put tokens of class ¢, in p. Once again this definition
respects the static stubbornness definition for PT-nets.

Definition 18. The mapping enablingClasses from T x C* x M to P(T x C*)
is defined by: enablingClasses(t, ci,m) =

U reverseMapy ,(cp, W (p, 1))

(p,cp)Escapegoat(t,ce,m),t'€%p

4 Experiments

The algorithm described in this work has been implemented in our model checker
Helena [7]. This section reports the results of two series of experiments that have
been carried out. In the first series considered we analyzed some models obtained
from concurrent programs by an automatic translation using the Quasar [9] tool.
In the second one we considered several academic models included in the Helena
distribution (available at http://helena.cnam.fr) of which some are recurrent
examples of the CPN literature.
All measures were obtained on a Pentium IV with a 2.4 Ghz processor.

Models extracted from programs (table[I]). Four real concurrent programs
were first translated using the tool Quasar: an implementation of Chang and
Roberts election protocol, two different implementations of the dining philoso-
phers and a client-server protocol with dynamic creation of servers to handle
client requests. Helena could not unfold these CPNs due to the huge color do-
mains of the nodes. Indeed, some places of the net model variables having high-
level data types, e.g., records or arrays. Each program is scalable by a parameter
and we considered several values of this parameter (the value is given in the first
column) and ran two tests: one without the stubborn method enabled (column
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Table 1. Data collected for some models extracted from concurrent software

Complete Graph Reduced Graph
V1 | Al T VI |A| T
The leader election protocol
7 198 039 1 041 750 61 45 780 93 361 30
8 1 037 209 6 175 069 644 201 943 430 120 184
9 5961 241 40 179 197 10 035 824 362 2061 193 1038
The dining philosophers (first implementation)
7 1398 615 5 050 508 138 29 412 44 166 4
5 8 5 416 243 21 585 453 1038 83 670 127 191 14
9 24 842 432 112 433 417 13 581 221 865 319 833 40
The dining philosophers (second implementation)
4 26 539 55 245 1 6 322 7 667 1
5 219 304 505 765 11 37 139 46 911 7
6 1 789 459 4 582 322 145 214 853 359 901 43
The client / server program
2 4 141 14 461 1 108 131 0
3 130 221 593 583 14 1131 1434 0
4 5 445 681 30 593 745 2 508 13 921 19 232 1

Complete Graph), the second with it (column Reduced Graph). The columns [N,
|A|, and 7 indicate for each run the number of nodes and arcs of the graph, and
the exploration time of the graph in seconds.

We observe that, despite the complexity of the CPNs obtained from an auto-
matic translation of programs, our algorithm gives a significant reduction for the
four programs considered. The reductions factor goes from 7 in the worst case
(the leader election program) to almost 400 in the best case (the client / server
program) and makes realistic the automatic verification of concurrent software.

To further enhance the reduction we plan to combine our method with [I3].
Concurrent programs can indeed easily be mapped to process-partitioned CP
nets of [I3] with a simple static analysis of the program. For instance, places
corresponding to variables local to a process can be typed as local and places
corresponding to variables accessed by several processes can be typed as shared.

Academic models (table 2]). We then considered several academic models
which size allows (except for one) an unfolding. For each model we therefore ran
an additional test with Prod and its stubborn set algorithm activated. Let us
recall that Prod unfolds the net in order to apply the stubborn set method. We
used the deletion algorithm of Prod (option -d) which is, to our best knowledge,
the most advanced algorithm for PT-nets. The reduction observed with Prod
must be seen as a lower bound which is hard to reach without unfolding the net.
Comparing the size of the graph reduced by Helena to the size of the complete
graph tells us how good the reduction is while comparing it to the graph reduced
by Prod tells us how good the reduction could be.
The examples studied can be classified in four categories.
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Table 2. Data collected for some academic models

Helena Prod
Complete Graph Reduced Graph Reduced Graph
VI | Al T VI | Al T VI Al T
The resource allocation system
2 550 759 11 435 684 49 72 637 100 925 2 72 637 100925 7
The distributed database system (from [11])
649 540 4330282 19 67 585 112662 1 232 242 0

The dining philosophers
1153 351 10 416 483 34 602 493 2 131 338 18 265 143 616 555 41
Eisenberg and McGuire’s mutual exclusion algorithm

624 790 2490418 9 414 555 1 345 417 129 223 482 428 297 491

The distributed Sieve of Eratosthenes
2028 969 9947 808 59 273 272 0 Net not unfoldable
Lamport’s fast mutual exclusion algorithm (from [12]
1672728 7944 684 41 959 494 3 176 750 188 197 554 338 504 58
Chang and Roberts leader election protocol
218931 1836299 7 156 254 799 871 26 123 979 212 531 51
The load balancing system

9 324 768 54 723 965 295 275090 499 615 11 252 458 477 487 867
The multiprocessor system (from [{]])

7322 076 85 522 635 356 138 239 283 646 76 138 239 283 646 572
Peterson’s mutual exclusion algorithm

1242528 4970112 19 186 037 386 272 46 80 193 152 565 38
The slotted ring protocol (from [15])

439 296 2897 664 11 287 508 97 8514 26 20 613 37806 2

In a first category we can put the models for which the graph is weakly reduced
by Helena but efficiently reduced by Prod. The two models which belong to this
category are the slotted ring protocol and to a lesser extent Lamport’s algorithm.
We are currently not able to explain the bad results obtained for these two models
but plan to investigate this.

The dining philosophers, Eisenberg and McGuire’s algorithm, and the election
protocol constitute a second category. Their characteristic is that their graph is
weakly reduced both by Helena and Prod. A surface analysis may let us think
that our algorithm performs a bad reduction for these models. However the poor
results obtained with Prod show that we can not expect much better. Indeed,
there are some problems for which partial order methods are inefficient. Models
such as the dining philosophers or the Eisenberg and McGuire’s algorithm which
make heavy use of shared resources such as global variables usually fall into this
category. These shared resources are a major source of conflicts which lead to
compute large stubborn sets yielding a small reduction.

A third category is made up of the distributed database system and Peterson’s
algorithm. For these two models Helena builds a very reduced graph but Prod can
do even better by unfolding the net. This particularly holds for the database system.
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Itsinitial graphisin O (N . 3N) .Helenabuildsareduced graphin O (N2 : 2N) .Prod
produces areduced graphin O (N 2) . An analysis of these nets reveals a certain com-
plexity in arc mappings which makes it hard to efficiently detect dependencies with-
out unfolding the net. Let us note that our reduced graph has exactly the same size
as in [I3] where they use a semi-automatic algorithm.

At last, for the four other models Helena performs a reduction close or equal to
the reduction performed by Prod but outperforms significantly Prod with respect
to time. The best results are observed for Eratosthene’s algorithm: Helena builds
a reduced reachability graph which size is linear with respect to the parameter
of the system despite the high complexity of the arc functions. In addition, we
notice that the net could not be unfolded because of the size of the color domains.
For the multiprocessor and the resource allocation systems we obtain a reduced
graph which is exactly the same as the one obtained by Prod. Lastly, for the load
balancing system, the gain obtained by unfolding the net is completely marginal
with respect to the brutal increase of the exploration time.

5 Conclusion

The contribution of this paper is a stubborn sets computation algorithm for col-
ored Petri nets which avoids the unfolding by mixing two approaches. First we
do not directly handle explicit bindings but rather bindings classes. We there-
fore stay at the high-level and never explicitly enumerate the transitions of the
unfolded net. Second we define a syntactically restricted class of colored Petri
nets for which it is possible to detect dependencies in a symbolic manner while
preserving high expressiveness. As a counterpart, the detection of the depen-
dencies between transitions can not be as fine as on the unfolded net and some
approximations are done which lead to larger stubborn sets.

A set of experimental results have shown the benefits of our approach. For
many academic models we achieved a reduction close or equal to the one obtained
after an unfolding of the net. We were also able to significantly reduce the state
spaces of several concurrent programs automatically translated to colored nets
by the Quasar tool. The unfolding approach fails for these colored nets having
huge unfolded nets.

In future works we will combine our algorithm with the method of [13]. Our
algorithm exploits the structuring of our CPN class whereas their method is
based on user supplied informations. Both should therefore be fully compatible
and lead to better reductions.
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Abstract. The product of safe Petri nets is a well known operation :
it generalizes to concurrent systems the usual synchronous product of
automata. In this paper, we consider a more general way of combining
nets, called a pullback. The pullback operation generalizes the product to
nets which interact both by synchronized transitions and/or by a shared
sub-net (i.e. shared places and transitions). To obtain all pullbacks, we
actually show that all equalizers can be defined in the category of safe
nets. Combined to the known existence of products in this category, this
gives more than what we need: we actually obtain that all small limits
exist, i.e. that safe nets form a complete category.

1 Introduction

We consider the category Nets of safe Petri nets (PN) as defined by Winskel
in [2]. Safe Petri nets provide a natural and widespread model for concurrent
systems. A product x was defined in [2] for safe PNs, that can be considered
as a generalization of the usual synchronous product of automata. In practice,
this product is essentially interesting when specialized to labeled nets: roughly
speaking, it would then synchronize transitions of two nets as soon as they carry
the same label. It therefore offers a very natural way to build large concurrent
systems from elementary components. As a nice property, X is the categorical
product in Nets . Pushing forward this idea, it can be interesting to derive a no-
tion of pullback for PNs. While the product assumes that nets interact through
common events, the pullback goes further and also allows interactions by shared
places and transitions. Pullbacks can be used, for example, to combine two con-
current systems that synchronize through common events and at the same time
share some resources (e.g. locks to access data).

The notion of pullback has been extensively explored for other models of con-
currency (transition graphs, graph grammars, etc.) [7], or for other categories
of Petri nets [3] (proposition 11). But the choice of net morphisms plays a cru-
cial role, and apparently the construction of pullbacks in the category Nets
of [2] is still missing. This category remains of great interest however, because
it allows foldings (and consequently unfoldings!), and already has a product.
Unfoldings have become an important tool for the verification of concurrent sys-
tems [10,[11L12,03,14,15]. They have also been advocated for the monitoring
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of concurrent systems [16]. In particular, this second application domain relies
intensively on factorization properties of unfoldings: the fact that the unfolding
of a product system can be expressed as a product of unfoldings of its compo-
nents [I7]. This property is actually the key to distributed or modular monitoring
algorithms (surprisingly, this approach has not been explored in model checking
applications, to the knowledge of the author). The derivation of the factoriza-
tion property on unfoldings (or on other structures like trellises [I8,[19]) relies
on categorical arguments, and in particular on the fact that the unfolding oper-
ation preserves limits, like the product for example. In order to obtain a similar
property for other ways of combining components, it is therefore crucial to char-
acterize them as categorical limits. This is the main motivation of the present
work.

Let us mention some contributions to the topic. B. Koenig provides in [9] a
definition for specific pullback diagrams. M. Bednarczyk et al. prove in [§] that
Nets is finitely complete, so all pullbacks exist. But the result is obtained in
a much more general setting, and is hard to specialize to the case of safe nets.
Finally, let us stress that [§] mentions in its introduction (p.3) that the existence
of a pullback construction for safe Petri nets has been reported... although the
authors have not been able to locate any reference! It is therefore useful to
provide a simple and direct definition for this construction.

We proceed in several steps. We first consider unlabeled nets. It is a well known
fact that the labeling is essentially a decoration that can be reincorporated at no
cost in net operations (see [5]), which we do at the end of the paper (section []).
Secondly, we recall (section [2) that a pullback operation can be derived from a
product and an equalizer (see [I], chap. V-2, thm. 1, and [7], sec. 5). Since all
products exist in Nets, we simplify the construction (and proofs) by building
equalizers, which is the heart of the contribution (section [3). We finally gather
all pieces to give a comprehensive definition of the pullback of labeled Petri nets
(section M), first in the general case, then in the specific case where morphisms
are partial functions. The conclusion underlines some important consequences
of this construction.

2 Notations

Net. We denote Petri nets by N' = (P,T,—, P%), representing respectively
places, transitions, initially marked places and the flow relation. For each place
p € P, we assume [p® U *p| > 1, and for each transition ¢ € T, [t*| > 1 and
|*t| > 1. For labeled nets, we take N' = (P, T, —, P°, A\, A) where A : T — A is
the labeling function.

Morphism. A morphism [2] ¢ : N1 — N2 between nets N; = (P;, T}, —, PP) is
a pair (¢p, ¢r) where

Cl. ¢p : Th — T3 is a partial function, and ¢p a relation between P; and Ps,
C2. P) = ¢p(PP) and Vps € PY, 3 a unique p; € P : py <¢—P>p2,
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C3. if p; 22, p2 then the restrictions ¢r : *p; — *py, and ¢r : p1* — p2® are
total functions,

C4. if to = ¢r(t1) then the restrictions ¢7 : *ta — *t1 and ¢% : t2° — t;* are
total functions.

where ¢35’ denotes the opposite relation to ¢p. Observe that condition C3 implies
that if ¢p is defined at p; € Py, then ¢ is defined at all transitions ¢; € T}
connected to p1. In the sequel, we will simply write ¢ for ¢p or ¢r, and ¢(X) to
denote places in relation with at least one place in X. By Dom(¢), we represent
the elements of AV (places or transitions) where ¢ is defined, i.e. ¢°P(Py U Ty).

Notice that condition C3 entails that the pair (¢p,dr) preserves the flow
relation (on its domain of definition). Together with C4 and C2, this guarantees
that a run of N is mapped into a run of N2 by ¢r (see [2]), which is the least
one should require from net morphisms. Simpler definitions of net morphisms
would ensure this property, but C1-C4 are actually necessary to provide extra
categorical properties, as we shall see in the sequel.

Remark. Notice that condition C2 becomes a consequence of C3 and C4 when one
assumes the existence of a fake initial transition ¢; o in each N, fed with a fake

initial place Pi,0 —4 ti,O; such that ti,O. = .Pio and t2)0 = (ZS(tL()), P20 i) P1,0-

We shall use this trick in the sequel to simplify proofs (focusing on C3, C4 and
omitting to check C2).

Safe Petri nets with the above definition of morphisms define the category
Nets [2,[]. For labeled nets, we naturally consider label-preserving morphisms
to define the category ANets . Section H] will detail the definition of this category.

Ny
h

Vll v \\
:' N :
VO
N, N,
Fig. 1. Commutative diagram of the product N’ = N7 x N>

Product. Let N7, N3 be nets, their categorical product N x N5 in Nets is a net N
associated to morphisms m; : N — N, 1 = 1,2, satisfying the so-called universal
property of the product (fig. [): for every other candidate triple (N3, hq,h2)
with h; : N3 — N, there exists a unique morphism ¢ : N3 — A such that
h; = m; o %. This net N'= (P, T, —, P°) and the 7; are given by [4,[6]

1. P={(p1,%) : p1 € P} U{(x,p2) : p2 € P2} disjoint union of places,
mi(p1, p2) = pi if p; # x and is undefined otherwise,

2. PO=n(PY)Umy (),

3. T = (Tl X {*}) @] ({*} X TQ) U (Tl X TQ), Wi(tl,tg) =t; if t; 75 * and is
undefined otherwise,
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\Iji \\\I:] Tl

f °7t1 N

v
N & NN, N,
\y

Fig. 3. Equalizing f1 o1 and fz o 72

4. the flow — is defined as follows: for t € T, *t = w; ' (*m1(t)) Uy ' (*ma(t))
and symm. for t*, assuming °*;(t) = m;(t)* = 0 if m; is undefined at ¢.

At first sight, this categorical product may look useless since every transition is
free to fire alone or jointly with any transition of the other net. Again, the interest
of this construction appears when it is applied to labeled nets, in association
with a synchronization algebra [4]. Its practical interest then becomes obvious
to build large systems starting from elementary components. Since labels bring
no technical difficulty other than notational, we put them aside until section [4l

Decomposition of the pullback. Let Ny, N1, N2 be nets, and f; : N; — Np,i=1,2
be net morphisms, so Ny forms a kind of interface between N7 and N5. We look
for a terminal net N' = (P, T, —, P?), associated to morphisms g; : N' — N,
i = 1,2, such that (fig. ) :

Jiogr = faog (1)

By “terminal,” we mean the universal property of the pullback: whenever there
exists another triple (N3, hy, ho) satisfying the same commutative diagram, there
exists a unique mediating morphism ¢ : N3 — N such that h; = g;01). We denote
the pullback by i AN A%, or by N7 A N5 for short.

It is well known that the pullback operation can be decomposed into a product,
followed by an equalization. Consider the product net N7 x A, and the associated
canonical projections m; : N7 x No — N, i = 1,2. In general, N7 x N5 and
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the m; do not satisfy the pullback condition, i.e. f; o m # fo o mo. However, by
equalizing them, one gets the desired result. (N, e) equalizes fi o 1 and f o mo
iff (f1 om)oe=(f20ms)o0e,and for any other candidate (N3, h) there exists a
unique v : N3 — N such that h = eop (fig. ). It is straightforward to check that
(N, 71 0e,m 0e) then yields the desired pullback. For details, we refer the reader
to [, chap. V-2, thm. 1, or to [7], sec. 5 where this construction is also used.

3 Equalizer in Nets

Consider two nets N; = (P, T;, —, P?),i = 1,2 related by two morphisms
f,9: N1 — Na. We want to build the equalizer (N, e) of f and g, i.e. a net N
and a morphism e : N' — N satisfying foe = goe, and such that for any other
candidate pair (N3, h) there exists a unique morphism v : N3 — N satisfying
h = eo1 (fig. H).

3.1 Equalizer and Coequalizer in Sets

We recall here two classical results that will be instrumental in the sequel.

Equalizer. We consider the category of sets with partial functions as morphisms
(or equivalently pointed sets with total functions). Let T3, 7% be two sets related
by partial functions f,g : T3 — T5. The equalizer of f and g is the pair (T, e)
where

T={t1 €Ty : f(t1) = g(t1) or both f and g are undefined at t;}  (2)

and e is the canonical injection of T into T7 (we’ll use the shorthand ¢; € T
instead of t € T',t; = e(t)). In the setting of pointed sets, where functions point
to the special value € of a set to mean “undefined,” (2] takes the simplest form
f(t1) = g(ta).

Given another candidate pair (T3, h), the unique morphism (partial function)
Y : T3 — T is obtained by ¢ = e~ ! o h (it is easy to check that I'm(h) C T).

Coequalizer. We now consider the category of sets with total functions. The
coequalizer diagram corresponds to fig. @l with all arrows reversed. Let Ss,.51 be
two sets related by total functions F,G : So — Si, and denote by (S, F) the
coequalizer of ' and G. The construction is a bit more complex.

Ns-- .
. .h
v

\V ~ f N

e N\

Fig. 4. A pair (N, e) equalizing f and g
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Fig. 5. Coequalizing the total functions F' and G

Define the relation R on elements of S; by

p1 Rpy < 3pa € So, {p1,p1} = {F(p2),G(p2)} (3)

and consider the equivalence relation = generated by R. We denote by [p1] the
class of p; for =. Then

S ={[p1] : p1 € S1} (4)

and the function E : S; — S is simply the quotient operation, i.e. F(p1) = [p1].
See fig. Bl for an example.

Given another candidate pair (S3, H), the unique morphism (total function)
¥ : S3 — S is obtained by ¥ = Ho E~!, or in other words by V[p;] € S, ¥([p1]) =
H(p1). Indeed, it is easy to check that H is necessarily class invariant.

3.2 Candidate Equalizer in Nets
Let (N, e) denote the desired equalizer, with A" = (P, T, —, P%) and e : N’ — N.

Transitions. On transition sets, f, g : Ty — T» are partial function, so we adopt
definition () for 7" and e on T

Places. On place sets, the definition is a bit more complex. The morphism defi-
nition in Nets actually states in C4 that ¢°P : *t5 — *t1 and ¢°P : t2® — t1® are
total functions, for to = ¢(¢1), which orients us to co-equalizers in Sets. So let ¢
be a transition of T, with ¢, = e(t) € Th.

Assume first that f, g are defined at ¢1, and f(t1) = g(t1) = t2 € To. We take
for e°? in *t; the coequalizer of f°P, g°P : *t5 — *t1. Eq. ([B]) thus defines Rt the
equivalence relation ="' and place classes [p1] **. And similarly in the post-set
of t1.

When f,g are both undefined at t1, we take for e®? in *¢; (or ¢1°*) the co-
equalizer of functions f°P, g°P from the empty set. So e°? is simply the identity.

In summary, the place set P of A is a subset of 271 given by

P = {[pﬂ.tl 1t € rf7 p1 € .tl} U {[pl]tl. ARS rf7 p1 € tl.} (5)

and the relation e on places is simply given by p «— p; iff p; € p. Observe that
a place p1 € P; not connected to a transition of T has no counterpart in P.



172 E. Fabre

Fig. 6. Identity of equivalence classes

Lemma 1. Let t1,t) € T. Assume p1,py C t/° N *tq, then

’7e
=h

D
=

p1 pl=p =" (

Proof. Assume p; # p| and p; RH* pY. This means f, g are defined at ¢},

f(t1)
5 = g(t}), and for exampl Ip2 € th° : m AEIN poy s ph. Let to = f(t1)
g(tl.)7 by C3 on f or g, one has py € *ts, whence p; R™ py. This proves [p;]
[p1] . One can show in the same way the reverse inclusion, which proves the
lemma.

Nl

O

Naturally, the lemma holds also for the other arrow orientations, i.e. for py,p} C
th* N t1* and for pp,pj C°t) N *t.

Initial places. In eq. (B)), we assume the existence of (fake) transitions t; o with
tio® = P? and f(t1,0) = g(t1,0) = t2,0. So initial places in P are given by

PO ={[p1]"°" :py € PP} (7)

Forp; € Py andt; € T1,notice that the equivalence class [p;] ** (or equivalently
[p1]"") may both contain marked places of PY and unmarked places of P; \ P.
Such a class is not taken as an initial place of N'. See the example of p’ in fig.[7l

Conversely, assume an equivalence class [p;] "t (for ex.) satisfies [p1]"** C Pp.
By lemma [ [p1]"" = [p1]"" which corresponds to an initial place of N'. We
could thus take as an alternate definition:

P'={peP: elp) C P} (8)
Flow relation. Tt is obviously defined by p — t when e(t) = t; and p = [py] "
for some p; € *t;. But, using lemma[Il we can derive the simpler criterion :
p—t<=e(p) C *%e(t) in M (9)
We proceed symmetrically for t — p.
Ezxample. Fig.[Qillustrates this construction. Observe that p1Rt'1.p’1 and p; R
pY, which results in two classes/places in N, both related to p; by e. These
places must indeed be distinguished : by merging places p’ and p in N, i.e. by

aggregating classes sharing one or more places of P, the resulting e wouldn’t be
a morphism (C3 violated).

! The other possibility is p1 «— p2 AEAR ph, but this doesn’t affect the proof.
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Fig. 7. The equalizer (N,e) (left) for nets N1 (center) and N> (right) related by two
morphisms f, g. Notice that t',t},t5 could be the “fake” initial transitions.

3.3 Coherence of the Definition

e: N — Ni is a net morphism. C1 holds by definition, and with the trick of
fake initial transitions, C2 is a consequence of C3 and C4, which we only need
to examine.

C4 obviously holds by construction of places of P: let t1 = e(t), then
e : *t; — *t defined by eP(p;) = [p1]'" is a total function. And similarly
for eP : t1® — t°.

For C3, consider p — t in N, such that p < p; and e(t) = t;. We want
to check that p; —1 1 in N7. By definition of the flow in A, one has p — ¢
iff e(p) C ®e(t) = *t1, and p < py iff p; € p, so p1 —1 t; holds. The same
reasoning proves that e : ®*p — °p; is also a total function.

N is a safe net. By a standard argument [2]: since e : N' — Aj is a net
morphism, it maps runs of N to runs of Ni. So if N is not safe, one of its run
fills some place with more than one token, which reveals by e a non safe run in
N1, because e is a total function on 7.

(N, e) satisfies the commutative diagram. This is true by construction for the
partial functions on transitions. It also holds locally for relations on places, i.e.
around triples of transitions (¢,t1,t2) with t; = e(t),t2 = f(t1) = g(t1)). This
allows to reach completely the place relations e, f, g.

3.4 Universal Property

Assume the pair (N3, h) satisfies f o h = g o h, with N3 = (P3, T3, —3, PY) and
h: N3 — Ni. We look for a (unique) 9 : N3 — N satisfying h = e o 1) (see fig. HI).

Definition of 1. On transitions, 9 is uniquely given by 1 = e~ ! o h, as it was
seen in section B}

For places, consider a triple (t3,t,t1) € T3 x T x Ty of related transitions:
Y(ts) = t and h(ts) = t1 = e(t). We say that such a triple (¢3,%,t1) forms a
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triangle. From the construction of co-equalizers in section Bl we know that
YoP : *t — °t3 is uniquely defined from h°P : *t; — ®t3 by

Vp1 € *t1,  ¥P([p1]"") = hoP(p1) N 3 (10)

Specifically, h°P(p1) N *t3 exists and is formed by a single place ps because h is
a net morphism and thus satisfies C4. Moreover, this value ps doesn’t depend
on the choice of p; in [pl]‘t1 because, as a co-equalizer h°P is necessarily class
invariant on *t; (see Bl). We proceed similarly to define %P : t* — t3°.

Y satisfies the commutative diagram. By construction of ¥, h = eo) is obvious on
transitions, and locally on places (i.e. around triangles of transitions). To show
that the relation holds globally on places, consider ps € Ps. By assumption, ps is

connected to at least one transition t3 in N3. If h is defined at p3 and p;3 N D1,
then h is also defined at t3 (by C3), h(ts) = t1 € T and p; is connected to ;.
We then use h = e o ¢ around the triangle (¢3,t,t1), where t = ¢ (t3).

¥ is a net morphism. It obviously satisfies C1, and C4 is imposed by the con-
struction of ¥ on places. So only C3 has to be checked, which is the difficult part
of the proof.

For C3, consider a pair of places (ps,p) € P3 x P related by ¢ (i.e. p3 & D)
and assume p3 — t3 in N3. We want to show that v is defined at t3, and
¥(t3) € p* in N. By definition of ¢ on places, there exists a triangle (t5,t',t]) €
Ts x T x T; such that for exampldd th —3 p3, t) —1 p1, ' — p and p = [py]°
(see Fig. B)).

Fig. 8. Proof that v satisfies C3

h is defined at ps, thus also at t3 by C3. Since foh = go h, one has t; =
h(ts) € T'. So there exists t € T' with e(t) = t; and thus we already know that v
is defined at t5: ¢(t3) = t. In other words, (¢3,t,¢1) € T3 x T x T3 forms another

2 Equivalently, we could have assumed that the related places are in the presets (in-
stead of post-sets) of a transition triangle.
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triangle. Since e is a morphism, let p’ be the image of p; by e°? : *t; — °t, so
p’ = [p1] "*. By definition of ¢ in the presets of the triangle (¢3,t,¢1), see (IQ),
one has ps AN p’. To conclude the proof, we thus have to show that p = p’. We
essentially use the fact that h is a morphism satisfying foh =goh.

Let p, be a place of #|* such that p; =" p|. We know that ps LN P,
because hoP : t}* — t4° is class invariant (a consequence of f oh = go h). From
p3 —3 t3 in N3 and ps3 AN p}, we derive by C3 that p} —1 t; = h(t'). We are
now exactly in the situation of lemma [ so p; = p}. We have thus proved
that [p1]"* and [p;] ** are identical, or in other words p = p'.

4 Application to Pullbacks of Labeled Nets

We now reassemble all elements to provide a definition for pullbacks of safe
labeled nets. The first task is to define the category ANets. Consider labeled
nets N; = (P, Ti, =i, P2, N\iy Ai), ¢ : N1 — Na is a morphism in ANets iff ¢ is a
net morphism (as defined in section [2] by C1-C4), with the extra requirements:

C5. ¢r preserves labels,
C6. Ay D A,
C7. Dom(pr) = A\ 1 (Ay).

The next section recalls the definition of the product in this category, that we
combine to the equalizer to obtain the pullback.

4.1 Product

Let N; = (P, T;, —4, PP, Ai; \i),i = 1,2 be two labeled nets. To build net prod-
ucts, we assume a simple synchronization algebra [0 : two transitions carrying
the same label have to synchronize, while transitions carrying a private label
remain private. Private labels are those in (A; \ A2) U (A2 \ A41). The product
N = Ni x N3 and the associated projections m; : N'— Nj are defined as followsﬁ:

1. P={(p1,*) :p1 € P} U{(*,p2) : p2 € P>} : disjoint union of places,
mi(p1, p2) = pi if p; # x and is undefined otherwise,
2. PO =g (PYyumy H(PY),
3. the transition set T is given by
T = {(th*) € T1, )\1(151) S A1 \AQ}
U {(*,tz) T 1o € TQ, /\2(252) S AQ\Al}
U {(thtg) eTy x Ty : )\1(t1) = )\2(t2) eAinN AQ}

mi(t1,t2) = t; if t; # % and is undefined otherwise,

3 Remark : if ones wishes to use the trick of fake initial transitions t{ to define initial
markings P by P? = t9°, one has to assume that each A; contains a special label
€% reserved to the transition ¢9.
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4. the flow — is defined by *t = 7' (*m(t)) U my '(*m2(t)) and symm. for ¢*,
assuming *m;(t) = m;(t)* = 0 if 7; is undefined at ¢,
5. A=Ay U Ay and ) is the unique labeling preserved by the ;.

Let us recall that the product of labeled nets can also be obtained by taking the
product of non-labeled nets, and then discarding transition pairs that violate
the rules of the synchronization algebra.

For our choice of morphisms, it is straightforward to check that the above
definition actually yields the categorical product in ANets : The m; are net
morphisms that obviously satisfy C5-C7. And for the universal property, with
notations of fig. [l the ¢ computed in Nets (ignoring labels) is defined by@
Vts € T3, (ts) = (h1(ts), ha(ts)), so it clearly satisfies C5-C7 when hq, ho do.

4.2 Equalizer

Similarly, the construction of equalizers derived in Nets naturally extends to
equalizers of labeled nets. With notations of fig. [ we take A = A; for the label
set of N/, and define the labeling function by A = \; o e. The morphism e : N' —
N7 then clearly satisfies C5-C7. For the universal property, the morphism % :
N3 — N is defined on transitions by ¢r = ez o hy. So Dom(¢r) = Dom(hr),
and 9 clearly satisfies C5-C7.

4.3 Pullback

Assume the f; : N; — Ny are morphisms of labeled nets. The pullback NV = N7 A
N3 is defined as follows, by combining the definitions of product and equalizer
(section [2).

Transitions. We distinguish “shared” transitions in N7 and N>, i.e. those hav-
ing an image in Ny, from “private” ones, the others. For private transitions,
the definition of the pullback mimics the definition of the product. For shared
transitions, only pairs that match through the f; are preserved.

T, = {(t17t2) eTy xTy : t; € Dom fi)7 f1(t1) = fg(tg)} (].].)
)

(
T, ={(ti,t2) € Ty x Ty : t; & Dom(fi), M(t1) = Aa(ta)}
U{(t1,%) : t € Ty, t1 & Dom(f1), M(t1) € Ay \ A}
U{(x,t2) : ta € To, to & Dom(fa), No(ta) € Az \ Ay} (12)
T=T,UT, (13)

Notice that the label condition doesn’t appear in [IJ) : it comes as a consequence
of f1(t1) = fa(t2), since morphisms preserve labels.

Places. Places are obtained by inspecting transitions selected in T

Consider first a private transition (¢1,t2) € T}, where one (at most) of the ¢;
can be . Assume p; —; t; (or equivalently t; —; p;) in N;, with ¢; # x. Observe
that necessarily p; ¢ Dom(f;), otherwise f; would be defined at ¢;. Such a place

4 With the convention that ¥ (t3) = (%, ) means “undefined.”
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p; induces a singleton equivalence class in P, either (p1,*), or (%, p2). We denote
by P, all such “private” places.

Consider now a pair of shared transitions (t1,t2) € Ts, where f1(t1) = to =
f2(t2). Consider for example a place p; € ®t; (or equivalently p; € ¢;°, and
symmetrically for a place py € *t5°).

a. If p1 & Dom(f1), then [(p1,*)] #1*2) is reduced to (p1,*), which yields an-
other private place in P,.
b. If p1 € Dom(f1), let po € Py N *ty satisfy p; J po. By C4 applied to

f2, there exists py € ®ty such that po LN Do, SO (p1,%) R (tx:t2) (*%,p2) in
the product N7 x Ns. The resulting equivalence class [(p1,+)]"(#1:t2), takes
the form (Q1,Q2), with § # @Q; C P;, and yields a “shared” place in the
pullback.

In summary:

Py ={(p1,%) : pr € P1, p1 € Dom(f1), I(t1,") €T, pr € *t:* }
U{(x,p2) : p2 € Pa, po & Dom(fa), (-, t2) €T, p2 € °t2° }  (14)
Py ={(Q1,Q2) : Qi € P, Q; C Dom(f;), A(t1,t2) € Ty,
Q1 ¥ Qs equiv. class of ="(1t2) or of =(t1:12)" 1 (15)
P=P,UP, (16)

In (@), the dot in (t1,-) stands for either ¢y or %, and symmetrically for the
second line.

Initial places. By abuse of notation, let us identify a private place like (p1,*) to

(Q1,@2) = ({P1},0), and (x,p2) to (Q1,Q2) = (0,{p2}). So (Q1,Q2) denotes a

general place in P.
P'={(QuQ2) €P :QC P, QC P} (17)
Flow. Let (Q1,Q2) € P and (t1,t2) € T (where one of the ¢; can be *). Then

(Ql,Qz) — (tl,tg) <~ Ql - .tl in Nl, QQ - .tQ in NQ (18)
(t1,t2) = (Q1,Q2) <= Q1 C t1* in N1, Q2 Ct2* in Ny (19)

with the convention that @ C *x and @ C %«* hold.

Morphisms g;. Let (t1,t2) be a transition of T', one has g;(t1,t2) = t; if t; #
%, and is undefined otherwise. Let (Q1,Q@2) be a general place in P, one has

(Q1,Q2) <% p; iff p; € Q.
4.4 Special Case

We examine here the special case where morphisms f; : N; — A are partial
functions not only on transitions, but also on places (instead of being relations on
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places). The definition changes only for Ps in (I5]) : when place duplications are
forbidden, equivalence classes of shared places are reduced to two elements only.

P, ={(p1,p2) : pi € PinnDom(f;), fi(p1) = fa(p2) = po,
I(t1,t2) € Ts, fi(t1) = falt2) = to, po € *t0® } (20)

This definition coincides with the proposition of [9] (and also to an early version
of the present notes), apart from the extra condition that places created in (I4))
and (20) be connected to at least one transition of the pullback. An example is
given in fig. @

Fig. 9. Example of a pullback: N = N} A//\O N2, in the simple case of injective mor-
phisms. Morphisms are represented by common names on transitions and places. Tran-
sition labels are indicated by Greek letters. Observe that transition t; of N7 disappears
in V since it finds no partner in N> with the same image in the interface net Np. This
example doesn’t reflect the full generality of the pullback construction since outside the
domains of f1 and f2, transitions of N7 and A2 don’t synchronize: (A1 N A2) \ Ao = 0.

5 Conclusion

The original motivation for this work was the derivation of a simple construction
for pullbacks of safe nets, thus providing a way to express in a categorical frame-
work the combination of nets that interact by sharing places and transitions.
We actually obtained more: we proved the existence of all equalizers in Nets,
which, in conjunction with the existence of all products, proves the existence of
all (small) limits in Nets.
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Expressing the combination of nets as a categorical limit has some advantages.
Consider for example the unfolding operation [4], that associates the unfolding
U(N) to a safe net N. U is actually a functor from Nets to the subcategory Occ
of occurrence nets, and we know that U : Nets — Occ has a left adjoint, and
so preserves limits. As a consequence, when A" = Nj ANo Ny, one immediately
obtains U(N) = U(N7) /\1(4)(/\/0) U(N3) where Ao denotes the pullback in Occ.
This result expresses that the factorized form of a net immediately gives rise
to a factorized form on runs of this net. Moreover, one obtains for free the
existence of pullbacks in Oce, with a formal expression for Ap : let Oy, O1, 02
be occurrence nets, one has O /\80 Oy =U(O N0 03), where the last pullback
is computed in Nets, and where = means “isomorphic to.”

The results above naturally extend to general limits: whatever the way one
combines elementary nets to build a larger system (by products, pullbacks, etc.),
a similar decomposition holds on the unfolding (or on the trellis [I9]) of the
global system. We believe this is an important key to study large systems by
parts (see [I7,[18] for examples of modular diagnosis based on these ideas).

Acknowledgment. The author would like to thank Marek Bednarczyk for fruit-
ful discussions, and Philippe Darondeau for his useful comments.
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Abstract. We report on the results of an investigation into the inte-
gration of Petri nets and ordinary differential equations (ODESs) for the
modelling and analysis of biochemical networks, and the application of
our approach to the model of the influence of the Raf Kinase Inhibitor
Protein (RKIP) on the Extracellular signal Regulated Kinase (ERK)
signalling pathway. We show that analysis based on a discrete Petri net
model of the system can be used to derive the sets of initial concen-
trations required by the corresponding continuous ordinary differential
equation model, and no other initial concentrations produce meaningful
steady states. Altogether, this paper represents a tutorial in step-wise
modelling and analysis of larger models as well as in structured design
of ODEs.

1 DMotivation

Classical, i.e. time-less discrete Petri nets combine an intuitive modelling style
with well-founded analysis techniques. It is for this reason that they are widely
used in various application areas, where they have been proven to be useful for a
qualitative verification of technical as well as “natural” systems, i.e. biochemical
networks like metabolic networks, signal transduction networks, or gene regula-
tory networks.

However, any real system behaviour happens in time. Thus the next step fol-
lowing on from a qualitative analysis typically consists in quantitative analyses
taking into account timing information. In the case of biochemical systems, all
atomic actions take place continuously. Moreover, the rates of all the atomic
actions typically depend on the continuous concentrations of the involved sub-
stances. Hence systems of ordinary differential equations (ODEs) appear to be
a natural choice for quantitative modelling of biochemical networks.

In this paper we bridge the gap between these two worlds, i.e. the (time-
less) discrete and the (timed) continuous one, and demonstrate by means of
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one of the standard examples used in the systems biology community — the core
model of the influence of the Raf-1 Kinase Inhibitor Protein (RKIP) on the ERK
signalling pathway — how both sides can play together by providing different,
but complementary viewpoints on the same subject.

This paper can be considered as a tutorial in the step-wise modelling and
analysis of larger models as well as in the structured design of ODEs. The discrete
model is introduced as a supplementary intermediate step, at least from the
viewpoint of the biochemist accustomed to ODE modelling only, and serves
mainly for model validation since this cannot be performed on the continuous
level. Having successfully validated the discrete model, the continuous model is
derived from the discrete one by assigning rate equations to all of the atomic
actions in the network. Thus the continuous model preserves the structure of
the discrete one, and the continuous Petri net is nothing else than a structured
description of ODEs.

The approach is presented by a small example, which is however sophisti-
cated enough to highlight the main ideas — it is common sense to practice new
techniques on small examples at first, before attempting larger ones, where the
outcome to be expected tends to be less well-defined.

Moreover we demonstrate how the discrete model can be used to drive the
continuous model by automatically generating sets of biochemically plausible
values for the initial concentrations of protein species.

This paper is organized as follows. The next section provides an overview
on the biochemical context on hand and introduces the running example. Af-
terwards, we demonstrate the step-wise modelling and analysis, where section 3
deals with the contributions by the discrete viewpoint, while section 4 is devoted
to the continuous viewpoint. Having presented our own approach, we discuss
some related work in section 5. We conclude with a summary and outlook on
intended further research directions.

2 Biochemical Context

There are many networks of interacting components known to exist as part
of the machinery of living organisms. Biochemical networks can be metabolic,
regulatory or signal transduction networks. The role of metabolic networks is
to synthesize essential biochemical compounds from basic components, or to
degrade compounds. Regulatory networks are used to control the ways in which
genes are expressed as RNAs or proteins, whereas signal transduction networks
transmit biochemical signals between or within cells.

The two terms “pathway” and “network” tend to be used interchangeably in
the literature, with “pathway” being (implicitly) taken to be a part of a more
general network. In this paper we follow the generally accepted use of the term
“pathway” to refer to the core of a biochemical network, comprising a sequence
of activities, for example a kinase cascade. Thus, for example, we will describe
the ERK pathway as being embedded in a more general signal transduction
network, and that the ERK pathway is a member of a large family of MAP
Kinase pathways.
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In this paper we focus on signal transduction, which is the mechanism which
enables a cell to sense changes in its environment and to make appropriate re-
sponses. The basis of this mechanism is the conversion of one kind of signal into
another. Extracellular signaling molecules are detected at the cell membrane by
being bound to specific trans-membrane receptors that face outwards from the
membrane and trigger intracellular events, which may eventually effect tran-
scriptional activities in the nucleus. The eventual outcome is an alteration in
cellular activity including changes in the gene expression profiles of the respond-
ing cells. These events, and the molecules that they involve, are referred to as
(intracellular) “signalling pathways”; they contribute to the control of processes
such as proliferation, cell growth, movement, apoptosis, and inter-cellular com-
munication. Many signal transduction processes are “signalling cascades” which
comprise a series of enzymatic reactions in which the product of one reaction
acts as the catalytic enzyme for the next. The effect can be amplification of the
original signal, although in some cases, for example the MAP kinase cascade,
the signal gain is modest [I], suggesting that a main purpose is regulation [2]
which may be achieved by positive and negative feedback loops.

The main factor which distinguishes signal transduction pathways from meta-
bolic networks is that in the former the product of an enzymatic reaction becomes
the enzyme for the next step in the pathway, whereas in the latter the product
of one reaction becomes the substrate for the next, see Fig[Il In general, it is
dynamic behaviour which is of interest in a signalling pathway, as opposed to
the steady state in a metabolic network. In gene regulatory networks, on the
other hand, the inputs are proteins such as transcription factors (produced from
signal transduction or metabolic activity), which then influence the expression
of genes — enzymatic activity plays no direct role here. However, the products of
gene regulatory networks can play a part in the transcription of other proteins,
or can act as enzymes in signalling or metabolic pathways.

The ERK pathway (also called Ras/Raf, or Raf-1/MEK/ERK pathway) is a
ubiquitous pathway that conveys cell division and differentiation signals from
the cell membrane to the nucleus. Ras is activated by an external stimulus, via
one of many growth factor receptors; it then binds to and activates Raf-1 to
become Raf-1*, or activated Raf, which in turn activates MAPK/ERK Kinase
(MEK) which in turn activates Extracellular signal Regulated Kinase (ERK).

enzyme3

Fig. 1. The essential structural difference between metabolic networks (left) and signal
transduction networks (right)
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This cascade (Raf-1 — Raf-1* — MEK — ERK) of protein interaction controls
cell differentiation, the effect being dependent upon the activity of ERK. An
important area of experimental scientific investigation is the role that the Raf-1
Kinase Inhibitor Protein (RKIP) plays in the behaviour of this pathway. The
hypothesis is that RKIP can inhibit activation of Raf-1 by binding to it, disrupt-
ing the interaction between Raf-1 and MEK, thus playing a part in regulating
the activity of the ERK pathway.

3 The Discrete Approach

In this section we apply place/transition Petri nets to model the pathway of
interest, and interpret them in the standard way. The reader is assumed to be
familiar with the basic terms and typical analysis techniques; for an introduction
see e.g. [3]. The software tools which have been used in this section are: for
modelling — Snoopy [], and for analysis — the Integrated Net Analyser (INA)
[5], and the Model Checking Kit [6].

3.1 Qualitative Modelling

We apply the well-established modelling principles to represent biochemical net-
works by (various versions of) Petri nets, outlined e.g. in [7], [§].

Accordingly, we create a place/transition Petri net, see Figure[2, of the RKIP
pathway, given in [9] in the style of a bichromatic graph. Circles (places) stand
for the states of a protein or protein complex and are labelled with the cor-
responding name; complexes are indicated by an underscore “” between the
protein names. For example, Raf-1* and RKIP are proteins, and Raf-1* RKIP
is a protein complex formed from Raf-1* and RKIP. A suffix -P or -PP denotes a
single or double phosphorylated protein, for example RKIP-P and ERK-PP. In
the pathway under consideration there are 11 proteins or complexes; a discrete
concentration m1, m2, ... is associated with each protein or complex. In the case
of the qualitative model, these concentrations can be thought of as being ‘high’
or ‘low’ (present or absent).

Rectangles (transitions) stand for reactions, with reversible reactions being
indicated by a pair of two complementary transitions. In this pathway, reactions
comprise protein complexation and decomplexation events, often accompanied
by phosphorylation or dephosphorylation. For example, Raf-1* and RKIP com-
bine in a forwards reaction to form Raf-1* RKIP which can disassociate in a
backwards reaction into Raf-1* and RKIP, or combine with ERK-PP to form
the complex Rafl* RKIP ERK-PP. In this qualitative model, k1, %2, ... stand
for reaction labels.

3.2 Qualitative Analysis

The Petri net enjoys all the pleasant general properties a Petri net insider could
dream of: boundedness, liveness, reversibility, which are three orthogonal basic
behavioural net properties [3]. The decision about the first two properties can be
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INA

ORD HOM NBM PUR CSV SCF CON SC FtO tFO Fp0 pFO MG SM FC EFC ES
Y Y Y Y N N Y Y N N N N N N N N Y
DTP SMC SMD SMA CPI CTI B SB REV DSt BSt DTr DCF L LV L&S

Y Y Y Y Y Y Y Y Y N ? N N Y Y Y

Fig. 2. The Petri net for the core model of the RKIP pathway. Places stand for the
states of the concentration of a protein; complexes are indicated by an underscore “”
between the protein names. Pairs of two complementary transitions stand for reversible
reactions (there are four of them). The layout follows the suggestions by the graphical
notation used in [J]. At the bottom the two-lines result vector as produced by the
Integrated Net Analyser [5] is provided. The properties of interest in the given context
of biochemical network analysis are explained in the text. The initial marking is con-
structed systematically using standard Petri net analysis techniques, compare step (3)
in the qualitative analysis section.

made for our example in a static way, while the last property requires dynamic
analysis techniques. The essential steps of the systematic analysis procedure for
the example are given in more detail as follows.

(1) Structural properties. The following three structural properties reflect
the modelling approach and can be read as preliminary consistency checks.
The net is ordinary, i.e. all arc weights equal to 1. This includes homogeneity,
i.e. the outgoing arcs of each place have the same multiplicity, which is a neces-
sary prerequisite for the Deadlock Trap Property (DTP), see step (4) below.
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The net is pure, i.e. there are no side-conditions. So, the net structure is fully
represented by the incidence matrix, which is used for the calculation of the P-
and T-invariants, see next step.

The net is strongly connected, which involves the absence of boundary nodes.
So, the net is self-contained, i.e. a closed system. Therefore, in order to make
the net live, we have to construct an initial marking, compare step (3).

Moreover, the net belongs to the structural class “extended simple”. Hence,
we know that the net has the ability to be live independent of time, i.e. if it is
live, then it remains live under any duration timing [10].

(2) Static decision of marking-independent behavioural properties.
Model validation should include a check of all minimal P/T-invariants [I1] for
their biological plausibility [§].

A P-invariant stands for a set of places, over which the weighted sum of
tokens is constant, independently of any firing. So, P-invariants represent token-
preserving sets of places. In the context of metabolic networks, P-invariants re-
flect substrate conservations, while in signal transduction networks P-invariants
often correspond to the several states of a given species (protein or protein com-
plex). A place belonging to a P-invariant is obviously bounded.

In the net under consideration there are five minimal P-invariants covering
the net (CPI), consequently the net is bounded. All the P-invariants x; contain
only entries of 0 and 1, which allows a short-hand specification by just giving
the names of the places involved.

21 = (Raf-1*, Raf-1* RKIP, Raf-1* RKIP ERK-PP),

25 = (MEK-PP, MEK-PP ERK),

z3 = (RP,RKIP-P RP),

24 = (ERK, ERK-PP, MEK-PP ERK, Raf-1¥ RKIP ERK-PP),

25 = (RKIP, Raf-1¥* RKIP, Raf-1* RKIP ERK-PP, RKIP-P RP, RKIP-P).

Each P-invariant x; stands obviously for a reasonable conservation rule. The
first name given indicates the species preserved within each P-invariant. Due to
the chosen naming convention, this particular name also appears in all the other
place names of the same P-invariant.

A T-invariant has two interpretations in the given biochemical context. The
entries of a T-invariant represent a multiset of transitions which by their partially
ordered firing reproduce a given marking, i.e. they occur basically one after
the other. The partial order sequence of the firing events of the T-invariant’s
transitions may contribute to a deeper understanding of the net behaviour.

The entries of a T-invariant may also be read as the relative transition firing
rates of transitions, all of them occurring permanently and concurrently. This
activity level corresponds to the steady state behaviour [12]. Independently of
the chosen interpretation, the net representation of minimal T-invariants (the
T-invariant’s transitions plus their pre- and post-places and all arcs in between)
characterize typically minimal self-contained subnetworks with an enclosed bio-
logical meaning.
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The net under consideration is covered by T-Invariants (CTI), which is a nec-
essary condition for bounded nets to be live. Besides the expected four trivial
T-invariants for the four reversible reactions, there is only one non-trivial min-
imal T-invariant y = (k1, k3, k5, k6, k8, k9, k11). The net representation of this
T-invariant describes the essential partial order model of our system, given in
text style: (k1; k3; k5; (k6; k8), (k9; k11)), where “;” stands for “sequentiality”
and “” for “concurrency”. The automatic identification of non-trivial minimal
T-invariants is in general useful as a method to highlight important parts of a
network, and hence aid its comprehension by biochemists, especially when the
entire network is too complex to easily comprehend.

All the properties above relate only to the structure, i.e. they are valid inde-
pendently of the initial marking. In order to proceed we first need to generate
an initial marking.

(3) Initial marking construction. For a systematic construction of the initial
marking, the following criteria have to be taken into consideration.

— Each P-invariant needs at least one token.

— All (non-trivial) T-invariants should be realizable, meaning, the transitions,
making up the T-invariant’s multi-set can be fired in an appropriate order.

— Additionally, it is common sense to look for a minimal marking (as few tokens
as possible), which guarantees the required behaviour.

— Within a P-invariant, choose the species with the most inactive (e.g. non-
phosphorylated) or the monomeric (i.e. non-complexed) state.

Taking all these criteria together, the initial marking on hand is: Raf-1*,
RKIP, ERK, MEK-PP, RP get each one token, while all remaining places are
empty. With this initial marking, the net is covered by 1-P-invariants (exactly
one token in each P-invariant), therefore the net is 1-bounded (also called safe).
That is in perfect accordance with the understanding that in signal transduction
networks a P-invariant comprises all the different states of one species. Obviously,
each species can be only in one state at any time.

In the following, however, we will use an initial marking derived from the
initial concentrations used by Cho et al. [9] as part of their method to estimate
rate parameters required for their ODE model of the RKIP pathway (see Table[I]
in Section [2)). This marking is represented in Figure 2l We use their initial
marking because we focus on the Cho et al. model throughout this paper for
illustrative purposes. We will later in this paper demonstrate that the Cho et al.
initial marking is equivalent to the initial marking which we have constructed,
and that in fact both markings are members of a larger equivalence class of
markings.

With the chosen marking we can check the non-trivial minimal T-invariant
(see step (2)) for realizability, which then involves the realizability of all the
trivial T-invariants. We obtain an infinite run, the beginning of which is given
as labelled condition/event net in Figure[ and characterize this in a short-hand
notation by the following set of partially ordered words out of the alphabet of
all transition labels: (k1; k3; k5; [((k9; k11; k1), (k6; k8)); k3; k5]*). This partial
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MEK-PP ERK-PP Raf-1* RKIP RP

m7@

MEK-PP

m7

MEK-PP ERK-PP RKIP RP

Fig. 3. The beginning of the infinite partial order run of the non-trivial minimal T-
invariant of the place/transition Petri net given in Figure[2l Here, transitions represent
events, labelled by the name of the reaction taking place, while places stand for binary
conditions, labelled by the name of the species, set or reset by the event, respectively.
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order run gives further insight into the dynamic behaviour of the network which
may not be apparent from the standard net representation, e.g. it becomes now
clear that there is no requirement for k6 and k8 to occur before k1.

Having established and justified our initial marking we proceed to the next
steps of the analysis.

(4) Static decision of marking-dependent behavioural properties. The
net belongs to the structural class “extended simple” and the Deadlock-Trap
Property (DTP) holds (any structural deadlock contains a marked trap), there-
fore the net is live, see e.g. [3], [5]. However, most biochemical networks (as well
as non-trivial technical networks) do not fulfill the DTP.

(5) Dynamic decision of behavioural properties. In order to decide re-
versibility we have to calculate the reachability graph. The nodes of a reachability
graph represent all possible states (markings) of the net. The arcs in between are
labelled by single transitions, the firing of which causes the related state change.
Altogether, the reachability graph gives a finite automaton representation of all
possible single step firing sequences. Consequently, concurrent behaviour is de-
scribed by enumerating all interleaving firing sequences (interleaving semantics).

Because we already know that the net is bounded, we do also know that the
reachability graph has to be finite. Here, the reachability graph has 13 states
(out of 2048 = 2! theoretically possible ones), forming one strongly connected
component. Therefore, the Petri net is reversible, i.e. the initial system state
is always reachable again, or in other words - the system has the capability of
self-reinitialization. Further, the liveness of the net has already been decided
structurally, so we know that each transition (reaction) appears at least once in
this strongly connected component.

Moreover, from the viewpoint of the discrete model, all these 13 states are
equivalent, i.e. any of those 13 states could be taken as initial state resulting in
exactly the same total (discrete) system behaviour. That is in perfect accordance
with the observations gained during quantitative analyses, see Section

For reasons of completeness we explored all other possible sensible initial
states. Following our understanding that P-invariants in signal transduction net-
works reflect different states of a given species, the net should be covered by 1-
P-invariants. Therefore we had to consider only those initial markings which do
not contradict this assumption. None of these potential initial markings results
in a net whose behaviour is reversible and live, and only a few of them produce a
terminal strongly connected component in the reachability graph (meaning that
at least this part, consisting of mutually reversible reactions, is live).

This concludes the analysis of general behavioural net properties, i.e. of prop-
erties we can speak about in syntactic terms only, without any semantic knowl-
edge. The next step consists in a closer look at special behavioural net properties,
reflecting the expected special functionality of the network.

(6) Model checking of special behavioural properties. Special proper-
ties are best expressed using temporal logics, e.g. Computational Tree Logic
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(CTL) - a branching time logic, which we are going to interpret in interleav-
ing semantics. For an introduction into the specification of biologically relevant
properties of biochemical networks using CTL see [13].

Because we are in the fortunate position of having a bounded model, these
temporal-logic formulae can be checked using standard model checking tech-
niques. Furthermore, the model under consideration is 1-bounded. Therefore,
we can rely on a particularly rich choice of model checkers to solve this task [6].
In the case of our rather simple example the variety of model checkers is not
important, and the properties could even be checked manually. However, the
state space of more complex networks exceeds typically several millions.

We instantiate some of the generic property patterns provided in [13] and get
the following samples of meaningful statements for our running example, whose
truth can be determined via model checking:

— property 1: There are reachable states where ERK is phosphorylated and
at the same time RKIP is not phosphorylated.
EF [ (ERK-PP V Raf-1* RKIP ERK-PP) A RKIP |
— property 2: The phosphorylation of ERK (to ERK-PP) does not dependent
on a phosphorylated state of RKIP.
EG [ERK — E ( =(RKIP-P v RKIP-P RP) U ERK-PP) ]
— property 3: A cyclic behaviour w.r.t. the presence/absence of RKIP is

possible forever.

AG [ ( RKIP — EF (-RKIP) ) A (-RKIP — EF (RKIP) ) ]

3.3 Summary

To summarize the preceding validation steps, the model has passed the following
validation criteria.

validation criterion 0

— All expected structural properties hold.
— All expected general behavioural properties hold.

validation criterion 1

— CPL
— No minimal P-invariant without biological interpretation.

validation criterion 2

- CTIL.

— No minimal T-invariant without biological interpretation.

— No known biological behaviour without corresponding, not necessarily min-
imal T-invariant.
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validation criterion 3

— All expected special behavioural properties, expressed as temporal-logic for-
mulae, hold.

It is worth noting that not all of the validation criteria outlined above are
always feasible. E.g. it only makes sense to ask for CPI as well as CTI for self-
contained (closed) systems, i.e. without boundary nodes. In the case of signal
transduction networks it depends on the modelling style whether the essen-
tial system behaviour can be explained by the discussion of only T-invariants.
Finally, validation criterion 3 relies on temporal logics as a flexible language
to describe special properties. Thus it requires seasoned understanding of the
network under investigation combined with the skill to correctly express the
expected correct behaviour in temporal logics.

Therefore, the set of meaningful validation criteria has to be adjusted to the
case study on hand, but it should become common practice to do some model
validation and to make the criteria applied explicit.

Now we are ready for a more sophisticated quantitative analysis of our model.

4 The Continuous Approach

In this section we transform our validated time-less discrete model, given as
place/transition Petri net, into a timed continuous one, specified as continuous
Petri net. For an introduction into continuous Petri nets see e.g. [14], [15].

The software tools, which have been used in this section, are: an extended
version of Snoopy [16], supporting modelling as well as analysis by some standard
numerical integration algorithms. Additionally, we use Gepasi [I7] and Matlab
[18] for more detailed analyses.

4.1 Quantitative Modelling

In a continuous Petri net the marking of a place is no longer an integer, but
a positive real number, called token value (which we are going to interpret as
the concentration of a given species). The instantaneous firing of a transition
is carried out like a continuous flow, whereby the current firing rate depends
generally on the current marking.

To be precise we need the following notations: The preset of a node x €
PUT is defined as *z := {y € PUT|f (y,z) # 0}, and its postset as x°* :=

{ye PUT|f (x,y) # 0}

Definition 1 (Continuous Petri net ). A continuous Petri net is a quintuple
CON = (P, T, f,v,mgp), where

— P and T are finite, non empty, and disjoint sets. P is the set of continuous
places, T is the set of continuous transitions.

— f:(PxT)U(T x P) — R§ defines the set of directed arcs, weighted by
non-negative real values.
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— v :T — H assigns to each transition a firing rate function, whereby
H = Uer {h\h ‘RI™ IR} is the set of all firing rate functions, and
dom (v (t)) = *t.

—mg: P — IRS' gives the initial marking.

A continuous transition ¢ is enabled by m, iff Vp € *t : m(p) > 0. Due to the
influence of time, a continuous transition is forced to fire as soon as possible.
The firing rate of an atomic (re-) action depends typically on the current con-
centrations of the substances involved, i.e. of the token values of the transition’s
preplaces. So we get marking-dependent, i.e. variable firing rates. Please note,
a firing rate may also be negative, in which case the reaction takes place in the
reverse direction. This feature is commonly used (but not in this paper) to model
reversible reactions by just one transition, where positive firing rates correspond
to the forward direction, and negative ones to the backward direction.

Altogether, the semantics of a continuous Petri net is defined by a system of
ordinary differential equations (ODEs), where one equation describes the con-
tinuous changes over time on the token value of a given place by the continuous
increase of its pretransitions’ flow and the continuous decrease of its posttransi-
tions’ flow:

P S e - Y F ).

te®p tep®

Each equation corresponds basically to a line in the incidence matrix, whereby
now the matrix elements consist of the rate functions multiplied by the arc
weight, if any. Moreover, as soon as there are transitions with more than one
preplace, we get a non-linear system, which calls for a numerical treatment of
the system on hand.

With other words, the continuous Petri net becomes the structured descrip-
tion of the corresponding ODEs. Due to the explicit structure we expect to get
descriptions which are less error prone compared to those ones created manually
from the scratch. In fact, writing down a system of ODEs by designing a contin-
uous Petri net instead of just using a text editor might be compared to high-level
instead of assembler programming. In order to simulate the continuous Petri net,
exactly the same algorithms are employed as for numerical differential equation
solvers, see e.g. [16].

To transform our qualitative model, see Figure [2 into a continuous one, we
interpret the reaction labels k1,k2,... (k;) as rate constants, which define —
multiplied by the preplaces — the reaction rates (mass action equation pattern).
Then, our continuous Petri net generates the following system of ordinary dif-
ferential equations given below in a structured notation (generated by our con-
tinuous Petri net tool). We use the m1,m2,... (m;) as synonyms for the lengthy
species (place) names. The initial concentrations reappear in Table [II
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dm5 +
=T I — T
dt 5 7 6
dm6 +
=T Irip—TrT
dt 5 10 9
dm7 +
=T rs — T
dt 7 8 6
dms
=Tg —I7 —T
dt 6 7 8

rs = ks *xmy
rﬁzkﬁ*m5*m7
r7 = k7 % mg

rs = kg * mg

dmg +
=T rg —r
dt 4 8 3
dmig
=Tri0+7r11 —r
dt 10 11 9
dm11
=TI9g—T19—1T
dt 9 10 11

T9g Zkg*mG*mlo
rig = kig *my

rip = kyg *myy

ki =0.53 ks = 0.0315 kg = 0.92

ko = 0.0072 ke =0.6 kip = 0.00122
ks = 0.625 k7 = 0.0075 ki1 =0.87

ks = 0.00245 ks =0.071

4.2 Quantitative Analysis

In general, biochemists will wish to use ODE models of biochemical systems
to explore in a general manner possible observable behaviours, for example the
concentration change of a component over time, or the steady-state properties
of the system including oscillatory behaviour. Specifically in the case of sig-
nalling pathways the system components are proteins in both complexed and
uncomplexed forms and in phosphorylated and unphosphorylated states. The
kinds of experimental observations that can be made often result in very coarse
data points — for example immuno-blotting will give quite inexact data on
the relative concentrations of species at a few time-points, the data varying
quite a lot between repeated experiments. In addition, experiments are often
conducted in-vivo in cells, and immuno-blotting applied to the entire cell con-
tents (after lysing, or breaking down the cell wall) — hence there is very little
exactness possible in terms of concentrations since in reality these may vary
through the cell, but local concentrations may not be measurable by this tech-
nique. Moreover it is often not possible to distinguish between the complexed
and non-complexed form of proteins — thus for example the relative concen-
tration of phosphorylated ERK (ERK-PP) will be given as a combination of
ERK-PP alone (m8) plus the ERK-PP component of the Raf-1* RKIP ERK-
PP complex (m4).

Given these inexactitudes, biochemists will want to know the answers to gen-
eral questions, such as “Will the concentration of the phosphorylated form of
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protein X-PP rise for the first 10 minutes after a particular stimulus is given
to the cell, and then remain constant?”, and in the same experiment “Will the
concentration of the unphosphorylated form of protein Y rise from the start of
the experiment, peaking at 20 minutes at a concentration higher than that of
X-PP, and then fall off during the remainder of the time, eventually becoming
less than the concentration of X-PP?”.

The ODE solvers which are normally used to interpret ODE models of bio-
chemical networks rely on exact values of rate constants and initial concentra-
tions in order for the computations to be performed. Thus the results produced
by simulations of ODE models of networks may be over-exact with respect to
the characteristics of the real data. For this reason, biochemists will often inter-
pret the results of ODE-based simulations as indicators of the behaviour of the
components of the network, rather than being concerned with the exact value of
the concentration of a particular species at a particular point in time.

We have performed a quantitative analysis of the results of simulating the
behaviour of the network using a system of ODEs. The aim of this analysis was
to determine whether the 13 ‘good’ initial states suggested by the qualitative
Petri net analysis were indeed in some way equivalent (they all result in the
same steady state), and that no other possible initial states can be used to give
the same results.

The differential equation model of the pathway, taken from Cho et al. [9] and
reproduced in Section F] above, was coded in MatLab. Although these authors
do not explicitly state the initial concentrations of the 11 species when com-
puting the simulation of the network, we have deduced by inspection of Fig. 5
in their paper which presents their simulation results that they are as given in
the uMcy,, column of Table [l For the purposes of our computations we have
mapped any non-zero concentrations to 1, as in column uMpy of that table,
hence our initial concentrations correspond to the marking in the Petri net in
Figure 2

Table 1. Initial concentrations

Species  uMcp,  #MpN

Rafl* 2.5 1

RKIP 2.5 1

Rafl RKIP 0 0
RAF RKIP ERK 0 0
ERK 0 0

RKIP-P 0 0
MEK-PP 2.5 1
MEK-PP ERK 0 0
ERK-PP 2.5 1

RP 2.5 1

RKIP-P RP 0 0

Since there are eleven species, there are 2048 = 2! possible initial states,
including that given in the original paper. Of these, 13 were identified by the
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reachability graph analysis (Section [B2]) to form one strongly connected compo-
nent, making the net live and reversible, and thus to be ‘good’ initial states (see
Table [2]).

These are ‘sensible’ initial states from the point of view of biochemistry, in
that in all these 13 cases, and in none of the other 2035 states, each protein
species is in a high initial concentration in only one of the following states: un-
complexed, complexed, unphosphorylated or phosphorylated. These conditions
relate exactly to the 1-P-invariant interpretation given in our initial marking
construction procedure in Section

We then computed the final steady state of the set of species for each possible
initial state, using the MatLab ODE solver ode45, which is based on an explicit
Runge-Kutta formula, the Dormand-Prince pair [I9], with 100 time steps.

We found that all of the 13 ‘good’ initial states result in the same final state,
within the bounds of computational error of the ODE solver. These results are
summarized in Table [3] which reports the mean steady state concentration and
standard deviation for each of the 11 species.

Table 2. Initial 13 ‘good’ state configurations

Species S1S2 S3 5S4 S5 S6 S7 S8 59 S10 S11 S12 S13
Raf-1* 1001111100 1 1 1
RKIP 100000010 O0O 1 0 O
Raf-1* RKIP 01 000O0OO0OO0O1T1T 0 0 O
Raf-1* RKIPERK-PP O 0 1 0 0 0 0 0 0O 0 0O O O
ERK 0o01o01110 0 0 O
RKIP-P 0001100O0OO0OO0OO0 0 1
MEK-PP 1111001110 0 1 1
MEK-PP ERK 0o0oo001100O0T1 1 0 O
ERK-PP 1100000O0O0OTO0OO0 1 1
RP 1111100111 1 0 1
RKIP-P RP 000001100 O0 01 O

In Figure @ we reproduce two simulations of the model: State 1 corresponding
to the initial marking suggested by Cho et al [9] where the initial concentration of
ERK-PP is high and ERK is low, and State 8 corresponding to the initial mark-
ing, suggested by our approach described above in Section 3.2 with ERK-PP
low and ERK high. State 8 has been confirmed by an expert signal transduc-
tion researcher as the most sensible starting state [20]. The equivalence of the
final states, compared with the difference in some intermediate states is clearly
illustrated in these figures. For example, the concentration of Raf-1* RKIP be-
haves overall in a similar manner in both State 1 and State 8, peaking before 10
minutes although the peak is greater when ERK is not phosphorylated at the
start of the experiment. In Figure Bl we reproduce the computed behaviour of
ERK-PP for all 13 good initial states, showing that despite differences in the
concentrations at early time-points, the steady state concentration is the same
in all 13 states.
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Table 3. Mean values for steady states for the 13 ‘good’ initial states

Species Mean steady state concentration Standard Deviation
Raf-1* 0.2133 0.1225 * 1.0e-04
RKIP 0.1727 0.0854 * 1.0e-04
Raf-1* RKIP 0.2163 0.5546 * 1.0e-04
Raf-1* RKIP ERK-PP 0.5704 0.4346 * 1.0e-04
ERK 0.0332 0.0135 * 1.0e-04
RKIP-P 0.0200 0.0169 * 1.0e-04
MEK-PP 0.7469 0.6020 * 1.0e-04
MEK-PP ERK 0.2531 0.6020 * 1.0e-04
ERK-PP 0.1433 0.1846 * 1.0e-04
RP 0.9793 0.0471 * 1.0e-04
RKIP-P RP 0.0207 0.0473 * 1.0e-04

Statet States

——— Ral-1Star_RKIP
Raf-1Star_RKIP_ERK-PP

RKIP-P
—— MEK-PP_ERK
—— ERK-PP

—— RKIP-P_RP

40 60
Time (sec)

Fig. 4. Dynamic behaviour for state 1 (left) and state 8 (right)

ERK-PP
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°
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o 10 20 30 40 50 60 70 80 £ 100
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Fig. 5. Dynamic behaviour of ERK-PP for all 13 ‘good’ states

We computed the Euclidean distances between the vector of mean values of
the final steady states of the 13 states in the reachability graph and each of
the final steady states for the states not identified by the reachability graph.
These distances ranged from 0.7736 to 6.0889, and we summarize these results
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@

Distance

Fig. 6. Distribution of ‘bad’ steady states as Euclidean distances from the ‘good’ final
steady state

in Figure [l None of the initial states which is not identified by the reachability
analysis resulted in a final steady state which was near that of the set of the 13
‘good’ states.

4.3 Summary
In summary, our results show that

1. All of the 13 states identified by the reachability graph of the validated
discrete Petri net result in the same set of steady state values for the 11
species in the pathway.

2. None of the remaining 2035 possible initial states of the discrete Petri net
results in a final steady state close to that generated by the 13 markings in
the reachability graph.

3. The transient behaviour — the crucial point of interest in signal transduction
networks — of the continuous model is sensible for the 13 states identified
by our method.

5 Related Work

There are several research groups, applying various kinds of Petri nets to model
and analyse biochemical networks. However, most of them are devoted to hybrid
Petri nets, see e.g. [7], [21]; for a bibliography of related papers see [22]. Hybrid
Petri nets comprise the discrete as well as the continuous case. Thus, they have to
be treated by dedicated simulation techniques, instead by standard ODE solvers.

An approach combining qualitative and quantitative analysis techniques is
proposed in [I2]. In this paper time Petri nets are used to describe the steady
state behaviour of a given biochemical network, whereby the time intervals are
derived from the time-less model by help of the T-invariants, which are inter-
preted as firing count vectors. Interval-timed Petri nets provide a continuous
time scale, but keep the discrete firing behaviour. Therefore they can still be
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treated in a discrete way, but they do not help in investigating continuous firing
behaviour, e.g. in the transient state of a given network.

An approach describing the automatic derivation of ODEs from stochastic
process algebra models of signalling pathways is presented in [23]. Consequently,
the authors employ different analysis methods, which might be complementary
to our ones, but they do not generate initial good markings (configurations).

Investigations on the relation between the properties of discrete and con-
tinuous Petri nets are fairly recent, as mentioned in [24]. In contrast to our
approach, these authors focus on technical applications, which are inherently
discrete. Then, they use the continuous model as a relaxation/approximation
of the discrete one to get a better efficiency of analysis. In any case, they find
themselves confronted with exactly the same questions we face: how do the prop-
erties of the one model relate to the properties in the other one. In particular
the paper mentions some open questions of great interest, the solution of which
coincide perfectly with our requirements.

6 Summary

We have created a discrete Petri net model of the influence of the Raf Kinase
Inhibitor Protein (RKIP) on the Extracellular signal Regulated Kinase (ERK)
signalling pathway, based on the ODE model presented by Cho et al [9]. We
have then analysed the discrete model using a set of Petri net based tools and
shown that the model enjoys several nice properties, among them boundedness,
liveness, and reversibility. Moreover, the net is covered by P-invariants and T-
invariants, all of them having sensible biological interpretation, and it fulfills
several special functional properties, which have been expressed in temporal
logic. Reachability graph analysis identifies 13 strongly connected states out of
2048 theoretically possible ones, which permit self-reinitialization of the Petri
net. From the viewpoint of the discrete model, all these 13 states are equivalent
and could be taken as an initial state resulting in exactly the same total (discrete)
system behaviour.

We have then transformed the discrete Petri net into a continuous Petri net,
defining ODEs. We have shown empirically that in the ODE model the 13 initial
states, derived from the validated discrete model, result in the same (continuous)
steady state. This analysis was performed by numerically solving the system of
ordinary differential equations. Moreover, none of the other 2035 possible initial
states result in a steady state close to that derived using those identified by
reachability graph analysis.

Altogether we advocate a two-step technology for the modelling and
analysis of biochemical networks in a systematic manner: (1) qualitative, i.e.
(time-less) discrete modelling and analysis, esp. for the beneficial effect of confi-
dence-increasing model validation, and (2) quantitative, i.e. (timed) continuous
modelling and analysis, esp. with the hope of the reliable prediction of behaviour.
For both steps we favour the deployment of both discrete as well as continuous
Petri nets, sharing the same net structures for a given case. The quantitative
model is derived from the qualitative one only by the addition of the quantitative
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parameters. Hence both models are likely to share some behavioural properties.
However, the meticulous rules of this approach are the subject of further ongoing
investigations by the authors.
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Abstract. Petri net schemata are an intuitive and expressive approach
to describe high-level Petri nets. A Petri net schema is a Petri net with
edges and transitions inscribed by terms and Boolean expressions, respec-
tively. A concrete high-level net is gained by interpreting the symbols in
the inscriptions by a structure. The semantics of this high-level net can
be described in terms of a transition system. Therefore, the semantics of
a Petri net schema can be conceived as a family of transition systems
indexed by structures.

In this paper we characterize the expressive power of a general version
of Petri net schemata. For that purpose we examine families of transition
systems in general and characterize the families as generated by Petri net
schemata. It turns out that these families of transition systems can be
characterized by simple and intuitive requirements.

1 Introduction

Petri net schemata are an expressive formalism to represent algorithms in a
highly abstract manner. Figure [Il shows an example of a Petri net schema: The
edges and the transitions of the underlying Petri net are inscribed by terms
and by Boolean expressions, respectively. Terms and Boolean expressions are
constructed from function symbols (reachable, true, triple, first, second, third)
and wvariable symbols (p, x, y, t). Furthermore, places are usually inscribed by
multiset symbols (P, F, Q).

We will refer to the Petri net schema in Fig. [[l by PHIL. An interpretation
A of PHIL provides a concrete function f4 for each function symbol f and a
concrete multiset M4 for each multiset symbol M. This fixes a high-level Petri
net. Markings and transition occurrences of this net are defined as usual, yielding
a transition system, PHIL 4.

As an example, let A be an interpretation where triple, is the function of
arity 3, creating a triple from its three arguments. The functions first 4, second 4
and third 4, applied to a triple (u1, ug, us), return uy, us, and us, respectively. As
usual, true is interpreted as the truth value true. The multiset symbols P, T and
Q are interpreted by P4 = [a,b,c], Fa = [f, f], and Q4 = [], with [] denoting
the empty multiset.

Intuitively, this interpretation assumes three philosophers a, b, ¢, and two
indistinguishable forks. The predicate symbol reachable is interpreted by

reachable 4 (a, f) = reachable (b, f) = reachable4(c, f) = true.

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 201220} 2006.
© Springer-Verlag Berlin Heidelberg 2006
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thinking phil.
first(t)
forks
| second(®) x,y reachable(p,x)=true A
th|rd(t) reachable(p,y)=true
t triple(p,x.y)
eating phil.

Fig. 1. The Petri net schema PHIL of dining philosophers

Intuitively formulated, each philosopher reaches each fork.

Figure [2 represents the transition system PHIL 4 generated by interpretation
A. Each marking is represented as a three entry column, representing (from up
to down) the token load of thinking phil., forks, and eating phil., respectively.
The initial marking is indicated by an incoming dashed arrow.

[b.c]

(]
[@f.f)]

[f.f]

I
[ac] / \ [a,b]
[(bf f)] [(Cf f)]

Fig. 2. Transition system PHIL 4

A different interpretation of the multiset symbols P, F, Q yields a different
transition system. For example, let A’ be an interpretation of PHIL similar to
A, except for F interpreted by [f, f, f, f]. Therefore, four forks are available in
A’. Figure Bl shows the corresponding transition system.

An entirely different interpretation, B, assumes four different forks 1, 2, 3, 4.
The truth value of reachable(phil, fork) depends on both arguments according to
the table
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(b.c]
[f.f]

[c] / [(af.f)] \ [b]
i -~ ! N
[(af.f),(bf.h)] b [(af.f),(cf.f]

It 2o
[ac] /,(/ : ‘s« [ijb]

[f.f] A [f.f]
b,f,f £.f
[(bf,h)] U . [(cf.h]

N [(b,f,f),(cf.f)]

Fig. 3. Transition system PHIL 4

reachable a b c
1 true false false
2 true true false
3 false true true
4 false false true.

Hence, philosopher a may reach forks 1 and 2, b may reach 2 and 3, and ¢
may reach 3 and 4.

With Pp = [a,b,c], Fg = [1,2,3,4] and Qp = [], B creates a totally differ-
ent transition system PHILpg given in Fig. @l For the sake of simplicity, states
that differ only in the order of the forks in the triples on place eating phil. are
identified.

These small examples already hint to the rich expressive power of Petri net
schemata: For each interpretation A, a Petri net schema N creates a transition
system N4. Hence, N represents a family of transition systems. This leads to
the following question: Which families of transition systems can be represented
by Petri net schemata?

Nielsen, Rozenberg, and Thiagarajan address this problem in [3] for the class
of elementary Petri nets, i.e. nets where each place either is empty or holds a sin-
gle, unspecified token. The semantics of an elementary Petri net is described as
a transition system. They characterize the class of elementary transition systems
and show that this class exactly comprises the transition systems as generated
by elementary Petri nets. In [6] this idea has been extended to a basic class of
Petri net schemata without variables, where the semantics of a Petri net schema
is described as a transition system. Subsequently, the class of algorithmic tran-
sition system is characterized, and is proven to comprise all transition systems
as generated by basic Petri net schemata.

In this paper we expand this work for a general class of Petri net schemata
with variables, which is closely related to the class of predicate/transition nets
1. In contrast to [3] and [6], we allow places to carry multisets of tokens, and
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! [ab]

| [1,2]

v (e3a) ~~
[ac] [a,b,c]/ s [b]
(14 <= [1234] [l

[(b,2,3)] (] 7 al2)(c34)

~2% g

[34]
[(@1,2)]

Fig. 4. Transition system PHILp

describe the semantics of a Petri net schema as a family of transition systems.
Subsequently, we characterize a class of families of transition systems, and prove
this class to comprise all families as generated by Petri net schemata.

The rest of this paper is structured as follows: The next section introduces
syntax and semantics of Petri net schemata formally. Section [3] presents a char-
acterization of the families of transition systems as generated by Petri net sche-
mata. Finally, in Sec. [d] the correctness of this characterization is proven.

2 Petri Net Schemata

We start with the formal background used in the sequel, and proceed with the
syntax of Petri net schemata. Subsequently, the semantics of Petri net schemata
is defined in terms of transition systems.

2.1 Some Basic Notions from Algebra

In this section we recall some basic notions, including multisets, the well-known
formalism of signatures and structures, and transition systems. In addition, we
introduce the notations used in the rest of this paper.

Multisets. A multiset is a collection of elements where an element may occur
more than once. Formally, for a set V', a multiset over V is a function M : V — IN
where M (v) > 0 holds only for finitely many v € V. The set of all multisets over
V is denoted by bags(V). v € V occurs in M (v is an element of M) if M (v) > 0.
E(M) denotes the set of all elements occurring in M. The size of M is

M| =aet Y M(z).

zeV

A multiset is frequently represented as a list in square brackets, e.g. M =
[a,b,b,c,c,c]. As a special case, [] denotes the empty multiset.

The addition M;+ M of two multisets M; and M is defined element-wise by
(M1 + Ms)(v) =det M1(v)+ M2(v). Analogously, the scaling n- M for n € IN and
a multiset M is defined element-wise by (n - M)(v) =qef n - M (v). The partial
order < over multisets is defined by M; < My iff M;(v) < Ms(v) for allv € V.
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In case My < My, the difference My — M; is defined by (My — M) (v) =det
MQ(U) — Ml(’U).

Signatures and Structures. A signature X = (f1,..., fx,n1,..., ) consists
of a set of function symbols f; and their respective arities n; (i = 1,...,k). A
Y-structure A = (U, ¢1, ..., gx) specifies a set U, the universe of A, and inter-
prets every function symbol f; by a n;-ary function g; over U. To refer to the
components of a Y-structure A, the universe of A is denoted by U(A), and the
interpretation of f; in A is denoted by f;4. The set of all X-structures is denoted
by Str(X).

For two X-structures A and B, an isomorphism from A to B is a bijective
function ¢ : U(A) — U(B) where

O(falur,... un)) = fB(d(ur), ..., d(un))

for all n-ary function symbols f from X and uq,...,u, € U(A). If there is an
isomorphism from A to B, A and B are isomorphic.

Terms. Terms are constructed from function symbols and variable symbols.
Given a signature X and a set X of variable symbols, the set of X-X -terms is
constructed inductively: Every variable symbol from X and every 0-ary function
symbol from X is a Y-X-term. If ¢1,...,¢, are Y-X-terms and f is an n-ary
function symbol in X, f(t1,...,t,) is a X-X-term. The set of all X-X-terms is
denoted by Tx(X). The set of variable symbols occurring in a term ¢ is denoted
by var(t).

Assignments, Evaluation, and Y-X-modes. For a set of variable symbols
X and a set of values V, a function o : X — V is an assignment of X over
V. Given a XY-structure A and an assignment of X over U(A), every X-X-term
t can be evaluated to a unique value tq o: If t is a variable symbol from X,
taa =det a(t). If ¢ is a O-ary function symbol from X, t4.o =def ta. In case
t=f(t1,...,tn), tA,q =def fA(tlA,a7 RN tnA,a)- The pair m = (4,«) is a X-X-
mode. Hence, the evaluation of ¢ is written ¢,,. By U(m) =gt U(A) we denote
the universe of m.

Boolean Expressions. For two Y- X-termst; and to, t; = tg is a X -X -equation.
t1 = to is satisfied by a X-X-mode m iff t1,, = ta,,. X-X-equations can be com-
bined to Boolean X'-X -expressions by the usual Boolean operators: Every -X-
equation is a Boolean Y- X -expression. If e; and e, are Boolean Y- X -expressions,
e1 N eo and —e; are Boolean Y- X-expressions. The set of all Y- X-expressions is
denoted by Ex(X). e1 Aes is satisfied in a X-X-mode m iff e; and ey are satisfied
in m, and —e; is satisfied in m iff e; is not satisfied in m. For an arbitrary Boolean
Y-X-expression e, m = e indicates that e is satisfied in m. The set of variable
symbols occurring in an expression e is denoted by var(e).

Multiterms. A multiset of terms is a multiterm. Hence, for a signature X' and
a set of variable symbols X, the set of all X-X-multiterms is

MT5(X) =gt bags(Ts(X)).
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In analogy to terms, a multiterm u is evaluated by a X-X-mode m by replacing
each ¢ in u by its evaluation t,,:

U, =def Z u(t) . [tm].

teTs(X)

Hence, u,, is a multiset over U(m). The set of all variable symbols occurring in
the terms in w is denoted by var(u).

Transition Systems. Let {2 be a set and let — C 2 x 2. Then T = (§2, —)
is a transition system. Each s € 2 is a state of ¥ and — is the step relation of
%¢. Usually, transition systems are equipped with distinguished initial states. We
assume each state as initial, i.e. skip this notion entirely. Consequently, a run
of ¥ may start in any state: A run p = (sg, $1,82,...) is a (finite or infinite)
sequence of states from (2 such that s;_; — s; for all indices 1.

2.2 Syntax of Petri Net Schemata

A Petri net schema is an inscribed Petri net. As usual, a Petri net is a triple
(P, T,F), where P is the set of places, T the set of transitions, and F C (P x
T)U(T x P) the set of edges of N. For x € PUT, *x =q4c {y|(y,z) € F} denotes
the pre-set of z, and x* =gt {y|(z,y) € F} denotes the post-set of z.

A Petri net schema is a finite Petri net where each edge is inscribed by a
multiterm, and each transition is inscribed by a Boolean expression:

Definition 1 (Petri net schema). Let X' be a signature and let X be a set of
variable symbols. Let (P, T, F) be a finite Petri net and let ¢ : T — Ex(X) and
w:F — MTs(X) be functions. Then N = (P, T,F, X X 1, w) is a Petri net
schema.

For technical convenience, we write w(x,y) instead of w((z,y)) for (z,y) € F.
Furthermore, we extend w to (P x T) U (T x P) by w(z,y) =ger [] in case
(z,y) ¢ F.

To give an example, we reconsider the dining philosophers from the introduc-
tion. With X = (reachable, true, triple, first, second, third,2,0,3,1,1,1) and X =
{p,x,y,t}, Fig. [l shows a Petri net schema where each place additionally is in-
scribed by a symbol. For the sake of simplicity, we refrain from place inscriptions
in the above definition, as in Fig. Bl

2.3 Semantics of Petri Net Schemata

A Petri net schema N over a signature Y yields to each Y-structure A a tran-
sition system N,4. The semantics of N can then be conceived as the family of
transition systems {Na} st ()

To define the transition system N 4 formally, we have to specify its states and
its step relation. A state of N4 is represented by a marking of the places in N:

Definition 2 (Marking). Let P and V be sets. Then a function p : P —
bags(V) is a marking of P over V.
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first(t)
second(t) reachable(p,x)=true A
thlrd(t) reachable(p,y)=true
t triple(p,x,y)

Fig. 5. The Petri net schema PHILS without place inscriptions

We abbreviate “marking of the places of N” to “marking of N”. A state of Ny
is a marking of N over U(A):

Definition 3 (State space ). Let N = (P, T,F, X, X,,w) be a Petri net
schema and let A be a X-structure. Then 2§ denotes the set of all markings of
N over U(A).

Thus, 2% constitutes the state space of Ny.

The multiset operations +, —, - and the multiset relation < can be extended
to markings by applying them component-wise for each p € P. For example,
(1 + po is the marking with

(1 + p2)(p) =det p1(p) + p2(p)

for all p € P. For a marking u, the elements of p are the elements occurring in

the multisets of p:
=t |J E(ulp))
peP

A marking of N can be updated by removing some elements from and adding
some new elements to the places of N. The elements to be removed and to be
added are specified by the transitions and edges of N and their inscriptions.

Definition 4 (¢,,,t}). Let N = (P, T,F, Y, X,¢,w) be a Petri net schema, let
t €T, and let m be a X¥-X-mode. Then t,, and t} are markings of N defined
forpe P by

tm(P) =det w(p,t)m,

t%(p) =det W(t,P)m-

Then a step of N4 is obtained by

— choosing an assignment « of X such that (A, ) satisfies ¥(t) for some tran-
sition ¢,
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— removing the elements ¢ , from the marking, and
— adding t} , to the marking.

Hence, the step relation is defined as follows:

Definition 5 (Step relation —%). Let N = (P, T,F, X, X,v,w) be a Petri
net schema and let A be a X-structure. Then —% C QI x QI is defined as

follows: u —% 1 iff there is a transition t € T and an assignment a of X over
U(A) such that

1. (A, «) satisfies ¥(t),
2 5, < H

8.1 =(p—tha)+tha

By 2 and —%\, we defined both components of the transition system Na,
i.e.
Na =aer (24,-0).

According to this definition, for a fixed X-structure A, every marking over the
universe of A is a state of N4. Hence, we do not distinguish initial states, and
accept every marking as an initial marking of N. The transition system N4
comprises all transition systems generated by specific initial states. For example,
the transition systems of Fig.[2land Fig. [ are just components of the transition
system PHILS 4, with PHILS as in Fig. Bl

3 The Expressive Power of Petri Net Schemata

In this section we firstly identify a class of Petri net schemata which we call
well-formed. Secondly, we characterize the expressive power of the semantics of
well-formed Petri net schemata by five requirements.

3.1 Well-Formed Petri Net Schemata

Informally, we call a Petri net schema well-formed, if every variable occurring at
a transition ¢ also occurs as a term at some edge of ¢. Hence, in case transition
t performs a step, the value of each variable is bound to a token consumed or
produced. This restriction is rather natural: In a Petri net schema describing
a distributed algorithm, variables are intended to symbolize tokens residing on
the places. Consequently, Petri net schemata describing distributed algorithms
are always well-formed. [4] presents a large collection of distributed algorithms
specified by Petri net schemata.

As an example, consider the two Petri net schemata in Fig. In both
schemata the variable x occurs in the inscriptions, but no edge is inscribed by .
Hence, in a step the value of x is not bound to a token produced or consumed.
Figure shows a possible “repair” of the schemata in Fig. In both cases
an additional place is supplied such that the value of z is always bound to a
token consumed or produced at the new place.
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(9=0(y) (*- 0=a| X~ )
5

(a) non-well-formed (b) well-formed

—~
X
<

Fig. 6. Some examples of well-formed and non-well-formed Petri net schemata

To define well-formedness formally, we denote, for a transition ¢, the set of all
variables occurring in the inscription of ¢ and in the inscriptions of the edges at
t by var(t):

Definition 6 (Variables at a transition). Let N = (P,T,F, X X ¢, w) be
a Petri net schema and let t € T. Then

var(t) =aer var(y(t)) U | var(w(p,t)) U | var(w(t,p))

peE*t petLe
denotes the set of all variables at ¢.

A Petri net schema is well-formed if, for every transition ¢ and for every variable
x € var(t), at least one edge at t is inscribed by x:

Definition 7 (Well-formed Petri net schema). Let N = (P,T,F, X X,
Y, w) be a Petri net schema such that for every transition t € T and every
x € var(t) holds: There is a p € *t with w(p,t)(x) > 0 or there is a p € t*
with w(t,p)(x) > 0. Then N = (P, T,F, X X 1, w) is a well-formed Petri net
schema.

For the rest of this paper, we restrict ourself to well-formed Petri net schemata,
and assume well-formedness even if not explicitly stated.

3.2 The Expressive Power of Well-Formed Petri Net Schemata

According to Sec.[2 the semantics of a Petri net schema N is a family of transi-
tion systems {Na} acser(x). As declared already in the introduction, our aim is
to answer the following question:

Which families of transition systems can be described by Petri net schemata?

The rest of this paper answers this question. To this end, we fix a signature
X and an arbitrary family of transition systems T = {T4} acsir(x). Then we can
reformulate the above question more precisely:
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Is there a Petri net schema N such that €4 = N4 for each X-structure A?

We answer this question by formulating five requirements to €. These re-
quirements are inspired by Gurevich’s characterization of the expressive power
of Abstract State Machines in [2], which is critically re-examined in [5]. At the
end of this section we present a theorem stating that the above question is an-
swered positively if and only if ¥ meets all five requirements.

The first requirement is merely technical, demanding the state spaces of ¥ be
compatible with the state spaces of the interpretations of a Petri net schema. For
each A € Str(X), let 25 denote the state space of T 4. Then the first requirement
is:

There is a finite set P such that for all A € Str(X), 23 is the set (R1)
of markings of P over U(A).

The second requirement demands ¥ to respect isomorphism. To formalize
this, we extend isomorphisms to multisets and markings: Let A, B € Str(X), let
¢ be an isomorphism from A to B, and let M be a multiset over U(A). Then

(M) =aes Y, M(u)-[g(u)].

u€eU(A)

Intuitively, every element u in M is replaced by its isomorphic element ¢(u). ¢
extends to markings p of P over U(A): ¢(u) is the marking of P over U(B) with

(1) (p) =aet S(u(p))

for all p € P. Hence, all elements in y are replaced according to the isomorphism
¢. For every Y-structure A, let —ﬁ denote the step relation of ¥ 4. Then the
second requirement is:

For two isomorphic X -structures A, B with an isomorphism ¢ from

Ato B holds 11 —3 ' iff (1) —% 6(u'). (R2)

The third requirement demands for each A € Str(X) the state transition
relation —% to be monotonous: A step p —7 g/ remains executable in case p
and p/ are extended by the same marking:

For all A € Str(X) and all markings v of P over U(A) holds: If
T 7 T () (R?))
p—a i then (p+v) —4 (0 +v).
Hence, infinitely many steps of T4 can be derived from a single step u —% '
by extending 1 and u/. Nevertheless, there are some steps that cannot be derived
in this way. We call such steps minimal:

Definition 8 (Minimal step). Let A € Str(X). A step p —3 1/ is minimal if

there is no nonempty marking v with v < p and v < u’ such that (u —v) —%

(W —v).
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According to [[R3)] for every step p —7 ' there exist a minimal step v —% v/

and a marking £ such that p = v + & and ¢/ = v/ + £ The minimal step
v —ﬁ V' specifies the actual change of the step, and £ specifies the context of
the step. As all steps of €4 can be derived from the minimal steps of T4 by
adding some context, the last two requirements will deal with minimal steps
only. These requirements are the most decisive ones: Informally, they require the
actual change of all steps to be bounded, and the set of evaluated terms to be
bounded in all steps.

More precisely, the fourth requirement demands the size of all minimal steps
to be bounded. To this end, we define the size of a marking u as

ul =aet Y (o).

peP

The fourth requirement reads:

There is a constant k € IN such that for each A € Str(X) and for

each minimal step p —% p' holds |u| + |p/| < k. (R4)

The fifth requirement adopts the bounded exploration principle from [2]: There
is a finite set T of terms such that for each X-structure A the step relation —%
is characterized by evaluations of the terms in T'. More precisely, there exists a
finite set X of variable symbols and a finite set of X-X-terms 7" such that for
all A € Str(X) and all u, ¢/ € 25 holds: Whether or not  —% g/ is a minimal
step, depends only on the evaluation of the terms in 7' by A and by assignments
of X over the elements in p and p'.

To formalize this requirement, we introduce indistinguishability of X-struc-
tures wrt a set of terms T and a set of elements E. As an example, consider the
signature X' = (R, true, 2,0) and two X-structures ORD and DIV, both over the
universe IN U {¢rue, false} such that

— trueprp = trueprv = true,
— For 4,j € N holds Rorp (4, j) = true iff i < j,
— For i,5 € IN holds Rpry (i, 7) = true iff i|j.

Hence, Rorp is the usual ordering relation and Rpry is the usual divisor relation
of natural numbers. T = {R(x,y), true} is a set of X-X-terms (where X = {x,y})
and E = {2,4} is a set of elements from the universe of ORD and DIV. Now
evaluation of every term in T with every assignment of X over E yields:

trueprp =true = truepty
Rorp(2,2) =true = Rprv (2, 2)
Rorp(2,4) =true = Rprv(2,4)
Rorp(4,2) =false = Rpry (4, 2)
Rorp(4,4) =true = Rprv (4, 4).

Hence, though ORD and DIV are completely different structures, they cannot
be distinguished by evaluating the terms in 7" with variable assignments over FE.
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The sets T" and E only provide a local view to ORD and DIV, and both ORD
and DIV are equal on those views. Formally, we define indistinguishability as
follows:

Definition 9 (Indistinguishable structures). Let X be a set of variable
symbols and let T C Tx(X). Let A,B € Str(X) and let E C U(A) NU(B)
such that for allt € T and for all assignments o of X over E holds ta o =1pB,q-
Then A and B are indistinguishable by T and E.

Finally, we formulate the fifth and last requirement:

There is a finite set X of variable symbols and a finite set T C
Ts(X) such that for all A,B € Str(X) holds: If p —3% u' is a
minimal step, and if A and B are indistinguishable by T and E(pu)U
E(u'), then p —% .

(R5)

A set T of terms fulfilling the properties in |[(Rb)|is called characteristic for .
The following lemma states that the requirements (R1), ..., (R5) are fulfilled
for the semantics of Petri net schemata:

Lemma 1. Let N be a Petri net schema over X. Then {Na}acsu(x) fulfills
(R1), ..., (R5).

The proof of this lemma is rather simple. For example, a bound k for is
the number of inscriptions at the edges of N, and a characteristic set T' of terms
for is the set of all terms occurring in the inscriptions at the edges and
transitions of N.

Surprisingly, the reverse of Lemmal[Il holds, too. A family of transition systems
fulfilling (R1), ..., (R5) can always be represented by a Petri net schema:

Theorem 1. Let T = {Ta} acsu(x) be a family of transition systems fulfilling
(R1), ..., (R5). Then there is a Petri net schema N such that Na = T4 for all
X -structures A.

The proof of this theorem is considerably harder than the proof of Lemma, [T
and will be given in the next section.

4 Proof of the Theorem

In this section we prove Theorem [l We start by introducing the basic notions
mode isomorphism and T -equivalence. Next, for an arbitrary X-structure A, we
show how a Petri net schema can be derived from a step of ¥ 4. After this, we
introduce isomorphisms between Petri net schemata and composition of Petri
net schemata. Finally, we give the proof of Theorem [l
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4.1 Some Basic Tools

We first extend the notion of isomorphism from structures to modes: Two modes
(A, @) and (B, 8) are isomorphic, if A and B are isomorphic and the assignments
a and (3 respect the isomorphism.

Definition 10 (Mode isomorphism). Let X' be a signature and let X be a
set of variable symbols. Let a = (A, ) and b = (B, 3) be X-X-modes such that
@ is an isomorphism from A to B and B(z) = ¢(a(zx)) for all x € X. Then ¢ is
a mode isomorphism from a to b, and a and b are isomorphic.

It is easy to prove that for two isomorphic X-X-modes a,b holds: If ¢,t' are
Y-X-terms then ¢, = t] iff t, = t}. Hence, this is a necessary requirement for a
and b to be isomorphic.

In case this requirement does not hold for all Y- X-terms ¢, ¢ but only for all
t,t' from a subset T of X-X-terms, we call a and b T-equivalent:

Definition 11 (7-equivalence). Let X be a signature, let X be a set of variable
symbols and let T C Tx:(X). Let a,b be X-X -modes such that t, =t iff ty =t}
for allt,t’ € T. Then a and b are T-equivalent.

The following lemma provides a simple characterization of T-equivalence:

Lemma 2. Let X be a signature, let X be a set of variable symbols and let
T C Tx(X). Then two X-X-modes a and b are T-equivalent iff there exists a
Y -X-mode ¢ such that a and ¢ are isomorphic and t. =t for allt € T.

Proof. (=) Create ¢ from a by replacing for all t € T the element ¢, by ¢, and by
replacing every other element from U(a) by a new element not contained in U (a).
As a and b are T-equivalent, this construction is well-defined. By construction,
a and c are isomorphic, and t. =t for all t € T.

(<) For all ¢,¢' € T holds

ty =t & t. =1, (as a and c are isomorphic)
Sty=t, (ast.=1t, forallteT).

Hence, a and b are T-equivalent. a

We finish this section by presenting two simple properties of a Petri net schema
N: A transition s evaluated by isomorphic modes a and b yields isomorphic
markings s, , s, and s/, s;r. Furthermore, if all terms in the inscriptions of N

are evaluated equally in @ and b, the markings s, s, and s} s;' are equal,
respectively.

Lemma 3. Let N = (P, T,F, ¥, X,¢,w) be a Petri net schema, let s € T, and
let a,b be two X -X -modes.

a

(i) If there is an mode isomorphism ¢ froma tob, then ¢(s;) = s, and ¢(s}) =
+
Sy -

(ii) Let T be the set of all terms occurring in ¢ and w. If t, =t for allt € T,

- — 4= + ot
then s, = s, and s} = s, .

Proof. Follows from Definition [l O



214 A. Glausch and W. Reisig

4.2 Construction of Component Schemata

We prove Theorem [Ilin a constructive manner, i.e. we construct from ¥ a Petri
net schema N. The foundations of this construction are laid in this section: For
a Y-structure A and a minimal step u —3 g/, we construct a Petri net schema
C such that

Lo =G,

2. for every X-structure B, —§ C —%
Hence, C is able to execute some behaviour of ¥ (1.) and does not introduce any
behaviour impossible in ¥ (2.). Later we compose the desired schema N from
schemata constructed in this way.

We introduce the construction of component schemata in detail now. For the
rest of this paper, let T C T(X) be a characteristic set of terms for T (see[[R5))),
let &k be the size bound of minimal steps (see, and let Y be a set of variable
symbols such that |Y'| = k. Furthermore, let A be an arbitrary X-structure and
let u —% p' be an arbitrary minimal step.

First, choose a subset ¥ C Y such that |Y| = |E(x) U E(y/)|. This is always
possible, as | E(u)UE(u')| < k = |Y| according to[(R4)] Let & : Y — E(u)UE(y')
be bijective and set a := (A4, &) (hence, @ is a X-Y-mode).

We will now transform the set of X-X-terms T to a set of X-Y-terms 1" by
replacing the variable symbols X by the variable symbols Y. For this, we need
the notion of variable substitution:

Definition 12 (Variable substitution). Let X' be a signature and let X, Y be
sets of variable symbols. Then a function o : X — Y is a variable substitution.
Fort € Tx,(X), the application of o to t is a X-Y -term, defined inductively as

o(t) = o(t) yifte X
flo(tr),...,o(tn)) ,ift€ X andt= f(t1,...,tn).

Lemma 4. Let X' be a signature and let X, Y be sets of variable symbols and
leto: X =Y. Let t be a X-X-term and let (A, a) be a X-Y-mode. Then

a(t)A,a - tA,aoo-
Proof. Follows from the definition of evaluation of terms and from Def. O

We now introduce a construction whose purpose will become clear in a succeeding
lemma. We apply all variable substitution from X to Y to all terms in T, add
the variable symbols Y, and denote the result by T

T =gt {o(t)teTando: X - Y}UY.

Obviously,

IN

7] < |T|- Y[+ ]Y)

7] - Y X+ ]y,

N

i.e. the size of T' is bounded.
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_ As an example, consider X' = (R,true,2,0) and 7" = {R(x,y),true}. With
Y = {a, b,c} this construction yields:

T = {true,R(a,a),R(a, b),R(a, c),

The following lemma reveals the decisive aspect of this construction (remem-
ber that we fixed a X¥-Y-mode a = (4, &)):

Lemma 5. Let b= (B, ) be a Y-Y -mode such that tz =ty for allt € T. Then
A and B are indistinguishable by T and E(u) U E(1).

Hence, though indistinguishability of A and B is decided by evaluating the terms
in T by multiple assignments (see Def. []), we can verify indistinguishability of
A and B by evaluating the terms in T by the single assignments & and [,
respectively.

Proof. AsY C T, vy = v for all v € Y. Hence, & = 3. Let ‘a be an arbitrary
assignment of X over E(u) U E(u'). As & is a bijection from Y to E(u) U E(u'),
there exists a variable substitution o from X to Y such that

a=daoo. (2)

Therefore, for all terms ¢t € T holds:

taa =taaes (by @)
=o0(t)aa (by Lemma [
—o(t)pa (asolt) € T and 6 = )
=1B,40c (by Lemma )
=1B,a (by @)

As a was chosen arbitrarily, A and B are indistinguishable by T"and E(u)UE(y').
O

From the terms in T we construct an expression e:

t=1t if t = t]
€ =def /\ {—'(t _ t’) . (3)

N , otherwise.
t,t' €T

According to (), the length of e (denoted by |e|) is bounded: For a constant ¢
depending on the length of the longest term in 7" holds

lel < e TP <e- (7] - |Y|X + Y))2. (4)

Finally, we construct component schemata: Let C = (P, T,F, XY, 1, w) be
a Petri net schema with
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T contains only a single transition s, i.e. T = {s},
= F={(p,s)lulp) # 0} U {(s,p)|'(p) # 0},

- ¢(3) =€,

for all p € P,

wp,s) = > up) (@) - [vl,

UEY / ) (5)
w(s,p) =Y 1'(p)(&(v)) - [v].

UEY

Then C' is a component schema to step u —75 1. Notice that in the construction
only s may be chosen freely. Therefore, different component schemata to step
p —3 g/ differ in the transition element s only. The following lemma verifies the
properties demanded for C' at the beginning of this section:

Lemma 6. Let C be component schema to step yu —35 p'. Then

(i) p =G 1,
(ii) for every X-structure B, —§ C —%.

Proof. () For every p € P,

55 (p) = w(p, s)a (Def. H)

[
]
=
=
>
S
=

(by @))

ey a
= u(p)(&(v)) - [va]
vey
= > up) (@) - (&)
veY

= Y up)(w)-[ul=mup) (asais bijective).
uEE(R)UE(n')

Analogously, for every p € P,

s3(p) = w(s,p)a = ' (p)-
Hence, s, = p and s = p/. By construction of e in (@), 1(s) is satisfied in a.
Therefore, according to Def. Bl u —G u'.

@) We have to show that v —§ v/ implies v —F /. So, let v —§ /.
According to Def. [ there is an assignment § of ¥ over U(B) such that e is
satisfied in mode b := (B, ) and v/ = (v — s ) + s,

By construction of e in (@), and as e is satisfied in b and @, for all ¢, € T
holds

th=t, < ta=t,.
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Hence, @ and b are T-equivalent. According to Lemma Pl there exists a mode
d = (D, ) such that
to =tq forallt e T, (6)

and d and b are isomorphic with an isomorphism ¢.
According to the proof of (@), s, —7% si. According to (@) and Lemma Bl

A and D are indistinguishable by 7' and E( ) U E(1'). Hence, implies

s, — -3 sJr As ¢ is a mode isomorphism from d to b, ¢ is an 1som0rphlsm from

D to B. Then implies
o(s3) =5 o(s7). (7)

As d and b are isomorphic with ¢, by Lemma [Bfi) holds s, = ¢(s;) and
si = ¢(sF). As T contains all terms occurring in the inscriptions of schema C,
@) and Lemma3(ii) imply s; = s, and s} = s;. Together this yields:

s, = P(sq) = (s

sy = d(sg) = (s7)-

@ and () together imply s, —% s, Let £ := v — 5, . According to [(R3]
(s; +&) =% (s +€). Furthermore,

()

s, +&=s5, +(v—s5,)=v,

sf+é=sf+(v—s,)=V0".

Hence, v —F V. ]

4.3 Schema Isomorphisms and Composition of Schemata

In this section we introduce two basic notions regarding schemata. First, a
schema isomorphism identifies two schemata with equal inscriptions. Second,
schema composition allows construction of a new schema from two given sche-
mata.

Definition 13 (Schema isomorphism). Let Ny = (P, T1,F1, X, X, 91,w1)
and Ny = (P, T, Fy, X X 15, wa) be Petri net schemata. Let ¢ : Ty — Ta be a
bijective function with

— Pa(¢p(x)) = P1(x) for allz € T,
= (¢(x), 0(y)) € Fa iff (x,y) € Fy,
— w2(¢(2), d(y)) = wi(x,y) for all (z,y) € Fy.

Then ¢ is a schema isomorphism between N1 and No. If there exists a schema
isomorphism between N1 and N2, N1 and No are isomorphic.
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Classically, the places of two isomorphic schemata can be different, too. In our
case, the place sets of considered schemata will always be equal. Therefore,
our notion of schema isomorphism is sufficient and will simplify some technical
details.

The following lemma shows that isomorphic schemata are equivalent in a
strong sense:

Lemma 7. Let N1 and No be isomorphic Petri net schemata. Then —al:—az’

for all X-structures A.

Proof. Follows from Def. [ and [l O

Two schemata are composed by uniting their transitions, edges, and inscriptions.
Again, we consider only schemata with equal place sets.

Definition 14 (Schema composition). Let Ny = (P, T1,F1, X, X, 91,w1)
and No = (P, Ty, Fo, X, X 1o, ws) be be Petri net schemata such that Ty and
Ts are disjoint. Then the union of N1 and Ns is defined as

NiUNy =4ef (P, T1UT2,Fi UF2, X, X, 91 Uthg, wi Uws).

Lemma 8. Let N1 and Ny be Petri net schemata as in Def.[Ij Then

NiUNy __ N, No
—a =—a U—a

Proof. Follows from Def. [l O

4.4 Main Proof

Proof (of Theorem[d)). For a X-structure A, let €(A) be the set of all component
schemata of all minimal steps of T 4. Let

¢ =r  |J €A (9)

AeStr(%)

Hence, € contains all component schemata that can be constructed from €. By
construction of component schemata (see Sec. [2]), for every C' € € holds:

— P is the place set of C,

— C contains only one transition s,

X’ is the signature of C, and Y is the set of variable symbols of C|

— the number of terms at each edge of C' is bounded by k,

the length of every term at each edge of C' bounded by 1,

— the length of the Boolean expression at s is bounded by c- (|T|-|Y[IX! +|Y])?
for a constant c.

Hence, the place set, the signature and the variable symbols are fixed, the number
of transitions and inscriptions is bounded, and the size of the inscriptions is
bounded. Therefore, up to isomorphism, € contains only finitely many different
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Petri net schemata, i.e. € decomposes into finitely many isomorphism classes €4,
e €
For each class €;, choose a C; € €; such that C; and C; have different tran-
sitions for 7 # j. Set N = C; U--- U C,. By Lemma B for all Y-structures A
holds
—ﬁ:—ﬁl U~-~U—>i". (10)

According to Lemmal[d for all C € €; (i =1,...,n),

—4==9. (11)
([I0) and (I yield
-i=U -4 (12)
cec¢

Finally, we prove that —%=—% for all L-structures A:

(©) Let u —ﬁ 1. In case this step is minimal, let C' be a component schema of

p—% 1. By Lemma(i), p —9 /. By @), C € € By @), p =% p'.
Now assume that g —% g’ is not minimal. Then there is a minimal step

v —3 v/ such that g = v + ¢ and p/ = v/ + ¢ for a marking £. According to

the first case, v —% v/. According to [R3)] (v + &) =& (V' + &), therewith

N

= K
(D) Let u — /. By ([2), there is a component schema C' € € with p —9 p'.
By Lemma [Bl(ii), p —5 1. |

5 Conclusion

We introduced a simple, yet expressive version of Petri net schemata, and de-
scribed the semantics of each schema as a family of transition systems. We iden-
tified the subclass of well-formed Petri net schemata, and characterized their
expressive power by five basic requirements. Two requirements of this charac-
terization are decisive and were inspired by [2]: The amount of change in a
step is bound and the steps can be characterized by a finite set of terms
(R5)l Therefore, we successfully transferred the principles of bounded change
and bounded exploration from Gurevich’s Abstract State Machines to Petri net
schemata.

These principles seem to be fundamental for a wide range of system mod-
els. Our future research will concentrate on the extension of these principles to
distributed system models, in particular to distributed semantics of Petri net
schemata and Abstract State Machines.
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Abstract. In this work, we address the problem of transient and steady-
state analysis of a stochastic Petri net which includes non Markovian dis-
tributions with a finite support but without any additional constraint.
Rather than computing an approximate distribution of the model (as
done in previous methods), we develop an exact analysis of an approx-
imate model. The design of this method leads to a uniform handling
of the computation of the transient and steady state behaviour of the
model. This method is an adaptation of a former one developed by the
same authors for general stochastic processes (which was shown to be
more robust than alternative techniques). Using Petri nets as the mod-
elling formalism enables us to express the behaviour of the approximate
process by tensorial expressions. Such a representation yields significant
savings w.r.t. time and space complexity.

1 Introduction

Non Markovian process analysis. The transient and steady-state analysis of
Markovian discrete event systems is now well-established with numerous tools at
the disposal of the modellers. The main open issue is the reduction of the space
complexity induced by this analysis. However in a realistic system, the distri-
bution of the occurrence (or the duration) of some events cannot be described
by an exponential law (e.g., the triggering of a time-out). Theoretically any
“reasonable” distribution is approximated by a phase-type distribution enabling
again a Markovian analysis [I]. Unfortunately the continuous time Markov chain
(CTMC) associated with this approximation is so huge that it forbids its analysis
(indeed even its construction). Such a phenomenon often occurs when the non ex-
ponential distribution has a finite support i.e., when the whole probability mass
is included in a finite subset of IR (non null Dirac, uniform, etc.); then a good
phase-type approximation requires too much stages for a close approximation.
Hence the research has focused on alternative methods. In the case of a single
realization of a non Markovian distribution at any time, successful methods have

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 221240} 2006.
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been proposed [2] both for the transient and steady state analysis, especially in
the Stochastic Petri Net (SPN) modelling framework. Let us cite, for instance,
the method of supplementary variables [3L4] or the method of the subordinated
Markov chains [5].

The general case (i.e., simultaneous multiple realizations of such distributions)
is more intricate. The method of supplementary variables is still theoretically ap-
plicable but the required space and the computation time limit its use to very
small examples. An alternative approach is described for non null Dirac dis-
tributions (i.e., “deterministic” durations) in [6]. The stochastic process, which
is a General State space Markov Process (GSMP) is observed at periodic mo-
ments of time ({hA | h € IN}) and this new process is expressed by a system
of integro-differential equations and solved numerically. The steady-state dis-
tributions of these processes are identical and, with another computation, one
obtains the transient distribution of the original process from some transient
distribution of the transformed process. This method has been implemented in
the DSPNexpress tool [7] (but currently for only two concurrent “determinis-
tic” events with same duration). By imposing conditions on the simultaneous
occurrences of concurrent activities, other authors have also designed efficient
algorithms [8©9LT0,[ITL12] (see section [@ for more details).

Our previous contribution. In [I3] we have proposed a different approach to deal
with multiple concurrent events with finite support distributions. Moreover, in
contrast with other works, our solution does not require specific synchronization
between these events such as non overlapped or nested events. The main idea is
to define an approrimate model on which we perform an ezact analysis. To this
end, given a time interval (say A) we describe the behaviour of the stochastic
model by two components: a CTMC and a discrete time Markov chain (DTMC).
During an interval (hA, (h + 1)A) the behaviour is driven by the CTMC which
corresponds to Markovian events occurring in (hA, (h + 1)A). Non Markovian
activities are taken into account at hA instants only: the corresponding untimed
probabilistic changes of state are processed according to a DTMC.

In the approximate process, the Markovian events are in fact exactly mod-
elled since the set {hA | h € IN} has a null measure. The approximation comes
from non Markovian events: the distribution of a non Markovian event is ap-
proximated by a discrete random variable expressing the number of points hA
that must be reached before its occurrence. Thus the residual number of points
to be met is included in the state of the approximate process. At any moment
hA, the current residual numbers are decreased and the corresponding events
occur when their residues are null.

The approximate process may be analysed either in transient mode or in
steady-state. The transient analysis is done by successively computing the state
distribution at the instants A,2A,... hA,... applying a transient analysis of
the CTMC during an interval A (via the uniformization technique [14]) followed
by a “step” of the DTMC. In order to smooth the effect of the discretization, we
average the distribution upon the last interval with a variant of uniformization.
Since the asymptotic behaviour of the process depends on the relative position



A New Approach to the Evaluation of Non Markovian SPNs 223

w.r.t. the points hA, the approximate process does not admit a steady-state dis-
tribution but it is asymptotically periodic. Hence, for the steady-state analysis,
one computes the steady-state distribution at the instants hA and then starting
from this distribution, one again averages the steady-state distribution upon an
interval.

Our current contribution. Standard benchmarks (like M/D/S/K queue) have
shown that the implementation of our method is at least as efficient as tools
like DSPNexpress-NG [I5]. Furthermore it is robust, i.e., it still provides good
approximations under extreme situations like loaded heavy queues unlike other
tools. However, the space complexity is the main limitation of our method since
a state includes its logical part and the delays of each enabled non Markovian
event. In order to tackle this problem, we start with a high-level description given
by a stochastic Petri net with general distributions. Then we define its semantics
by specifying the associated stochastic process. Afterwards, we introduce an
approximate stochastic process for the stochastic Petri net whose behaviour is
structured as described above.

Thus we give tensorial expressions for the infinitesimal generator of the contin-
uous part of our process and for the probability transition matrix of its discrete
part. More precisely, these matrices are decomposed into blocks and each block
is associated with a tensorial expression. Such a structure is a consequence of the
representation of the state space. Indeed rather than (over-)approximating the
state space by a cartesian product (as done in the original tensorial methods),
we approximate it by a finite union of such products yielding a significant space
reduction. A similar approach has been successfully experimented with in [16]
for SPNs with phase-type distributions.

Here, we face an additional difficulty. Inside an interval, the delay of each
enabled general transitions is non null whereas it can be null at the bounds of the
interval. Thus the state space of the discrete part of the process is an extension
of the one of the continuous part. Furthermore, the block decomposition must be
refined. Indeed inside the interval, states are grouped w.r.t the general enabled
transitions. At the bounds, states are grouped w.r.t both the general enabled
transitions and the fireable ones (i.e., with null delay). Thus the alternation
between the continuous part and the discrete part requires a tricky expansion of
the probability vector. Hopefully, the complexity of this operation is negligible
w.r.t. the other parts of the computation.

The experimentations are still in progress and their results will be provided
in a forthcoming LISTIC technical report. Nevertheless we will detail here some
key features of the implementation.

Organization of the paper. In section Pl we recall the principle of our approach
for a general stochastic process. Then we present the approximate process of a
stochastic Petri net in section[3l Afterwards we develop in section [ the tensorial
expressions of the matrices defining the behaviour of this approximate process.
We give information about our implementation in section Bl In section [B, we
show that all the previous methods handle particular cases of the systems that
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we are able to analyse. Finally we conclude and we give indications on future
developments of our work.

2 The Approximate Method

2.1 Principle

Semantics of the approzimate process As mentioned in the introduction, we
define an approzimate model (say Y (4)) of the initial model (say X), on which
we perform an exact analysis. The main idea is to choose a time interval A and
to restrict in Y(4) the non Markovian events to only occur at times ¢, = hA.
We then study in an exact way the evolution of the stochastic process Y(4) in
each interval (¢p,,tp+1) and during the state changes at time ¢, . We stress that
the starting times of the active non Markovian events are in no way related.
We obtain such a model Y(?) from a general model with non Markovian
finite support distributions as follows. The distribution of every non Markovian
event is approximated by a discrete time distribution lying on points hA. Let us
note that although A seems to be the approximation parameter, the appropriate
parameter is the maximum number of points used to express the distribution.
Moreover this indicator is the key factor for the complexity of our analysis.

\ \ \ \ \ >
DTMC P P P P

. U, . W W

Fig. 1. Time decomposition

In the approximate process, the Markovian events occur during the intervals
(hA, (h + 1)A). Non Markovian events always occur in {hA | h € IN}. Let us
describe how they are scheduled. When a non Markovian event is enabled in an
interval (hA, (h 4+ 1)A) due to the occurrence of a Markovian event, then its
approximate distribution is interpreted as the number of points kA that must
be met before its occurrence. Here we can choose whether we count the next
point (i.e., an under-evaluation of the approximated distribution) or not (i.e., an
overestimation of the approximated distribution). The impact of this choice will
be discussed later. Thus the residual number of points to be met is included in
the state of Y(4). At any moment hA, the current residual numbers correspond-
ing to non Markovian events are decreased. If some residues are null then the
corresponding (non Markovian) events occur with possibly some probabilistic
choice in case of conflicts. The occurrence of these events may enable new non
Markovian events. Such events are handled similarly except that the next point
is always counted since now it corresponds to a complete interval. If we denote
by t, () the “time” before (after) the state change in t5, the process Y (4) is
defined by two components:
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— the subordinated process in (t,t,+1) associated with states at t; records
only exponential events. It is then a CTMC defined by its generator Q;

— the state changes at t; are defined by a stochastic matrix
P[i,j] = Pr(Y@)(hAT) = 5 | YA (hAT) =).

Thus the Markov Regenerative Process (MRGP) Y(4) is fully defined by its
initial probability vector m(0) and the matrices P, Q (figure [l). These three
components depend on A since the state space includes the residual number
of instants per activated event. We stress however that, even if non Markovian
events occur at hA, all kinds of concurrency are allowed between the activities
of the system, contrary to previous methods.

Furthermore, it is important to note that in the approximate process, the
Markovian events are in fact ezactly modelled since the set {hA | h € IN} has a
null measure. The only approximation comes from non Markovian events: their
approximate distribution is interpreted as the number of points kA that must
be met before their occurrence.

This approximate process may be analysed either in transient mode or in
steady-state. The proposed analysis is an adaptation of the classical Markovian
renewal theory methods.

Transient analysis. The transient analysis is performed by successively comput-
ing the state distribution at the instants A, 24, ... applying a transient analysis
of the CTMC during an interval A (via the uniformization technique [14]) fol-
lowed by a “step” of one of the DTMC. In order to smooth the effect of the
discretization, we average the distribution on the last interval (with a variant of
the uniformization).

Let w(hA%) be the probability vector of the process Y(4) at time hA after
the discrete time change, and 7x the probability vector of the initial model. We

have:
w(hAY) = w((h — 1)A1)eQ4P = 7(0)(e}4P)"

Since we want to smooth the discretization effect, we define the approximate
value () (hA) of wx(hA) as the averaged value of the probabilities of the
states of Y (&) in [ty,, tn1]:

1 DA 1 A
n(r)dr =  w(0)(eLP)" / eQdr (1)
A Jha A 0
Finally, we are in general interested by performance measures defined on the
states of the system, and not on the states of the stochastic process Y (4). Hence,
all components of w(“)(t) corresponding to a given state of the original system
(i.e., when neglecting the residual numbers) are summed up to compute perfor-
mance measures.

7 (hA) =

Steady-state analysis. Since the distribution depends on the relative position
w.r.t. the points hA, the approximate process does not admit a steady-state dis-
tribution but it is asymptotically periodic, with period A. We first compute the

(approximate) steady-state distribution at times hA: 7w(4) =4 limp 00 w(RAT).
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This steady-state distribution is computed by a transient analysis stopped when
the distribution is stabilised. Since Y(4) is asymptotically periodic with A as
period, we average the steady-state distributions on an interval [0, A]. Then the
approximate steady-state distribution is given by:

@_ 1,a (%0

T e~"dr 2
Rl (2)

As in the transient case, all components of (%) corresponding to a given state

of the system are summed up to compute performance indices.

2.2 Numerical Considerations

Formulae ([Il) and (@) for transient and steady-state probabilities involve vector-
matrix products with possibly very large matrices, either Q4 or 1(4) =
fOA eQ7dr. Moreover, it is well-known (and reported as the “fill in” phenomenon)
that, although Q is generally very sparse, e®7 is not sparse at all. Since these
matrices are only required through vector-matrix products, the usual approach
[17] is to never compute these matrices explicitly but to compute directly the
vector-matrix products avoiding the fill in phenomenon. The products of a vector
by an exponential matrix are based on the series expansion of the exponential
matrix (uniformization) and numerical summation until a required precision level
is reached. This is the method that we have implemented.

When we need eQ" we follow the uniformization approach [I8]. If A, = I+ i Q
is the uniformised matrix of Q with rate u > max;{|gi;|}, we have

Qr _ —ur (UT)k k
Y (A ®

k!
k>0

For the transient solution (), (0) (eQ4P)" is computed iteratively. During
the algorithm only one current vector V indexed on the state space is required
(two for the intermediate computations) and for each step we apply the vector-
matrix product method to V - eR4P. The computation of I(4) = fOA eQTdr is
based on (). By definition,

I(A) — Zk> |:f0 —ut (Ut dtj| (A )
An elementary derivation with 1ntegrat10n by parts and summation gives:

h=k
1 _ (uA)?
I(A) — 2 1— uA §
w [ ’ h=0

k>0

A" (4)

As for eQ4, we only need I(4) through products } -V - I4). We compute
these products iteratively to avoid the fill in. An analogous approach was used
in [19] for steady-state solution of Deterministic Stochastic Petri Nets (DSPN)
but restricted to one deterministic event at any given time.

Steady-state solution is obtained in a similar way, steps V("+1) = v(m)Qap
being computed until convergence.
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Algorithm 2.1. Computing the approximate probability distribution (time
horizon 7)

// € is the required precision
// no is the initial value of n, the subdivision factor
// inc is the additive term applied to n at each step of the iteration
begin
n < ng

compute 7\'7(LL)( ) and mi (1)

Ve (mP(r) + mi (1) /2
repeat

n «— n-+inc

oldV «—V

oldriP (1) — =P (7)

oldr™ (¢ )<—7T<H>( )

compute wi" ( ) and i (T)
d — 1/ w@;( 7) — oldﬂ'n (T)|

|
a1/ = <>cMw ') |
V — (d%L w8 () + d xS (7')) / ( Dy d'SLH))
d+—|V —oldV |
until d <e
// V is the approximation

end

Choosing an approzimate probability vector. Recall that our goal is to give an
approximate probability vector 7w(%) either at time 7 or in steady-state for models
with finite support distributions. The parameter of the approximation is given
by n leading to the interval length A = 1/n.

The computation of the approximate () () is given in Algorithm 2] for
the transient case with a given time horizon 7. The main idea is to compute
successive approximation vectors until a given level e of precision is reached.
At each step we increase the precision of the approximation by decreasing the
size A of the elementary interval. In the algorithm, we use the L; norm || 7, —
o ||= >, |m1[i] — 72[i]| to compare two probability distributions 7r; and 7, and
the precision of the approximation is given by the distance between successive
vectors.

The special feature of the algorithm lies in the definition of our approximate
vector (V). Recall (see section BT]), that for a given n (hence A) we can choose
between two approximations depending whether we count or not the next kA to
be met in the value returned by the discrete random variable corresponding the
distribution of a non Markovian event. This gives us two approximate vectors

at time hA denoted by s (1) and i (7). We observed during our exper-

iments that the sequences (WSLL)(T))HE{HOM.Z-M} and (7\'7(LH) (T))nefno+k-inc} are

both convergent but that || 7T7(LL)(T) — D (7) | ne{no+k-incy does not necessarily
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converge to 0. Moreover, several comparisons have shown that depending on the
parameters, one of the two sequences converges faster than the other and that
the corresponding limit is closer to the exact distribution (when available) than
the other one. These behaviours have led us to define the approximate distribu-
tion for n as a weighed sum of 7T£LL)(T) and i (1) based on their respective
convergence rate as given in the algorithm. Note that, as usual with efficient
iterative methods, we are not able to estimate analytically the convergence rate.

The steady-state approximate distribution algorithm is defined similarly ex-
cept that the successive approximations are computed with the method explained
in the steady-state analysis paragraph.

Note that we compute iteratively the sums () and (2) so that we only store
two probability vectors during computation and no (full) exponential matrix.

3 Application to Stochastic Petri Nets

3.1 Presentation of Stochastic Petri Nets

Syntax. A stochastic Petri net is a Petri net enhanced by distributions asso-
ciated with transitions. In the following definition, we distinguish two kinds of
transitions depending on whether their distribution is exponential or general.

Definition 1. A (marked) stochastic Petri net (SPN) N = (P, T, Pre, Post, p,
b, w, mgp) is defined by:

— P, a finite set of places

- T =Tx WTg with PNT = 0, a finite set of transitions, disjoint union of
exponential transitions Tx and general transitions Tq sets

— Pre (resp. Post), the backward (resp. forward) incidence matriz from P xT
to IN

— 1, a function from Tx to R, the strictly positive rate of exponential tran-
sitions

— @, a function from Tg to the set of finite support distributions defining the
distributions of the general transitions

— w, a function from Tg to R, the weight of the general transitions

— mo, a integer vector of INY the initial marking

Notations

— dmax(t) = [Inf(z | 2(t)(z) = 1)] denotes the integer least upper bound of
the support of @(t) (i.e., the range of a random variable with distribution
P(t))-

— Let m be a marking, En(m) = {t | m > Pre(t)} denotes the set of enabled
transitions. En~ (m) = En(m)NTx (resp. En%(m) = En(m)NTg) denotes
the set of enabled exponential (resp. general) transitions.

—Tag = {t1,...7tn9}.
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We assume that Vt € T, @(¢)(0) = 0, meaning that a general transition
cannot be immediately fired. This also excludes the possibility of immediate
transitions. This restriction is introduced only for readability purposes. In a
forthcoming technical report, we will indicate how we handle this case which
requires more complicated computation also encountered with discrete time SPN
[20, 21 11].

Semantics. We briefly sketch the dynamic behaviour of the stochastic process
associated with an SPN. In fact, we give two equivalent descriptions. The former
is a standard one whereas the latter takes into account the properties of the
exponential distribution.

e Flirst description. At some time 7, a tangible state of the stochastic process is
given by a marking m and a vector d of (residual) non null delays over En(m).
The process lets time elapse until 7 + dmin where dmin = Inf(d(t)) decre-
menting the delays. Let Fired be the subset of transitions such that the cor-
responding delay is now null. The process performs a probabilistic choice be-
tween these transitions whose distribution is defined according to their weights
(for this semantics, we associate also weights with exponential transitions). Let
t be the selected transition, an intermediate state is reached with marking
m’ = m — Pre(t) + Post(t). If (Fired\ {t}) N En(m’) # 0, the process per-
forms again a choice between these transitions and fires the selected transition.
This iterative step ends when all the transitions in Fired have been selected or
disabled at least once. Given m’ the reached marking, a new tangible state is
now obtained by choosing a delay for every t € En(m’) such that either ¢ was not
enabled in one of the previous markings or ¢t was fired. This probabilistic choice
is done according to ®(t) or to the exponential distribution of parameter pu(t)
(depending on the type of the transition). Note that delaying these choices after
Fired has been exhausted does not modify the semantics due to our assumption
about &(¢)(0).

e Second description. At some time 7, a tangible state of the stochastic process is
given by a marking m and a vector d of (residual) non null delays over En%(m).
The process “computes” probabilities of some events related an hypothetical
delay (say also d(t)) for every t € En*X(m) chosen according to the exponential
distribution of parameter p(t) and an hypothetical induced dmin = Inf(d(t) |
t € En(m)). These (mutually exclusive) events are: dmin is associated with
a single exponential transition ¢ or dmin is associated with a set of general
transitions, Fired. The other cases have a null probability to occur. We note
dmin® = Inf(d(t) | t € En®(m)) Thus the process randomly selects one of
these cases according to these probabilities and acts as follows:

— The hypothetical dmin is associated with a single exponential transition
t. The process selects a delay dcur for firing ¢ according to a conditional
distribution obtained from the exponential one by requiring that dcur <
dmin®. Then the process lets time elapse until 7 + dcur and the delays
of general transitions are decremented. Afterwards t is fired and for every
transition ¢ € En%(m’) \ En®(m) a new delay is chosen according to ®(t').
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— dmin = dmin® is associated with a set of general transitions denoted Fired.

The process lets time elapse until 7 +dmin® decrementing the delays. Then
the process performs a probabilistic choice between the transitions of Flired
w.r.t. their weights. Let ¢ be the selected transition, an intermediate state is
reached with marking m’ = m— Pre(t)+ Post(t). If (Fired\{t})NEn(m’) #
(), the process performs again a choice between these transitions and fires the
selected transition. This iterative step ends when all the transitions in Fired
have been selected or disabled at least once. Given m’ the reached marking, a
new tangible state is now obtained by choosing a delay for every t € En%(m/)
such that either ¢ was disabled in one of the previous markings or ¢ was fired.
This probabilistic choice is done according to ®(t).

Discussion. When defining semantics for SPNs one must fix three policies: the
service policy, the choice policy and the memory policy. Here in both cases we
have chosen the simplest policies. However most of the other choices do not yield
significant additional difficulties w.r.t. the application of our generic method. Let
us detail our policies. First, we have chosen the single server policy meaning that
whatever is the enabling degree of an enabled transition ¢ we consider a single
instance of firing for ¢. Second, we have chosen the race policy meaning that the
selection of the next transition to be fired is performed according to shortest
residual delay: this is the standard assumption. In order to select transitions
with equal delays, we perform a probabilistic choice defined by weights. Last,
we have chosen the enabling memory meaning that the delay associated with
a transition is kept until the firing or the disabling of the transition. Finally,
the firing of a transition ¢ is considered as atomic meaning that we do not look
at the intermediate marking obtained after consuming the tokens specified by
Pre(t) in order to determine which transitions are still enabled.

3.2 An Approximate Stochastic Process for SPNs

The approximate process we propose behaves as the generic process of section 2l
It is parameterized by n and A = 1/n where the greater is n the better is the
approximation.

First we compute for ¢ € Tz, ¢"(t) an approximate discrete distribution of
D(t).

Definition 2. Let @(t) be a finite support distribution with integer l.u.b. dmax(t)
such that ®(t)(0) = 0. Then the distribution ®" (t) is defined by the random variable
X:

— whose range is defined by range™(t) = {1,2,...,n-dmax(t)—1,n-dmax(t)},
— and Prob(X =1) = &(t)(i/n) — d(t)((i — 1)/n).

The semantics of the approximate process is close to the second description of
the semantics of the SPN. However, here the time is divided in intervals of length
A and the firings of a general transition may only occur at some hA. At a time
T € [hA, (h + 1)A), a tangible state of the approximate process is defined by
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a marking m and and a vector d of (residual) non null delays over En®(m).
The residual delay d(t) € {1,2,...,n-dmax(t) — 1,n - dmax(¢)} and is now
interpreted as the number of intervals to elapse before the firing of ¢.

The process “computes” probabilities of some events related to an hypothetical
delay (say also d(t)) for every t € En*(m) chosen according to the exponential
distribution of parameter u(t) and an hypothetical induced dmin = Inf(d(t) |
t € En*(m)). These (mutually exclusive) events are: dmin < (k +1)A — 7 and
dmin is associated with a single exponential transition ¢ or dmin > (k+1)A—7.
The other cases have a null probability to occur. Thus the process randomly
selects one of these cases according to these probabilities and acts as follows:

— The hypothetical dmin < (k+1)A—7 is associated with a single exponential
transition ¢. The process selects a delay dcur for firing ¢ according to a
conditional distribution obtained from the exponential one by requiring that
deur < (k+1)A—7. Then the process lets time elapse until 7+ dcur and the
delays of general transitions are unchanged as the process lies in the same
interval. Afterwards ¢ is fired and for every transition t € En®(m/)\ En®(m)
a new delay is chosen according to @™ (t').

— dmin > (k+1)A—7. The process lets time elapse until (k+1)A decrementing
by one unit the delays. Let Fired be the subset of transitions of En®(m) with
a null delay. Then the process performs an probabilistic choice between the
transitions of F'ired defined by their weight. Let ¢ be the selected transition,
an intermediate state is reached with marking m’ = m — Pre(t) + Post(t).
If (Fired\ {t}) N En(m') # 0, the process performs again a choice between
these transitions and fires the selected transition. This iterative step ends
when all the transitions in Fired have been selected or disabled at least
once. Given m’ the reached marking, a new tangible state is now obtained
by choosing a delay for every t € En%(m’) such that either ¢ was disabled
in one of the previous markings or ¢t was fired. This probabilistic choice is
done according to @"(t).

At this stage, it should be clear that this approximate process is a special case
of the process we have described in section 21 During an interval (hA, (h+1)A),
only the Markovian transitions fire whereas at time points hA, only the general
transitions fire. It remains to define the state space of this stochastic process
and the associated matrices P and Q.

4 From a SPN to the Tensorial Expressions of Its
Approximate Process

4.1 The State Space Associated with the Matrix Q

As usual with the tensorial based methods, we build an over-approximation
of the state space. However here, this over-approximation is reduced since we
represent the state space as a finite union of cartesian products of sets instead
of a single cartesian product.
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First, one builds the reachability graph of the untimed version of the SPN. It is
well-known that all the reachable markings of the SPN are also reachable in this
setting. Let us denote the set of reachable markings M, the second step consists
in partitioning M w.r.t. the equivalence relation m = m/ iff En(m) = En%(m’).
Thus M = M(TE,)W...” M(TE,) with TE; C Tg and M(TE;) ={m € M |
En%(m) = TE;}.

According to section B2 M S the set of tangible states may be decomposed
as follows:

MS = L—Ij M(TE;) (H range”(ty, TE; ))

i=l..e g=1
where range™(t, TE;) is:

— {0} ift ¢ TE;,
— range™(t) otherwise

In this expression, we have associated an artificial delay (0) with each disabled
general transition. This does not change the size of the state space and makes
easier the design of the tensorial expressions.

4.2 Tensorial Expression of Q

Let us recall that the matrix Q expresses the behaviour of the SPN inside an
interval (hA, (h41)A). Thus a state change is only due to the firing of an expo-
nential transition. As usual with tensorial methods for continuous time Markov
chains, we represent Q = R — Diag(R - 1). The matrix R includes only the
rates of state changes whereas the matrix Diag(R - 1) accumulates the rates
of each row and s it on the diagonal coefficient. Generally the latter matrix is
computed by a matrix-vector multiplication with the tensorial expression of R
and then stored as a (diagonal) vector. Thus we focus on the tensorial expression
of R. More precisely, due to the representation of the state space, R is a block
matrix where each block has a tensorial expression. We denote R; ; the block
corresponding to the state changes from M (TE;) x (IT,2, range™(ty, TEs)) to
M(TE;) x ([T, range (tg,TEj))
We first give its expression and then we detail each component.

Rij = lz M(t)R;,j(t)] (09 <® R'z’J(ﬁq))
g=1

teTx

For t € Tx, the matrix R} ;(¢) is a binary matrix (i.e., with 0’s and 1’s) only
depending on the reachablhty relation between marklngs the presence of a 1 for
row m and column m’ witnesses the fact that m - m’.

For t, € Tg, the matrix R/ ;(t;) expresses what happens to the delay of t,
when an exponential transition is fired. An important observation is that this
matrix does not depend on the fired transition. Indeed it only depends on the
enabling of t, in M(TE;) and M(TE;), i.e., whether t, € TE; and t; € TEj.
If t4 belongs to both the subsets, the delay is unchanged (yielding the identity
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matrix I). If ¢, does not belong to T'E;, the delay is reset to 0. Finally, if ¢,
belongs to T'E; and does not belong to T'F; the delay is randomly selected w.r.t.
the distribution " (t,) (see table ).

Table 1. Structure of matrices R} ;(t,)

ty € TE; t, ¢ TE,

1
1
ty € TE; I .
1
tg ¢ TE: D" (ty) [1}

Due to the previous observation, rather than computing the matrices the
matrix R; ;(t) for every ¢ € T, it is more efficient to compute their weighted
sum:

RX,;; = Z n(t)R; (1)

teTx

Furthermore, this computation can be performed on the fly when building the
reachability graph of the net.

4.3 The State Space Associated with the Matrix P

The matrix P expresses the instantaneous changes at instants hA. Such a change
consists in decrementing the delays of the enabled general transitions followed
by successive firings of general transitions with null delays (see section B.2)).

First, observe that the delay of a general enabled transition ¢ during the
intermediate stages may be either 0 (when ready to fire) or any value in range™(t)
(when newly enabled). Thus the state space needs to be expanded to include
null delays for enabled transitions. Furthermore, the matrix decomposition into
blocks needs to be refined in order to obtain a tensorial expression. Indeed the
decomposition associated with Q was based on the set of the enabled general
transitions. Here a block will correspond to a pair (T'E;, TF') where TF C TE;
represents the enabled transitions with null delay. We call such a transition a
fireable transition.

Thus M S’ the set of vanishing states may be decomposed as follows:

MS' = L—ij L—lj M(TE;) x (H range"(thEi,TF))
i=1..e TFCTE; g=1
where range™(t, TE;, TF) is:

- {0}ift¢TE; orteTF,
— range™(t) otherwise
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m 00 -
Moo | TR
m 01
mo1 | TF={t}
m 11 4
m 21
s
m21 7 m10 | TF=(t)
m20
TEi=TG={t1,t2} m 11
range'(t,)={1,2} m 21 TE=0
11
range'(t,)={1} m 21

Fig. 2. Expanding the state vector while decrementing the delay

During the computations, we will expand the current probability vector then
we will multiply it by P and afterwards contract it. Figure[2illustrates the expan-
sion of a block M (T'E;) x ([[;2, range™ (ty, T E;)) into blocks ¥y pepp, M(TE;)
x (TT,2, range™(ty, TE;, TF)). We have represented inside the boxes the indices
of the vectors (and not their contents). In fact, we perform simultaneously the
expansion and the decrementation of the delay. The copy of contents are repre-
sented by the arrows. The contraction is not represented as it is straightforward
to design. It consists in copying the contents of the block associated with TF = ()
to the original block.

4.4 Tensorial Expression of P

In order to describe the matrix P we adopt a top-down approach. First, P =
DE- (P°™¢)"s . C where DE corresponds to the delay decrementation phase with
expansion of the probability vector and C corresponds the contraction of this
vector. We do not detail these matrices since, in the implementation, they are not
stored. Rather the effect of their multiplication is coded by two algorithms whose
time complexities are linear w.r.t. the size of the probability vector. The matrix
Pe™¢ represents the change due to the firing of one fireable general transition in a
state or no change if there is no such transition. Depending on the state reached
at the instant hA and of the choice of the transitions, a sequence with variable
length of general transitions may be fired. However due to our assumption about
the distributions, this length is bounded by n,. Thus our expression is sound.

Let us detail P°"¢. We denote P°"¢(i, T'F, j, TF’) the block corresponding to
the state changes from M (TE;) x (Hgil range™(ty, TE;, TF)) to M(TE;) x
( Zil range™(ty, TE;, TF")).

If TF = then P°"¢(i,(,4,0) = I and for every (5, TF’) # (i,0)
Pere(i, 0,5, TF'") = 0.
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Assume now that TF # () then P°"¢ corresponds to a probabilistic choice of
a transition in T'F and its firing. Thus we write:

P (i, TF,j,TF') = P (i, TF,j, TF")

teZTF Sierpw()
Similarly to the case of Q, P¢"°(i, TF,j,TF’) can be expressed as a tensorial
product:

Ng
Py"e(i, TF, j, TF') = PM(t,4, 5) (X) <® PGty t,i,TF,j, TF’)) :
g=1

The binary matrix PM(¢, 7, j) only depends on the reachability relation between
markings: the presence of a 1 for row m and column m’ witnesses the fact
that m - m/. These matrices can be computed on the fly when building the
reachability graph of the untimed net.

For t, € T, the matrix PG(ty,t,4,TF,j, TF’') expresses what happens to
the delay of t, when t is fired. Its structure is described in table 2l The only
possibility for ¢4 to be fireable is that it was still fireable and not fired (second row
of first column). If ¢, is enabled but not fireable, then it was still in this situation
with the same delay or was disabled and then the delay is chosen according to
its distribution (see the second column). If, after the firing of ¢, ¢, is disabled
then its delay is reset (see the third column of the table).

Table 2. Structure of matrices PG(ty,t,3, TF, j, TF')

ty € TF' t, € TE;\TF' t, € Te \ TE,

ty=tVt, € Te \TE:  [0] D" (tg) 1]
0 1
0 1
ty € TE;\TF . I
0 1

5 Implementation Details

Our implementation is coded in the Python language [22] completed with the
Numerical package [23] for better linear algebra computations and the sparse
package [24] for efficient handling of sparse matrices. All our computations were
done on a Pentium-PC 2.6Ghz, 512MB.

Let us explain some important features of this implementation. The SPN is
described by means of a Python function called during the initial phase of the
computation. During this step all data structures which are independent of the
“precision” parameter n (or A) are built. This includes the reachability graph,
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the sets TE;, TF for a given TE; and the state spaces M (T'E;). We also store
the matrices RX; ; and the PM(t, 1, j) matrices in a sparse format. The R; ;(t4)
matrices are encoded in a symbolic way, that is to say we store what kind of
matrix we are dealing with, among the ones given in Table [[I Each of these
matrices will be “expanded” for a given n when needed during the probability
vector computation.

The main part of the algorithm is to iteratively compute the approximate (ei-
ther steady-state or transient) probability vector for a given precision n. Accord-
ingly with the introduction of the tensorial description of the matrices, we never
compute global matrices but in contrast vector-matrix products V®I,If:1 Xk
where V and X}, have compatible dimensions. Theses products are implemented
following the so-called Shuffle algorithm adapted to non square matrices (see
the synthesis [25]) and taking into account the symbolic representation of the
R/ ;(ty) matrices. Such products are involved during the CTMC computation
and during computation at times hA. Note that, in the present work, we do not
exploit anymore the efficient implementation of the product VX (where X is a
sparse matrix) provided by the Pysparse package, since we always deal with a
tensorial expression of the matrix X.

A tricky point is the expansion phase of the state space during the compu-
tation at times hA. We chose to store our data structure as multilevel lists so
that the expansion is mainly a matter of careful traversals of the list structures
for which Python is well-suited.

6 Related Works

Since we deal with systems composed of general and exponential distributions,
it is impossible, except for special cases, to derive analytical expressions of the
transient or even steady-state distributions of the states. Thus most results are
developed on so-called state based models and they involve numerical solution
algorithms.

When the system exhibits complex synchronization, the Queueing Network
framework becomes frequently too restrictive and in fact, many works have stud-
ied non exponential activities with the help of the non Markovian Stochastic
Petri Nets (NMSPN) formalism, some of them being adapted to general distri-
butions and other ones to deterministic distributions only. In this context, there
are two main categories of works.

The first family of solutions defines conditions under which i) the underly-
ing stochastic process is a MRGP and ii) the parameters of this MRGP can be
derived from the NMSPN definition. In [§], the author introduces “Cascaded”
Deterministic SPN (C-DSPN). A C-DSPN is a DSPN for which when two or
more deterministic transitions (activities) are concurrently enabled they are en-
abled in the same states. With the additional constraint that the (k + 1)th fir-
ing time is a multiple of the kth one, it is possible to compute efficiently the
probability distribution as we do. In [9], the authors derive the elements of the
MRGP underlying a SPN with general finite support distributions. However, the
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NMSPN must satisfy the condition that several generally distributed transitions
concurrently enabled must become enabled at the same time (being able to be-
come disabled at various times). The transient analysis is achieved first in the
Laplace transform domain and then by a numerical Laplace inverse transforma-
tion. A simpler method is used for the steady-state solution.

The second family of solutions is based on phase-type distributions, either
continuous (CPHD) or discrete (DPHD). In [10], the authors compare the qual-
ities of fitting general distributions with DPHD or CPHD. It is shown that the
time step (the scale factor) of DPHD plays a essential role in the quality of
the fitting. [11] introduces the Phased Delay SPNs (PDSPN) which mix CPHD
and DCPHD (general distributions must have been fitted to such distributions
by the modeller). As pointed out by the authors, without any restriction, the
transient or steady-state solutions of PDSPN can only be computed by stochas-
tic simulation. However when synchronization is imposed between firings of a
CPHD transition and resamplings of DPHD transitions the underlying stochas-
tic process is a MRGP and its parameters can be derived from the reachability
graph of the PDSPN. The approach of [12] is based on full discretization of
the process. The distributions of the transitions are either DPHD or exponen-
tial (general distributions must be fitted with DPHD). For an appropriate time
step, all exponential distributions are then discretized as DPHD and the so-
lution is computed through the resulting process which is a DTMC. We note
that discretization may introduce simultaneous event occurrences correspond-
ing to achievement of continuous Markovian activities, an eventuality with zero
probability in the continuous setting.

In contrast to our approach, the other approaches derive the stochastic process
underlying the SPN which is then solved, possibly with approximate methods.
However, restrictions on the concurrency between generally distributed activities
are always imposed in order to design efficient methods for transient or steady-
state solutions.

7 Conclusions and Perspectives

Main results. We have presented a new approximate method for stochastic Petri
nets including non Markovian concurrent activities associated with transitions.
Contrary to the other methods, we have given an approximate semantics to the
net and applied an exact analysis rather than the opposite. The key factor for the
quality of this approximation is that the occurrences of Markovian transitions are
not approximated as it would be in a naive discretisation process. Furthermore,
the design of its analysis is based on robust numerical methods (i.e., uniformiza-
tion) and the steady-state and transient cases are handled similarly. Finally due
to the Petri nets formalism we have been able to exploit tensorial methods which
have led to significant space complexity savings.

Future work: applications. We informally illustrate here the usefulness of our
method for some classes of “periodic” systems. Let us suppose that we want
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to analyse a database associated to a library. At any time, interactive research
transactions may be activated by local or remote clients. In addition, every day
at midnight, a batch transaction is performed corresponding to the update of the
database by downloading remote information from a central database. In case of
an overloaded database, the previous update may be still active. Thus the new
update is not launched. Even if the modeller considers that all the transactions
durations are defined by memoryless distributions, this non Markovian model
does not admit a stationary distribution. However applying the current tools for
non Markovian models will give the modeller a useless steady-state distribution
with no clear interpretation. Instead we can model such a system in an exact
way by considering that our approximate process of a SPN is in this case its real
semantics. Then with our method, the modeller may analyse the asymptotic load
of its system at different moments of the day in order to manage the additional
load due to the batch transaction.

Another application area of our method is the real-time systems domain.
Such systems are often composed by periodic tasks and sporadic tasks both with
deadlines. With our hybrid model, we can efficiently compute the steady-state
probability of deadline missing tasks.

Future work: SPNs with multiple time-scales. Tt is well known that stochastic
systems with events having very different time scales often lead to difficulties
during numerical transient or steady-state analysis. This is even worse when
these events are non Markovian. These difficulties mainly arise because we need
to study the stochastic process during the largest time scale but with a precision
which is driven by the smallest time scale. Thus the resulting state space is gen-
erally huge. In [26], we have extended our generic method in order to efficiently
deal with very different time scales. We plan to adapt this work in the framework
of SPNs.
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Abstract. We consider nested nets, i.e. Petri nets in which tokens can be Petri
nets themselves. We study the value semantics of nested nets rather than the ref-
erence semantics, and apply nested nets to model adaptive workflow, i.e. flexi-
ble workflow that can be modified during the execution. A typical domain with a
great need for this kind of workflow is health care, from which domain we choose
the running example. To achieve the desired flexibility we allow transitions that
create new nets out of the existing ones. Therefore, nets with completely new
structure can be created at the run time. We show that by careful selection of
basic operations on the nets we can obtain a powerful modeling formalism that
enforces correctness of models. Moreover, the formalism can be implemented
based on existing workflow engines.

Keywords: Petri nets; modeling; workflow, adaptivity.

1 Introduction

In this paper we consider nested nets, i.e. Petri nets in which tokens can be Petri nets
themselves. This means that processes are considered as objects that can be manip-
ulated by other processes. We apply nested nets to construct more flexible workflow
management systems. In classical workflow management systems the process structure
is determined at design time. During execution no structural changes are possible. This
implies that designers need to take into account all possible executions, exceptional sit-
uations and combinations of them. In case of so-called ad hoc workflow [4}5,114,134]
the algorithm for processing cases is not known at design time, so it is impossible to
use a classical workflow management system and so-called case handling systems are
used instead. These systems have no formal process semantics which makes testing and
verification difficult.
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In this paper we propose a solution with more flexibility for adaptation than classical
workflow systems and more structure than ad hoc workflow systems. We call them
adaptive workflow systems. By adaptivity we understand an ability to modify processes
in a structured way, for instance by replacing a subprocess or extending it. We assume
a given library of protocols to be used as basic building blocks for constructing more
complex protocols. A natural way to model these complex protocols in an adaptive way
is by means of nested Petri nets. Nested Petri nets are Petri nets in which tokens can be
Petri nets themselves, called foken nets. The ability to modify a token net rather than a
part of the net itself accounts for the following advantages:

— an ability to update the library of protocols at runtime;
— an ability to modify the ongoing processes at runtime;
— an ability to model decisions taken by different parties (separation of concerns).

Traditionally workflow is modeled by workflow nets [1,12,13.16]. We extend this no-
tion by introducing a mechanism for exception handling. Exception handling is recog-
nized as a critical challenge for workflow management systems [22]. In our extended
workflow nets we introduce final transitions whose firings reflect exceptional situations.
When used as token nets, these firings are normally synchronized with the firings of the
higher-level net, which terminates the execution of the lower-level net.

A typical domain with a great need for this kind of adaptive workflow systems is
healthcare. Today the medical protocols have the form of guidelines that involve doc-
tors, nurses and paramedical personnel. They are often combinations of lower-level pro-
tocols where the way of combining may be determined at runtime depending, e.g., on
the patient’s state. Therefore, our adaptive workflow nets are well-suited for modeling
this kind of systems.

To make the results of this paper applicable in practice, we were looking for an
approach that could be implemented by standard workflow engines with only slight
modifications. In fact, to execute a transition for which consumed tokens are nets, we
have to invoke the workflow engine again for the token nets, however this can be fresh
instantiations of the workflow engine.

Related research. Net in nets are extensively studied in the Petri net literature:
[L0,231124125/128L 129,135,136 In all these works, the goal was to extend the expressive
power or the expressive comfort of Petri nets. So, in object Petri nets, the authors aim
at making Petri nets suitable for modeling according to the object-oriented style [36]].
Unlike our work, the stress is on mobility and not on constructing new nets from the
existing ones. In [10] the authors consider an object-oriented approach in defining syn-
chronization between objects of different classes. For instance, an object might call
methods of other objects using the operators: parallel composition, sequential compo-
sition and alternative composition. This corresponds to our approach of creating a new
net token using these operators.

Nested nets [26] define nets as tokens on top of colored Petri net semantics [21].
Nested nets have the value semantics, i.e., independent copies (multisets) of token nets
are considered. The framework we propose is partially inspired by this work, extending
it by introducing operations on token nets and including data in the synchronization
mechanism.
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The idea of controlled modification of token nets is also considered for high-level net
and rule (HLNR) systems in [20L[13]. Unlike our approach that easily supports arbitrary
(but fixed) nesting level and synchronization between different levels of a nested net, the
previous results considered nesting of depth one only. Moreover, [20] carries structural
modification of P/T token nets by means of rule tokens, whereas our approach uses
predefined and well-known operations, such as sequential and parallel composition.

The idea of combining workflow and “nets in nets” is going back to [8], where
the authors consider object Petri nets with workflow nets as token nets. Therefore, the
differences between our work and [36]] are also applicable to this work.

Effective response in presence of exceptions is recognized as a critical challenge for
workflow management systems [22,130]. We believe that exceptions form an essential
part of the process, and therefore, they should be included in the model. Alternatively,
as suggested in [7,9,22] a workflow system can be extended by an exception han-
dling mechanism. However, in such a case no formal reasoning involving exceptions is
possible.

Petri nets have been used for modeling of healthcare workflow, also known as care-
flow [19,1331132,130]. The guideline execution system GUIDE [33] translates formalized
guidelines to a hierarchical timed colored Petri net. The resulting net can be run to
simulate implementation of the guideline in clinical setting. However, this formalism
misses adaptivity and separation of concerns.

The rest of the paper is organized as follows. Section [2] introduces a motivating ex-
ample from the healthcare world. In Section 3] we present the notion of an extended
workflow net and in Section [4] we discuss operations on extended workflow nets. Sec-
tion[3]describes nested nets and adaptive workflow nets. Finally, in Section[@l we discuss
the results presented and possible directions for future work.

2 Example: A Medical Protocol

A typical domain with a great need for adaptive workflow systems is health care, in
particular patient treatment. In this domain the classical way to support the medical
process is to use an EPR-system (EPR stands for Electronic Patient Record). An EPR-
system is a data-oriented system in which for each patient a data structure is created
that is updated at each step of the medical process. Normally the data structure is stored
in a relational database system. On top of this database, rule engines are used to support
the medical decision making to determine a diagnosis or a treatment. In recent years
the protocol-based medicine became a standard approach. In this approach for many
kinds of medical problems there are protocols defined to derive a diagnosis or a treat-
ment. These protocols are in fact process descriptions. Medical experts have to follow
the steps of these protocols and to document the decisions they make. This is not only
important for the quality of care but also for avoiding claims when things go wrong:
medical experts can prove that they treated their patient according to the best practice
that is reflected in the protocol. For each patient a specific workflow is created and an
EPR-system augmented with workflow system functionality is an important improve-
ment of the process of patient treatment.
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Today the medical protocols have the form of guidelines. A guideline is not limited
to doctors but also cover the workspace of nurses and paramedical personnel. There
have been several attempts to formalize guidelines as flowcharts and decision diagrams
and incorporate them into medical decision support systems (MDSS). For example,
GLIF [31]] and GUIDE [32}133] support medical processes by enacting guidelines, and
integrating them in EPR-systems.

As a motivating example we consider the process of diagnosis and treatment of
a small-cell lung cancer (SCLC). The example is inspired by the practice guidelines
for SCLC [15] created by the National Comprehensive Cancer Network (SUA) and
modified by The University of Texas M.D. Anderson Cancer Center for their patient
population.

The guideline is built on the basis of a library of standard protocols. A protocol
may describe the decision process for establishing a diagnosis, treatment schemes and
tests used in the process of diagnosis or after the treatment. Each protocol has an initial
point, a final point and it handles exceptional situations by terminating the process. For
instance, the protocol used for mandatory tests in the initial diagnosis stage describes
the process of executing two tests (computer tomography of brain and the bone scan)
and evaluating their results. An exceptional situation is considered when the result of
at least one of the tests turns out positive. We model such a protocol as a workflow net
extended with special transitions, which are transitions without output places. These
transitions carry an exception label indicating the exceptional situation. Figure Il shows
the extended workflow net modeling the mandatory test protocol.

The interfaces of protocols in the library are given as Prot{exy, ..., €x,), where Prot
is the name of the protocol and exy,...,ex, is the list of exception labels. In case the
protocol has no exceptions, it is denoted solely by its name.

Figure [2] shows another protocol net (STests), modeling the test protocol used in
the surveillance stage. The process performs some tests such as CXR test, creatine test
and liver function test and registers their results in the variables x,y, z,u,w. The evalu-
ation of the tests employs a function that combines the results of the tests. According
to constraints specified in predicates, the progress of the cancer and the response to
the treatment are evaluated: the cancer can relapse (modeled by the transition labeled
relapse) or the treatment can have a partial response or good response (modeled by
transitions labeled accordingly).

Protocols can make use of other protocols, create new protocols from the existing ones
or modify them. For this purpose, we consider nets as colored tokens. The

CT of brain
> positive
i: :: <:::>
start tests negative
bone scan

positive

Fig. 1. Mandatory test protocol (MandT{positive))
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historical and

physical test
>
relapse
-
evaluate
start tests CXR Y\ Y result:
O HOA O
pe
Na, K, BUN tests u partial
response
|
creatine test Y
good response
-
pe=evaltests(x,y,z,u,w)

liver function test

Fig. 2. Surveillance test protocol (STests)

protocols can be built of more primitive ones by using the operations such as choice (+),
sequential () and parallel (||) compositions. The operation init initializes an extended
workflow net with its initial marking. Consider the surveillance protocol in Figure
The protocol makes use of other therapy and test protocols, namely Radiotherapy, STests,
Cisplatin, Etoposide, ProphT and RadCon(radiation scarring). The protocol iterates the
surveillance treatment scheme until the results of the surveillance tests show signs of
relapse. A regular surveillance treatment is started at runtime by creating a process to-
ken (denoted by the constant str = init(Radiotherapy - STests) on the outgoing arc of
the transition start surveillance). The process of this token consists of the Radiotherapy
protocol followed by the STests protocol. The transitions labeled by relapse, partial re-
sponse, good response in the surveillance test protocol are synchronized with transitions
having the same labels in the upper level net (Surveillance).

In case of a partial response, a new token is created, namely init(((Cisplatin-
Etoposide)||Radiotherapy) - STests). This process token corresponds to radiotherapy

start surveillance relapse
str st3
|
str st
str = init(Radiotherapy * STests)
st2 stre = init(((Cisplatin * Etoposide) || Radiotherapy) * STests)
stp = st || init(ProphT)
rc tre\  good rc = init(RadCon(radiation scarring))
respons t ood response
stp s st1 = g E=Y
partial response
st2 = s
partial r _ relapse
respons st3 = :E )
r radiation scarring
= patiy
var r,st
radiation scarrin

Fig. 3. Surveillance protocol (Surveillance)
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limited stage further workup
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non-operable

scLc 2 fino= =
tr1 i
r 3 = progression
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et = init(Mand({positive)) final
It = init(MandT(positive) || FacT(positive)) i»@—a»
ft = init(Ftests(operable, non-operable))

tr1 = init((Cisplatin - Etoposide - Tests)®)

tr2 = init(Resection * (Cisplatin * Etoposide * Tests)")

tr3 = init(((Radiotherapy || (Cisplatin * Etoposide)) * Tests)*)
sv = init(Surveillance)

sp = init(SalvagePalliation)

Fig. 4. Main SCLC protocol

performed in parallel with chemotherapy — cisplatin treatment followed by an etopo-
side treatment — followed by the STests protocol.

At the same time with the application of a surveillance treatment, a radiation con-
trol protocol (RadCon(radiation scarring)) is used to monitor the radiation effect on the
patient. In case the patient shows signs of scars due to the radiation (the exception radi-
ation scarring is signaled), a prophylactic treatment (ProphT) is conducted in parallel
with the actual surveillance protocol (st||init (ProphT)).

The protocol from the library describing the main process is depicted in Figure [
The process starts with the decision on whether the patient has small-cell lung cancer
(SCLC) or non-small cell lung cancer (Non-SCLC). The transition Non-SCLC models
an exception that allows finishing the guideline.

Once the diagnosis has been established, the stage of the illness needs to be assessed.
The stage is determined by the extent of spread of the cancer basing on the test results.
Here, the protocol makes use of and combines some standard test procedures depend-
ing on the preliminary diagnosis of the phase of the cancer. In case the patient shows
signs of the extensive stage, a procedure with mandatory tests MandT{positive) (Figure
[0} is created. Once the protocol MandT(positive) has terminated or a transition with
exception label positive indicating that the tests are finished is fired (the arc inscription

ext = finalV PO i true), a specific treatment protocol can be started.

In case the preliminary diagnosis shows signs of the limited stage (limited stage tran-
sition) more tests are needed than in the extensive case. The protocol executing these
tests combines two existing test protocols taken from the library, i.e. MandT(positive)
and FacT{positive), by performing them in parallel. Once one of the tests has a positive
outcome (the transition labeled positive is fired), it must be synchronized with the re-
spective transition in the main protocol since this is a symptom for the extensive stage
cancer. If none of the results turns out positive, the test protocol terminates properly
(this is indicated by the arc inscription final).
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The patient with limited-stage SCLC is further tested to determine whether or not
she/he can be operated. For this purpose, the protocol FTests{operable, non-operable)
is instantiated, and one of the exceptional outcomes of this test procedure (the patient
is non-operable or operable) is synchronized with the respective transition in the SCLC
protocol.

For each of the three diagnosis (extensive stage, limited stage operable, and limited
stage non-operable), a special treatment scheme is created, which is actually an iteration
of chemotherapy, radiotherapy and tests. For example, for the limited stage operable
diagnosis, a treatment scheme token considering the resection Resection, followed by
four iterations of chemotherapy (Cisplatin treatment followed by Etoposide treatment)
and tests (Tests(progression)) is created. Once there is a sign of progression of the
cancer after performing the tests at each of the cycles signaled by the occurrence of an
exception handled by the transition labeled by progression), the treatment is interrupted
and the patient goes in the final stage, where only the Palliative/Salvage treatment can
be applied. In case the initial treatment has been successfully completed (the transition
labeled by last stage is fired) a surveillance protocol (Surveillance) is created and its
completion determines the patient to enter the palliation/salvage stage.

3 Extended Workflow Nets

Preliminaries. We briefly introduce the notation and the basic concepts that will be
used in the remainder of the paper.

N denotes the set of natural numbers. The set of all subsets of a set P is 2°. A
relation between sets P and Q is a subset of P x Q. If R C P x Q is a relation, then
we use the infix notation p R ¢ for (p,q) € R and the inverse R~! of R is defined as
{(g,p) | p R q}. Functions are a special kind of relations. Given a function F we write
dom(F) to denote the domain of F and ran(F) to denote the range of F. If the domain
of a function is finite we also write {d| — vi,...,d, — v, }. The operator o denotes
function composition, (f o g)(x) is f(g(x)). A bag (multiset) m over P is a mapping
m : P — N. The set of all bags over P is also denoted by N”. We use + and — for
the sum and the difference of two bags and =, <,>,<,> for comparisons of bags,
which are defined in the standard way. We overload the set notation, writing 0 for the
empty bag and € for the element inclusion. We abbreviate bags by writing, for example,
2[p]+ [gq] instead of {p — 2, — 1}.

Let F be a function, such that ran(F) is a set of sets. Then the generalized product of
F, written as TI(F), is the set of all functions f with dom(f) = dom(F) and f(x) € F(x)
holds for all x € dom(F). Note that IT(F) = {0} if dom(F) = 0. We further extend this
notion and given S C dom(F) write Il,cs(F) to denote the set of all functions f with
dom(f) = S such that for any x € S, f(x) € F(x).

A transition system is a tuple E = (S,X, T) where S is a set of states, X is a set of
actionsand T C § x X x S is a set of transitions.

Colored nets. In Section [5] we are going to introduce nested nets that are considered
as a special kind of colored nets. To this end we define colored Petri nets parameterized
with a value universe U. We assume that U contains the value black, which we use as
an object carrying no information. Our definition does not essentially differ from the



248 K.M. van Hee et al.

Fig. 5. Colored Petri net

existing ones [21]] but it has been adapted for our purpose, notably by the addition of
transition labels.

In a colored net each place is mapped to a type, which is a subset of U. We also
assume a set L of labels for transitions such that T ¢ L. Every label is associated with a
unique natural number, called the arity of the label. Then we define the set of transition
labels £ = {t} U{a(x1,...,x,) | @ € L,n = arity(a),xi,...,x, € U}. The label T is the
special “silent” label.

Definition 1. A colored net over the universe U is a 6-tuple (P, T,F,v,p,{), where

— Pand T are disjoint finite sets of places, respectively transitions;

F C(PxT)U(T x P) is a set of arcs,

v is a place typing function with dom(v) = P such that v(p) C U for all p € P;

p is a transition function with dom(p) = T such that p(t) C I1(¢;) x II(\y;) for all
t €T, where ¢ ={p—v(p)|(p,t) € F} andy; ={p—v(p) | (t,p) € F};

¢ is a labeling function with dom(¢) = {(¢,7,8) |t € T A (,d) € p(r)} and ran(¢) C
2.

The labeling function is used to report information on transition firings. In this way we
can distinguish between internal firings that are labeled with T and externally observable
firings labeled with labels different from t. Note that the labeling function ¢ allows for
the association of several different labels to a transition and the same label to different
transitions. We illustrate the definition above by means of an example.

Example 2. Assume that U contains the set of natural numbers N. Consider the net in
Figure [5l It contains two places, p and g, and two transitions, ¢ and u, with the fol-
lowing set of arcs {(p,?),(¢,q), (q,u), (u, p)}. Both places are typed by N, i.e., v(p) =
v(g) = N. The transition relation is given by p(¢t) = {({p—n},{g—n+1}) | n e N}
and p(u) = {({g— n},{p— n+1}) | n € N}. The labeling function ¢ is defined by
((t,7,8) =t and £(u,y,8) = a(¥(q))- 0

Next we introduce the notion of marking of a colored net over a given set of types.

Definition 3. Given a colored net N = (P,T,F,v,p,{) over the universe U, a marking
of N is a function M : P x U — N, such that for any p € P and anyu € U, M(p,u) >0
implies u € v(p). The set of all markings of a colored net N is denoted by u(N).

A marked colored net over U is a pair (N,M), where N is a colored net over U and
M € u(N) is a colored marking of N.

To illustrate this notion we return to our previous example. Some possible markings for
the net in Figure § are M} = {(p,n) — 1} and M}l = {(g,n) — 1} for any n € N. So
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M}, respectively M, consists of a single token with value » in place p, respectively g.
To simplify the notation when talking about markings we use the bag notation [(p,n)]
instead of the functional one {(p,n) — 1}. If n coincides with black then we write [p].

A colored net defines a transition system which gives the observable behavior of the
net. To formalize this notion we denote by 9t (907) the set of (marked) colored nets over
the given universe.

Definition 4. The ternary relation — C 9N X X X 9N is defined as the smallest

relation such that (N, M—i—y) gty (N,M+39) forall (NM) €, t € T and (7,9) €
p(t). We also write (N,M) > for some & € X if and only if there exists a marking
M’ € u(N) such that (N,M) > (N,M"). Finally, (N,M) —— (N M) means that there
exists a sequence (G1,...,G,) € =* such that (N,M) = (N, M) % (N,My) =% ... -
(N,My41) = (N,M'). In this case we also say that (N,M'") is reachable in (N7M). The
set of all markings reachable in (N,M) is denoted R (N,M).

Consider net Ny from Example 2l Then (Ni, M%) — (Ny,MY).

Extended workflow nets. Workflow nets (WF nets) are used to model workflow sys-
tems (see e.g. [1L2113,16]). Workflow nets have one initial and one final place and every
place or transition is on a directed path from the initial to the final place. We extend
the notion of a WF net to model exceptions, i.e. transitions that should terminate the
execution of the current net. As mentioned in the introduction, exception handling is
recognized as a critical challenge for workflow management systems.

To ensure that firings of exception transitions are observable and cannot be confused
with firings of non-exception transitions, we require the set of transition labels X to be
split into two parts: ¢ for the firings of exception transitions and X" for the firings of
non-exception transitions. Formally, we require £ =X°UX", ¥*NX" =0 and T € X"

Definition 5. A colored net N = (P,T,F,v,p,{) over the universe U is an extended
workflow net (EWF net) with the initial place i € P, and the final place f € P and the
set of exception transitions T' C T if

{t| () e Fy={t[(f,t) e F} =0

v(i) =v(f) = {black},

t € T" if and only if £(t,7,d) € X¢ for all (y,d) € p(r);

{p|(t,p) €EF}=0forallt €T';

For any node n € (PUT) there exists a path from i to n;

For any node n € (PUT) there exists a path from n to a node in T' U{f}.

QAR W~

Traditional WF nets are EWF nets with the empty set of exception transitions. Since
exception transitions produce no output, for any ¢ € T’ whenever £(z,7,d) is defined,

5=0.

Example 6. Consider the nets in Figure [6] as colored nets over the universe {black}.
Both nets are EWF nets: the left-hand side net with the initial place i and with the final
place f, the right-hand side net with the initial place i and with the final place f’. The
exception transitions are {v} and {v'}, respectively. All firings of these transitions are
labeled by a and o, respectively, where a,a’ € X°. O
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Fig. 6. EWF nets

EWF nets provide a number of advantages from the modeling point of view. First and
foremost they make a clear distinction between normal termination and termination
caused by an exception. Unlike traditional WF nets, where special care should be taken
to remove all tokens present in the system when an exceptional situation is encoun-
tered, no similar overhead is incurred by EWF nets. We define the following concepts
regarding initiality and finality of EWF nets.

Definition 7. Let N be an EWF net with initial place i and final place f and let M €
U(N). The marked net (N,M) is called initial, resp. final if and only if M = [i], resp.
M = [f]. The initialization init(N) of N is the marked net (N, [i]).

An important correctness property for EWF nets is soundness. Classical WF nets are
called sound if one can reach the final marking from any marking reachable from the
initial marking [1]]. The intuition behind this notion is that no matter what happens,
there is always a way to complete the execution and reach the final state. This soundness
property is sometimes also called proper termination and corresponds to 1-soundness
in [18].

Definition 8. An EWF net N = (P, T,F,v,p,{) with the initial place i and the final place

f over the universe U is called sound if and only if for all (N,M) such that [i] M
Sor some ¢ € (X")* the following two conditions hold:

1. cither (N,M) —= (N, [f]) for some y € (£")*
or there exists (N,M') € R (N, M) such that (N,M') - for some a € ¢;
2. (N,M) — (N,m+[f]) implies m = 0.

The intuition behind the notion of soundness formalized in Definition [§]is that for any
possible behavior there is always a possibility to complete the execution and reach the
final state, or to report an exception. The second requirement of soundness stresses
that whenever the final state is reached, the execution has been completed. In case of
classical WF nets, the second condition of soundness is redundant (cf. Lemma 11 in
[[18]]). The following example shows that this is not the case for EWF nets.

Example 9. Recall the EWF nets from Figure [0l The left-hand side net is unsound.
Indeed, consider (N, [g] + [r]), which is reachable from (N, [i]) since it can be obtained
by firing £. Moreover, (N, [g] +[r]) —— and a € Z¢. Hence, the first part of the soundness
condition is satisfied. However, (N, [q] + [r]) — (Nj,[f] + [r]), and since [r] # 0 the
second condition of soundness is violated and the net is unsound.
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The right-hand side net is sound. Indeed, R.(N,, [']) = {[/], "], /"], 0}, i.e., the only
marking that contains f” is [f'] itself. Hence, the second condition is satisfied. The first

condition is satisfied since (N, [i']) — (N, []), (N, [F']) — (N»,[]) . on the one

hand, and (N, [f’]) — (N, [f']) on the other hand. O
Note that adding an exception transition to a sound EWF net preserves soundness.

Lemma 10. Let N = (P,T,F,v,p,t) be a sound EWF net over the universe U. Let
QCP\{f},t¢T and h:,co(v(p)) — Z° Let N' be (P, T U{t},FU{(p,t)|pE€
0},v,p', '), where

= /() = pu) foru € T and p'(r) = T1(¢:) x {0};
- 0 (u,Y,8) = l(u,y,d) for u € T and (v,8) € p(u), and l'(t,Y,0) = h(y) for any y €
().

Then, the net N' is a sound EWF net over U.

Note that since 7 is an exception transition we have 8 = 0 for any (y,8) € p’(¢).
Proof. The proof is done by checking Definition[8] ([

Lemma [10] allows us to use an incremental approach to modeling by modeling the
normal course of events first, and adding exceptions afterward.

We define bisimilarity of EWF nets, by extending the standard notion with preserva-
tion of initiality and finality of states, cf. [[17]].

Definition 11. Let N;,N, be EWF nets. A relation R C u(Ny) X u(N>) is called a simula-
tion if and only if for all My, M}, € u(Ny), My € u(N2) and 6 € ¥ such that (N1, My) ——
(N1, M) there exists M}y € u(Na) such that (N2,Ma) — (N2, Mb) and M|, R M},

The marked EWF nets (Ny,M1) and (Ny,M,) with initial and final places i and i,
1 and f> respectively, are called EWF-bisimilar, denoted (N1,M}) =, (N2,M>) if and
only if there exists a relation R C u(Ny) x u(N) such that My R M, both R and R™!
are simulations, and whenever x R y, the following holds:

- x=[i1] ifand only if y = [i2];
- x= [fl] zfandonly lfy: [fZ];
- x> [fi] ifand only if y > [f2);

The EWF nets Ny and N, are EWF-bisimilar, denoted N\ =, Ny, if and only if their
initializations are EWF-bisimilar.

Note that EWF-bisimilarity is based on the traditional notion of strong bisimilarity.
Further notions of bisimilarity, such as branching bisimilarity, can be adapted for EWF
nets. EWF-bisimilarity preserves soundness of EWF nets. The requirement > [f] to
be preserved by the simulation relation is required to ensure that the second part of
Definition [B] is satisfied. It is not needed for traditional workflow nets. We define the
behavior of a EWF net as its equivalence class modulo EWF-bisimilarity. The next
lemma states that soundness is a behavioral property.
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Lemma 12. Let Ni,N» be EWF-bisimilar nets. Then Ny is sound if and only if N is
sound.

Proof (Sketch). We prove the “only if” side; the “if”” side then follows by symmetry.
Assume that N is sound. We should prove that N, is sound. Let R be a bisimulation be-
tween init(N; ) and init(N>). Then, [i{] R [i2]. Let M5 be such that (N, [i2]) — (Na, M).
Since R~ is a simulation, there exists M; such that M; R M, and (N, [i1]) = (N1, My).
Since N is sound, either (Nj,M)) = (N1,[f1]) or (Ni,M) LN (N1,M7) -, for
some M} € u(Ny) and 6 € X°. Since R is a simulation, either (Na, M) — (N2, [f2])
or (N2, Ma) —— (N2, M}) = for some M} € u(Na) .

Finally, we need to prove that (N, [i2]) — (Na,[f2] +m) implies m = 0. Since
(N2, [i2]) = (N2,[f2] +m), there exists M such that My R [f2] +m and (Ny, [i1]) =
(N1,My). If m > 0, then by the properties of R we have M| > [f1]. This contradicts the
soundness of M1, so in fact m = 0. O

4 Operations on EWF Nets

In this section we discuss predicates and operations that can be applied to EWF nets
and marked EWF nets. In Section [5 we will introduce nested nets and we will see how
these operations can serve as basic building blocks that can be used in defining the
transition function of a higher-level net. We try and keep the set of operations as simple
as possible so that they can be performed by existing workflow engines.

From here on in this section, all nets are EWF nets. The set of all (marked) EWF
nets is denoted M"Y (9M™). We consider a number of predicates and operations on nets
and marked nets. Using Definition [l we convert a net into a marked net by adding to
it a corresponding initial marking, and for any marked net we can check whether its
marking is the initial one or the final one.

Next, two nets can be combined to produce a new net by means of sequential (-) and
parallel (||) composition and choice (4). Moreover, parallel composition can be applied
to marked nets and sequential composition to a marked net and a net. In the past, similar
operations have been defined for workflow nets [6]. We adapt these notions for EWF nets.

One of the most natural operations on EWF nets is sequential composition. For in-
stance, a doctor can prescribe a resection followed by a medication. Hence, the treat-
ment prescribed by the doctor is the sequential composition of two nets: resection and
medication. Other common operations on nets are parallel compositiorﬂ and choice.
The three operations are depicted in Figure[/l N; and N, are unmarked EWF nets with
the initial places i; and i, and the final places f; and f>, respectively. The sign of equal-
ity denotes place fusion: for sequential composition the final place of the first net and
the initial place of the second net have to be fused, for choice the initial places have to be
fused as well as the final ones. Firing the transitions #i,#f is labeled by T. The operations
can be formalized by writing out the net structure, which is trivial but tedious.

11t should be noted that the parallel composition we define is not exactly the well-known
process-algebraic operation. For instance, after the initialization, x + (y||z) can make an in-
ternal step to a state where x cannot be executed anymore.
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N1lIN2 i2

1

N1.N2

(I1)

Fig. 7. Parallel composition N1||N,, Choice Nj + N,, Sequential composition N1 N,

Lemma 13. For any Ni,Ny € %, N - N2, Ni||N2, N1 + No € ™. If Ny and N, are
sound, then Ny - Np,Ni||N2,Ni + N, are sound as well. Moreover, - and + are asso-
ciative and || and + are commutative.

One of the typical operations one might like to consider is iteration. For instance, the
doctor can prescribe a certain treatment to be performed three times. Associativity of -
allows us to model this by writing N- N - N, where N is the unmarked EWF net modeling
the treatment. Formally we define N* as N if k = 1, and as N-N*"1if k > 1.

Next, consider marked nets. We start with the sequential composition. The intention
of the sequential composition is to extend a running process by a new functionality.
Therefore, we define the sequential composition as an operation on a marked net (a
running process) and a net (additional functionality). Formally, we define (Ny,M)-N, =
(N1 - N, M). Similarly, the parallel composition of two marked EWF nets (N;,M;) and
(N2,Mp) is defined as (N1, M,)||(N2,M2) = (Ni || N2, My + M>).

A choice operation on marked nets does not seem useful for our purpose.

Operations on the marked nets satisfy the following lemma.

Lemma 14. For any (N1,M1),(N2,M>) € MY and N € Y, (N1,M1)-N € MY, and
(N1,M1)||(N2,M2) € O™, Moreover, - is associative and || is commutative.

Parallel composition and choice are congruences w.r.t. EWF-bisimilarity and sequential
composition is a congruence if the first operand is sound. Its proof can be achieved by
standard meta-theory of process algebra [16].

Theorem 15. Let Ni,N»,Nj,N, be EWF nets such that Ny =, N{ and Ny =, N}. Then
NI ON, =, N{ eNé,forG e{+.|,}

Let (N3,M3),(N5,M5), (N4, My),(Ny,My) be marked EWF nets with (N3,M3) =,
(N3, M5) and (Ny,Ma) =c (Nj,M}). Then (N3,M3)||(Na,Ms) = (N3, M3)||(Ny,Mj).
and (N37M3) -N2 = (Né,Mé) Né
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5 Nested Nets

In this section we introduce nested nets. In Section Pl we showed how nested nets can
be used to model adaptive systems. We start by defining general nested nets and then
move to nested EWF nets.

Nested nets form an extension of colored nets over a special universe. The only ex-
tension is that color of tokens can be changed without firing transitions. We recursively
define value universes, nets and marked nets of any depth n, for n = 0...®, assuming
the existence of an initial universe Uy containing basic values such as integers and com-
posed values like pairs, lists and sets of basic or composed values. Subsequent universes
and sets of nets are defined recursively as follows.

Definition 16. The sets o, Mo of nets and marked nets of depth zero are defined as
the sets of colored nets and marked colored nets over the universe Uy, respectively. For
each n > 0 the value universe U, and the sets N, M, of nets and marked nets of depth
n are recursively defined by U, = U,—1 UM,,_1 and N, and M, as the set of colored
nets and marked colored nets over U,. We set Ny = ;>0 M, Mo = U0 DMy and
Up = Uy UM.

For the sake of uniformity we call elements of 91y (91p) (marked) nested nets of depth
0. Observe that the recursive definition of a notion of a marked nested net of depth n
allows tokens in it to be colored by nested nets of depth n — 1.

Fig. 8. Nested net

Example 17. To illustrate Definition [16| we first assume that the only elements of Uy
are natural numbers. Then, net N; we introduced in Example 2lbelongs to 9. We can
use N as a token in a higher-level net as illustrated by Figure 8l We call this net N.
It has two places, r and s, and two transitions v and w. The places r and s are of the
“net type”, i.e., the place typing function vy should map them to subsets of 9t,. For
instance, we can take v : {r,s} — {(N1,M) | M € u(N,)}. O

The firing relation — for nested nets containing token nets may depend on the firing
relation in the tokens themselves. We can thus achieve, for example, vertical synchro-
nization: a transition in a lower-level net and another one in a higher-level net must fire
simultaneously. The transition relation p(¢) may also react to initiality and finality of
input tokens.
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Example 18. Example[I7] continued. We define the transition function and allow v and
w to fire only if a transition labeled a(n) for some n € N fires in N;. Formally, we write
this as follows
a(n)

pl(v) = {({r’_) (vaM)}v{S = (NlaM/)}) ‘ dneN: (vaM) - (vaM/)}v

p1(w) = {({s = (N1, M)} {r— (N, MO)}) | 3 € N (N1, M) “ (v M)
By defining p; as above, we require that firings of both v and w must synchronize with
firings of u.

To complete the definition of the net we introduce the labeling function ¢;. For any y
and 8, £1 (v,v,0) = 1. For {1 (w,s — (N1,M),r — (Ny,M")) = b(n), where n € N is such
that (N1, M) “% (N7, M), 0
We have seen that a token net can fire synchronously with the net containing it. How-
ever, we also want to allow a token net to proceed on its own, synchronizing only when
some specific events occur or special states are reached. For this reason, we allow T-
labeled firing of token nets, thus causing a color change, without firing a transition in
the higher-level net. Of course, in My this cannot occur. We formalize a new firing
relation = in the following definition.

Definition 19. Let the ternary relation —> C My X T X M, be the smallest relation
satisfying
— (VM) D (N M+ 8) for all (N,M) € Me such that N = (P,T,F,0,p,0),
t €T and (v,0) € p(t);
- x == ¥ implies (N,M + [(p,x)]) == (N,M +[(p,x')]), for all (N,M) € My, such
that N = (P, T,F,v,p,{), and all p € P such that v(p) C My, and x € v(p),

The classes of (marked) nested nets are 91, and 91, respectively with = as firing
relation. This firing relation defines the nested net transition system. Note that =—> and
— coincide in M. For M, we let the = firing relation replace the — relation and
define EWF-bisimilarity and soundness with respect to this relation =.

We illustrate the firing relation introduced by means of Example 2l

Example 20. Given the markings of N; we observe that for any natural number n, four

kinds of markings are possible for Ny: the token in N is either in r or in s and the token
(p)

in N; has value n and is either in p or in g. We denote the four combinations by M
MO P and ME9 . Then, the following sequence of firings is possible starting
from (NO,MS(” )). First, an autonomous firing can take place in Nj, moving the token
in it from p to g and increasing its numerical value, i.e., (N07M6(p 1 =L (No, M),
Next, u can fire in N;. This transition increments the value of the parameter to 2. The
firing of u is labeled by a(1) and by definition of p; v fires as well. It should be noticed
that by means of the labeling and the transition function synchronization is achieved.
Observe also that since any firing of v is labeled by ¢; as 7, this synchronized step is

also silent, i.e. (N07Mf(q)) = (N07M;(p )). Next, Nj can again fire autonomously and
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again the value of the parameter is incremented: (NO,ME(” )) = (NO,M;(q)). Finally, a
synchronized firing of # and w occurs. The firing of u increments the parameter further.
The firing is labeled by a(3). This time the firing of Nj is observable since ¢; labels all
firings of w by b(n), where n is the value of the parameter in the labeling of the firing

of u, ie.. (No, M) 22 (o, M(P)), O

The class of (marked) nested EWF nets are (marked) EWF nets over the universe U,
and the firing relation =, which we represent by 213 and 1, respectively.

The healthcare workflow net discussed in detail in Section [2] is an example of a
nested EWF net.

Since nested nets are derived from colored nets, and nested EWF nets are derived
from EWF nets, operations and predicates introduced in SectionEare readily applicable
to nested nets. The example in Section [2l uses operators to combine processes modeled
as nets. For instance, radiotherapy should be ministered in parallel with a cisplatine
treatment followed by an etoposide treatment. After each session of treatment tests are
carried out and the entire process is repeated four times. Using the operations we have
introduced, this medical scenario can be written as init(((Radiotherapy||(Cisplatin -
Etoposide)) - Tests)*). This is a sound EWF net, provided the operand nets are sound.

Theorem 21. Let I. C N} be a library of sound nested EWF nets. Then any term de-
noting a (marked) nested EWF net, obtained from the nets in L by application of -, ||, +
and init is sound.

In order to apply the theory we need a language to define the transition function. The
language should be expressive enough to model protocols such as the one described in
Section 2l However, we restrict the set of operations to concentrate on the behavior of
the token nets rather than the way they are modeled. We call this class of nested EWF
nets adaptive workflow nets.

We assume the existence of a library L of sound adaptive workflow nets. We assume
that a countable set of variables V is given. The set of variables appearing in a term t is
denoted Vars(t).

Definition 22. Let A,B CV, and let t be a term constructed from constants from 1L, and
variables from AUB by means of application of -, ||, + and init. Then, the following are
called basic net predicates with respect to A and B:

— initial(t), final(t), t L. where | € 2\ {t}, and for any v € Vars(t) it holds that
vEA;

—t—u whereueB, e 2\ {1}, and for any v € Vars(%) it holds that v € A;

— u=t, where u € B, and for any v € Vars(t) it holds that v € A;

Definition 23. A nested EWF net (P,T,F,v,p,!) is called adaptive if for eacht € T we
have p(t) is defined as follows. Let o, : P — V be one-to-one mappings with ran(o.) N
ran(B) = 0, and ¢ is a first order logic formula constructed by means of predicates
associated with Uy and the basic net predicates with respect to ran(o.) and ran(f) such
that

— JdandV are applied only to variables of type Uy,
— for any free variable x of §(o, B), it holds that x € ran(o.) Uran(B).
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Let 0 :V — Uy, Let 0 be the maximal subset of 0 o o such that for any x, 0" (x) €
V(x) and let B* be the maximal subset of 0 o B such that for any x, B*(x) € v(x). Then,
p(t) should be {(v,8) | yE a* A € B* A O(Y,0)}.

! . o . ! !
Note that => coincides with — whenever / # 1. So the predicates t — and t — u

in Definition 23] coincide with ¢ =L and 1 =5 u respectively.

The following theorem states a basic fact about adaptive nets. Its proof uses the fact
that the unary net predicates only address behavior, i.e., they are true for a net x if and
only if they are true for a net y that is EWF-bisimilar to x, and binary predicates always
contain a variable in 91,. In other words, test predicates such as x = C for x € ran(Y)
and C € L are excluded.

Theorem 24. Let x € M be EWF-bisimilar to an adaptive workflow net y. Let N =
(P,T,F,v0,p,) in Ny and p € P such that v(p) = MY. Then (N,M + [(p,x)]) € MY is
EWEF-bisimilar to (N,M + [(p,y)])-

To illustrate the definition above we formalize a number of transitions from the mo-
tivating example discussed in Section [2l We start with the transition labeled operable
in Figure [l For the sake of simplicity, assume that this transition is called 7. It has
one input place, say p, and one output place, say g. Transition ¢ can fire only if a fir-
ing labeled operable occurs in the token net of the input place. In this case, resection
should be performed followed by four iterations of chemotherapy (cisplatin and then
etoposide) and testing. Let p(¢) = {(7,9) | ¢(y,0)}. Since p is the only input place and
q is the only output place, y should have a form {p — x}, and & should have a form

. . . operable )
{q — y}. To restrict the input we require x PETADE o produce the output we write

y = init(Resection - (Cisplatin - Etoposide - Tests)*). Hence,

p(t) ={{p—x},{g—y}) |x

y = init(Resection - (Cisplatin - Etoposide- Tests)*)}.

opﬂble A

The second example is the transition labeled radiation scarring in Figure Bl Whenever
radiation scarring is observed by the doctor, prophylactic treatment should be admin-
istered in parallel with the ongoing process. We model this part of the guideline as a
transition that can fire whenever radiation scarring is observed in a lower-level net.
This transition produces the parallel composition of one of its inputs and ProphT, on
the one hand, and returns the radiation control net to its original place. Since ProphT
is a library net it should be first initialized and then used in the parallel composition.
Assuming that the transition is called u, its input and output places are surv and radc,
we write

p(u) = {({surv xi,radc— xp},{surv— yj,radc — y,}) |

radiation scarrin
X2 - gyz A y1 = x1||init(ProphT)}.

6 Conclusion

Inspired by the existing work on the “nets in nets” paradigm [20,27,36], we intro-
duced the class of nested nets to model processes with an adjustable structure. We also
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introduced EWF nets that extend classical workflow nets with an exception handling
mechanism. Adaptive workflow nets are nested EWF nets whose behavior depends
on the behavior of the token nets rather than on the way the token nets are modeled.
Adaptive workflow nets are more flexible than classical workflow nets and have more
structure than ad hoc systems.

To manipulate token nets in an adaptive workflow net we have identified a number
of operations on EWF nets, including sequential composition, parallel composition and
choice.

We have shown that the formalism presented allows to model realistic adaptive sys-
tems such as medical guidelines.

Future work. Our framework is obviously Turing complete. Hence, properties like
soundness are in principle undecidable. Therefore, we would like to investigate sub-
sets of adaptive nets where behavioral properties are decidable. It should be noted that
coverability is decidable for the class of nested nets considered in [26], which gives us
the background for finding suitable subclasses of EWF nets.

The fact that nets can be built or modified at runtime makes it mandatory to de-
velop patterns of nets for which soundness can be derived (soundness by construction).
Another line of research is the implementation of our framework within an existing
workflow engine.
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Abstract. This paper presents an approach for analyzing embedded systems’
software energy consumption and performance based on probabilistic modeling.
Such an approach applies Coloured Petri Net modeling language (CPN) for sup-
porting simulation and analysis. The proposed approach offers three basic con-
tributions for embedded system analysis field:(i)code modeling, a probabilistic
model for scenarios exploration being presented, (ii) formalism, a formal and
widespread modeling language (CPN) being applied, with previously validated
engines and algorithms for simulation;(iii) flexibility, the proposed approach en-
abling modeling of different micro-controllers at different abstraction levels.

1 Introduction

Technological advances bring new techniques and paradigms for field of embedded
system. In order to improve designs in such novel paradigms, methods for design space
exploration play an important role, by seeking the optimization of parameters such as
performance and energy consumption. A crucial point for such exploration is defin-
ing the typical operation scenariod] and worst-case scenario. Classic approaches use
model scenarios as test vectors where sets of events and data loads are gathered to
perform simulation analysis [[20]. In the context of processor performance exploration,
such vectors are approached by executing standard benchmark code. In this way, it is
possible to estimate the typical execution time and energy consumption for a specific
processor applied to a specific domain. However, design space exploration implies eval-
uating a specific code in its target application. How can the execution time and energy
consumption possibilities for a specific processor running a specific code within a sys-
tem with a non-specific set of scenarios be evaluated? Defining test vectors according
to possible scenarios is normally very difficult. This paper approaches such a question
by extending our previous works [10,/11], where Coloured Petri Nets (CPN) [7] are
applied to describing an application (code + processor architecture), focusing on prob-
abilistic modeling to describe scenarios. The proposed modeling allows control flow

" In this text, the term scenario is restricted to set of events.

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 261-2811 2006.
(© Springer-Verlag Berlin Heidelberg 2006
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exploration to statistically cover a large range of load and event possibilities. From this
approach, a framework for analyzing embedded system software is presented. The ap-
plication of the CPN modeling language is motivated by: (i) formalism, a consolidated
set of rules being applied to describe models, (ii) graphic representation, offering more
cognitive model reasoning and representation, (iii) hierarchical modeling capability, al-
lowing different abstraction levels, (iv) behavioral description supported by programing
language, guaranteeing an accurate executable model, (iv) simulation resources, tools
and validated simulation algorithms being available. Thus, a formal model can be con-
structed and validated with minimal effort, if compared with ad hoc construction based
on general program language. Once the model being constructed, a specific and effi-
ciency centered tool comes directly from application of software engineering rules.

This research is centered on the micro-controller domain, the power model imple-
mented describing the consumption of instruction by measuring entire micro-controller
consumption. In this way, the code- and data-memory consumption is naturally ag-
gregated to the instruction power-model. In this work, results concerning pipeline-less
architectures are presented, the AT8958258 micro-controller being chosen as a tar-
get. This paper is organized as follows: Section 2 presents related works, Section 3
presents instruction power characterization, Section 4 introduces the architecture de-
scription model, Section 5 presents a framework and analysis environment, Section
6 shows the model validation, Section 7 presents experimental results and Section 8
presents the paper’s conclusions.

2 Reated Works

In the context of digital systems, the concept of statistical simulation and probabilis-
tic analysis has been applied to hardware power estimation [17]. This concept attacks
the pattern-dependence problem, namely the dependence between results and entry test
vector. From the concept of probabilistic analysis, circuit events are modeled as random
processes with certain statistical characteristics. The probabilistic analysis is applied to
estimate the circuit activity level, which is directly related to energy consumption [20].
Burch et al [5] have proposed an alternative approach mixing the premises of prob-
abilistic analysis with a simulation-based technique. The method consist of applying
randomly-generated input patterns to the circuit, simulating and monitoring the power
value result. The result is evaluated until it reaches a desired accuracy, at a specified
confidence level, according to the Monte Carlo simulation technique. In the context of
software performance analysis, Bernat ef al [ 2] have proposed a framework for perform-
ing probabilistic worst-case execution time(WCET) analysis, termed pWCET. The aim
of pWCET is to estimate the probability distribution of the WCET of a given code frag-
ment. Based on a syntax tree model, execution probabilities are associated with basic
blocks (sequences of instructions that have no branch instruction). Such probabilities
are captured either by measurement (with code instrumentation) or by cycle-accurate
simulation, both based on a large set of test vectors (scenarios). The WCET distribution
is obtained by analyzing the resulting tracd] against the syntax tree model. pWCET is

2 An 8051-like architecture with code and data memory integrated on a chip.
3 A list of tuples (instruction, timestamp).
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an interesting and functional approach but the pattern-dependence problem[20] remains
due to the test-vector mechanism. Marculescu et al [[15] have presented a probabilis-
tic modeling technique for system-level performance and energy consumption analysis
based on a formal model termed Stochastic Automata Network (SAN). Their work is
based on a process graph that represents a net of automata. The proposed process graph
is characterized by execution rates that applied under exponentially distributed activity
durations, serve as a Markov chain. SAN thus, provides a formal way for supporting
probabilistic evaluation. As a result Marculescu’s approach makes it possible to obtain
the steady-state probability distribution of system element utilization for a given sce-
nario. In the context of CPN application to embedded systems and power estimation,
Burns et al[6] applied CPN as a formalism for modeling a generic superscalar proces-
sor in order to perform real-time analysis, Murugavel [16] proposed a CPN extension,
termed as Hierarchical Colored Hardware Petri Net, for dealing with gates and inter-
connections delays for hardware systems power estimation. More recently, J¢rgensen
et al [8] have demonstrated the strength of CPN centered frameworks as estimating the
memory usage of smartphones software.

In our work, differently from [5]], the randomly generated pattern is generated during
code model simulation according to a probabilistic model of system behavior, as will be
clarified later. The generation mechanism is performed by assumptions about the proba-
bilities of an event occurring in a system. Such assumptions can be captured from (i) ad-
hoc designer knowledge, (ii) a more abstract system model and/or (iii) a system behavior
statistical database. Modeling formally such probabilities comprise a research addressed
as future works. Currently, this research is focused on ad-hoc designer inferences. Since
an event can be related to a set of conditional branches in the code, branch’s probabil-
ities are inserted in the assembly source-code by annotations. The analysis is currently
based only on assembly codes, but the mechanism for extracting such annotations from
C code is being developed. The code is modeled as a CPN so that a formal and extensible
representation is built. As a result of CPN-model simulation, execution time and energy
consumption are automatically estimated. Note that the scenario is being addressed by
mapping from a set of branch probabilities onto a set of system events.

3 Instructions Power Characterization

In order to characterize the instruction consumption in the target micro-controller ,
a measurement setup was implemented, taking works [14] and [L8] as references.
An Application for Automatic Power-Characterization (AAPC) was developed, cover-
ing: target microcontroller code download, data capture and database generation. For
8051 architecture, a set of 589 characterization instruction-coded] were written. Each
instruction-code represents an instruction in a specific situation concerning operands.
For example, instruction ADD A # mm generates various instruction-codes where the
A-value and mm-value are explored. The instruction-code performs continuous loops,
generating hardware outputs to synchronize measurements of execution time and en-
ergy consumption. Figure [Qillustrates the automatic measurement cycle and operation
of AAPC internal modules.

# Codes that perform target instructions in a repetitive way.
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From a SPI (Serial Peripheral Interface) link, between a PC computer and the test-
board, the AAPC is able to download and verify characterization codes inside the tar-
get micro-controller. A digital oscilloscope is linked with the test-board so that mea-
surements of consumption and execution time are captured as oscilloscope waveforms,
the specific instruction execution interval being identified, due to characterization-code
markers. The AAPC is composed of three basic modules: user interface, download-
verification module and acquisition module (See Figure [I)). The user interface supports
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commands for defining target instruction-codes and output database directories. Addi-
tionally, AAPC implements analysis resources by showing histograms of measurements
and average values related to the class of instructions. For each measurement, the ac-
quisition module saves a file into the characterizations database. When an error occurs
the acquisition module and download-verification module re-synchronize the process.
Database files are formatted in XML, thus allowing easy access and manipulation.

The AAPC applied to the AT89S8252 micro-controller resulted in two main conclu-
sions about the device’s instruction-power profile: (i) there is small variatior in energy
consumption among instructions with the same execution time within an instruction
class and (ii) the intensity of energy consumption is clustered according to instruction
classes. Resulting from this, the AT89S8252 instruction-power model is constructed by
a small set of values according to execution time and class of instruction (See Figure[2).
It is important to emphasize that such an evaluation is specific to the AT89S8252 micro-
controller, different devices and families possibly displaying very distinct instruction
power characteristics. This argument is supported by comparing works such as [12],
[4] and [3].

4 Architecture Description Model

The current model extends our previous architecture CPN-Model [[11] so that it per-
forms a simulation based on probabilistic alternatives of code flow. The model presented
in [11] is constructed in a way that any code can be built from a set of instruction-CPN
model. This set of instruction-CPN models describes the processor ISA (Instruction
Set Architecture). The instruction behavior is described by a CPN-ML code, associated
with transitions in the instruction-CPN model (code transition). The CPN-ML code in-
vokes functions to perform the instruction behavior. Currently, the power model is based
on instruction consumption in accordance with concepts postulated in [19]. However,
these functions (hardware resources) can be unfolded in order to represent more details
for constructing a more accurate power model. Each instruction-CPN model computes
its energy consumption during the net simulation, feeding the Consumption Vectorfd.
The internal context of the processor (memories and registers) is described as record-
structure encapsulated by the token. Additionally, the token carries “probe variables”
such as accumulated number of cycles and energy consumption. The first phase in the
description process consist of defining the token data structure. The token has to carry
elements that are modified due to instruction execution. In the second phase, each in-
struction behavior is described by invoking CPN-ML functions in order to modify the
token. Depending on the abstraction level intended, the designer can construct such
functions or directly apply CPN-ML functions that model hardware resources already
provided in the model. Each instruction is constructed as an individual net so that in-
struction model validation is implemented isolatedly, for each instruction without the
need to build a test program. For instance, the instruction CJNE description is function-
ally validated executing the model shown in Figure[3l The token will flow through the

> Less than 1% variation, that can be associated with measurements error.
% A vector where each position is associated with an instruction. The position holds the energy
consumed by the instruction during the simulation.
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val P .
alue Instruction information:

Instruction Class: Branch

Instruction Type: CINE A, direct, relative

Model Atributes: operl=direct address ,oper2= relative jump

OpCode: B6H

Bytes: 3

Clock Pulse: 24

OBS: The lower addresses of Upmemory is used as model 's

internal varable. For conditional branches the address 00 holds the
branch condition: (00)=1 will branch, (00)=0 will not branch

Context

input Ki;

output Ko;

action

let val cy=24;val energy=86046 ; val inst=2; val oper1=2;val oper2=244 in
{cycle=(#cycle Ki)+cy,power=En_Ac( (#power Ki),energy),
Ex_Pro=write_pr((#Ex_Pro Ki),inst,read_pr((#Ex_Pro Ki),inst)+1),

InsCINE_A_direct_relative

Ko mem=write_m(0,(#mem Ki),
[read_pr((#Upmem Ko),0)=0]

patch=write_pr((#patch Ki),inst,read_pr((#patch Ki),inst)+energy),

208,
[read_pr((#Upmem Ko),0)=1] if read_m(0,(#mem Ki),224) <read_m(0,(#mem Ki),oper1)
then

Set_Cy ( read_m(0,(#mem Ki),208))

Reset_Cy ( read_m(0,(#mem Ki),208))
)

Upmem=write_pr((#Upmem Ki), 0,
if read_pr((#mem Ki),224) <>read_pr((#mem Ki),oper1)
then 1
else 0

Context )

Context

PC=if read_pr((#mem Ki),224) <>read_pr((#mem Ki),oper1)
then RelJump((#PC Ki),oper2,3)
else (#PC Ki)+3,

ext_mem=(#ext_mem Ki),

program=(#program Ki)}
end;

Fig. 3. A branch instruction description in the CPN-deterministic model

instruction model until it reaches place S Outputl or S Output2, depending on the code
segment evaluation. Note that the decision process is implemented by a net structure
(transition Jump and NotJump) according to an internal flag generated by code segment
in transition. Each instruction model computes its clocks cycle. Therefore, the CPN
simulation implements a cycle-accurate processor simulation. In order to automatically
generate a CPN-Model application, a Binary-CPN compiler is applied. Given a code of
interest and the processor description, a Binary-CPN compiler constructs a CPN model
of the application (processor + code). The CPN structure per si models the possible pro-
gram flows, where each possible program state is modeled as a place. Each transition
is a substitution-transition encapsulating the instruction-CPN model. Figure K4l shows
the CPN model in the CPNTools environment [[1]]. On the left-hand side, hardware re-
sources are modeled by CPN-ML functions, implementing operation associated with
hardware, and on the right-hand side the application model is represented as a Coloured
Petri Net. In order to perform the behavior of CALL-RET instructions and interruptions,
a special structure is implemented, the token distributor. When a CALL- or RET-type
instruction is executed, the token is sent to the token distributor structure (Figure [)).
From there, the token is driven to output afterPC place by firing transition Calculat-
ingPC (Figure[). From afterPC place, the token is driven to a net place (code address)
according to the PC value by firing PCAFTrans n, where n is the place addressed by the
PC value. The simulation stops when a RET instruction is detected without a previous
CALL instruction being executed. In this case, after being evaluated by calculatingPC
transition, the token is held in afterPC place of the foken distributor. In order to provide
exit points in the code under evaluation, isolated-RET instructions are inserted into the
code. Such an expedient is applied as the only code-instrumentation mechanism.
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Fig. 4. Application model in CPNTools edition and simulation interface

4.1 Probabilistic Model

In the proposed probabilistic model, the behavioral description is removed from the
instruction-CPN model. Thus, the instruction-CPN model does not simulate instruction
operation any longer, only register its time and energy consumption. Only uncondi-
tional branch instructions, such as CALL, RET and JMP, remain with their original
behavior. For conditional branch instructions, a probabilistic behavioral model is im-
plemented (See Figure [B). All others keeps only their computation of cycle and energy
consumption. This implies: (i) improvement on performance simulation and (ii) more
independence of model concerning processor instruction set. The token distributor was
modified in order to process the stop-criteria evaluation. Specific functions for statistic
manipulation and stop-criteria evaluation support were implemented. Figure [0 shows
the CPN model in the CPNTools environment. The binary-CPN compiler was modi-
fied in order to (i) insert parameters related to the probabilistic model, (ii) insert the
stop-criteria evaluation code into calculatingPC (See Figure [7) transition in the token
distributor structure and (iii) model basic blocks as a transition (Basic Block Model-
ing). The parameters related to probabilistic modeling and stop-criteria evaluation are
captured from annotations in the source code. There are two type of annotation: header-
annotation and instruction-annotation. Header-annotation informs simulation parame-
ters associated with stop-criteria. Instruction-annotation informs simulation parameters
associated with probabilistic instruction behavior.
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4.2 Simulation Parameters

In order to simulate the code flow according to event probabilities, two parameters have
been inserted into the model: prob and wloop(See Figure[d). Given a conditional branch
instruction, its probability to branch is defined by prob’s value. The branch condition
is evaluated by comparing the prob value against a random real number generated in
a [0.0,1.0] interval, through a uniform distribution function. If the generated number
is equal or less than prob’s value, the instruction branches. In this way, the probability
of instruction branching is equal to prob’s value. wloop restricts the number of con-
secutive branches. It has two important roles in the model:(i) allowing the modeling of
limited iterative-deterministic branches (loops) and (ii) restricting consecutive branches
in probabilistic branch instructions. Note that deterministic modeling is implemented by
assigning value 0.0 or 1.0 to prob. A deterministic limited loop structure is modeled as
a branch instruction with prob=1.0 and wloop equal to number of iterations intended.
Additionally, the model supports a sweep simulation mode. In the sweep mode, the sim-
ulation explores a set of chosen instructions by evaluating them considering probability
intervals. For each branch instruction, a fixed probability to be applied in the normal
simulation mode and a probability interval to be applied in the sweep mode are defined.
Sweep mode is useful in systems or code fragments where particular external events
can be directly mapped to branch instructions. Additionally, the combination of every
data captured from all sweep simulation provides a general vision of the entire set of
scenarios. The probability interval is constructed according to the format:

[Pi?Pfast]

Instruction information:
Instruction Class: Branch
Instruction Type: INB relative
Model Atributes: operl=bit address ,oper2= relative jump
OpCode: 30H
Bytes: 3
Clock Pulse: 24
OBS: The lower addresses of Upmemory is used as model 's
internal varable. For conditional branches the address 00 holds the value
branch condition: (00)=1 will branch, (00)=0 will not branch

input Ki;

output Ko;

action Context
let val cy=24.0;val energy=86.046 ; val inst=2; val oper1=9;val oper2=243;

val fixProb=1.0; val thisInstSweep=0;

val prob=if {!r p= p) andalso ! then (!globprob) else fixProb;
val wiogp =92 in
record(cy energy,inst);

mem={#mem Ki),
InsINB_bit_relative
Upmem =write_pr{(#¥Upmem Ki), 0,
if {uniform(0.0,1.0)<=prob) andalso (Array.sub(LoopCounter,inst) <wloop-1]
then ( (jumpflg:=1; Amray.update(LoopCounter,inst,Ammay.sub(LoopCounter,inst) +1)); 1)
else { {jumpflg: =0; Array.update{LoopCounter,inst,0)); 0)

Ko
PC=if tjumpfig=1
then Reldump((#PC Ki),oper2,3)

el CEPC K, [read_pr((#Upmem Ko),0)=1] Iread_pr{(#Upmem K0),0)=0]

Ko

Context Context

ext_mem=(#ext_mem Ki),

program=(#program Ki)}
end;

Fig. 5. Probabilistic model of branch instructions
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Fig. 6. Probabilistic model in CPNTool environment.

where P; is the initial probability value, Py is the final probability value and st is the
probability step to be performed during the sweep. Thus, the instruction-annotation is
constructed according to the format:

< Q[P;, Py, st]|sweepmode free| fizproblwloop@ > .

Where [P;, Py, st] is the sweep interval, sweepmode free is a boolean value that in-
forms whether the instruction operates only with fixed probability, and fixprob is the
fixed probability associated with the instruction.

4.3 Stop Criteria Evaluation

The Stop-Criteria parameters are captured from the header-annotation. The header-
annotation is constructed according to the format:

< $ConfInterv|Emaz|Tar Met|Ng$ >.

Where C'on f Interv is the confidence interval identifier, F,,q, is the maximum error
intended, T'ar M et is the target metric and IV, is the minimum number of simulation cy-
cles. Con f Interv informs which distribution table is being applied in accordance with
the confidence interval intended. Currently, the model supports six confidence interval
setups, from 90% (Con fInterv = 1) to 99% (Con fInterv = 6). The Tar M et sets
the target metric for stop criteria evaluation, power (T'ar Met = 1), energy (T'arMet =
2) or execution-time (T'arMet = 3). In order to guarantee enough data for the estima-
tion of probability distribution, N, has priority over other stop criteria. For instance, the



270 M.N.O. Junior et al.

input Ki;
output Ko;
Context (actlon

SubSp ngPC {mem=(#mem Ki),
Upmem=(#Upmem Ki),
PC=if read_pr(1,2)>=0
then (#PC Ki)
else
Ki if (stoken:=Ki;StopChecker())

then (globprob:=sub(!ProbArray,(!InstSweep),0);0)
else

(
SampleFileOut();
if 'SweepEnabled

then
if IFlagStopSweep orelse (List.nth(DetermList,(!InstSweep)))
then (

Ko Av_SDFileOUt(0);
ResetSweepStatistic();
InstSweep:=(!InstSweep)+1;
if 1InstSweep=InstSweepMax
then (~ 1)
Subsft ngPC else (SearchNextValidInst()
)

)
[OutContext else (greset(); globprob:=probsweep(!InstSweep);0)
else(
Av_SDFileOUt(1);
(~1))

ext_mem=(#ext_mem Ki),
program=(#program Ki)

¥

)

Fig. 7. Mechanism for Stop Criteria Evaluation

stop criterion is checked only if a minimum of Vs simulations have been performed.
Note that the designer can tune the quantity of samples from the header-annotation.
The stop criteria are evaluated by specific code inserted in the calculating PC transition
(See Figure [7). When an isolated RET instruction is executed, the StopChecker() func-
tion is invoked and, according to return value, a new simulation cycle is started or the
simulation is ended.

4.4 Basic Block Modeling

The Binary-CPN compiler improves the final CPN-model based on the fact that proba-
bilistic models do not implement the code behavior. Basic blocks are modeled as only
one transition. Additionally, unconditional loops implemented as delays, such as self-
loop and loop with internal-NOP instructions are modeled as only one transition. This
operation reduces the number of simulation steps, hence speeding up the simulation. For
architectures with pipelines, basic block modeling has to take into account pipeline-data
and -structural conflicts so as to compute their time penalty and energy cost. The method
presented in this work is focused on a pipeline-less model, in which simple-scalar ar-
chitecture can be evaluated since it can be modeled regardless of pipeline conflicts. At
the present stage of the research, a probabilistic model for simplescalar architecture is
under construction.

5 Framework and Analysis Environment

Figure [8 shows the methodology for model construction, simulation and analysis. The
framework consists of (i) insertion of probabilistic (instruction-annotation), (ii) generation



Analyzing Software Performance and Energy Consumption of Embedded Systems 271

Assembly
Annoted-Code

@ e

Binary-CPN
Compiler

XML-Prob File

Instruction-CPN
Models

Simulation

e R R
CPN !
Model ]

Result Result
Tables Graphics

Fig. 8. Framework for probabilistic modeling and evaluation

of abinary code and a LST-codd] file, (iii) generation of an XML-Prob file (iv) generation
of a CPN-Model, (v) simulation of the CPN-Model and (vi) analysis of results.

There are two basic aspects to take into account while inserting instruction-annota-
tion. Firstly, defining whether the instruction operates as a sensor of an external event
(probabilistic behavior) or as a countable and predictable branch (deterministic behav-
ior). Finding code structures that represent abstract control structures such as FOR and
WHILE(Constant) is a straightforward means of identifying branch instructions with
deterministic behavior. In order to identify branch instructions with probabilistic be-
havior, the designer should analyze those that evaluate variables associated with the
system sensors and actuators. Secondly, the header-annotation and probability interval
should be correctly specified in order to allow fast and consistent simulation. A high
confidence level associated with high accuracy (low maximum error) implies a longer
simulation time. Therefore, the designer has to explore values for header-annotation
taking into account: code sizeﬁ, time simulation and intended accuracy. On the other
hand, the probability interval should be carefully specified so as not to insert nonsense
scenarios.

The annotated-code is assembled and an executable code (binary code) with a LST
code file are obtained. The LST-code file is an ASCII file, where instruction memory-
addresses are inserted into instruction lines. Additionally, LST-code files preserve the
code’s comments, thus preserving the code’s annotations. In this way, the LST-code file
provides a table mapping code-memory address to instruction-annotation.

In order to extract parameters from instructions-annotations, the LST-code file is pro-
cessed by a LST-Parser. The LST-Parser generates XML file as output, termed

7 Text file generated during source code assembly.
8 It is naturally associated with time simulation.
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XML-Prob. XML-Prob holds information present in the code-annotation as XML file
elements. The next stage is concerned with the generation of the CPN-Model. The
Binary-CPN compiler constructs a CPN-Model from binary code, XML-prob and
instruction-CPN model files. The CPN-Model is generated in a CPNTools input file
format, a well-defined description in XML format. Additionally, the Binary-CPN com-
piler allows disabling basic block modeling in order to generate detailed profiles as in
the deterministic model. Currently, the CPNTools environment has been used as a plat-
form for modeling, editing and simulation. CPNTools offers an efficient environment
based on the widespread CPN semantics [13]]. Finally, it is important to highlight that
the CPN-Model is a computation model, so more specific and efficient engines can be
implemented by focusing on specific aspects of the simulation process.

In the last stage, the partial results are processed to provide tables and graphs, char-
acterizing scenarios. Probability distributions representing execution time, energy con-
sumption and power are drawn for each scenario explored during the simulation. A
frequency profile is constructed according to frequency classes in captured samples.
Applying the conceptual identity between frequency and probability, a probability dis-
tribution of classes is constructed, namely a probability distribution of metric value
intervals. The length of interval associated with classes is adjustable, the designer being
able to adjust it, so as to explore different resolutions for distribution of probability. In
order to promote operation flexibility, all the above stages are gathered in an environ-
ment for Petri net model integration termed EZPetri [9].

The EZPetri environment is an integration framework combining Petri net tools and
new applications in a single environment. The EZPetri was extended in order to sup-
port the proposed framework, and was termed EZPetri-PCAF (Power Cost Analysis
Framework). EZPetri-PCAF operates with three menus: editing, compiling and analyz-
ing. In the editing menu, the user can edit code and insert annotations, the CPN-Model
is generated from the compiling menu, and the analysis option is set in the analysis
menu. Probability distribution is visualized in a histogram, where the class interval is
adjustable from the analysis menu. Additionally, the profile of average and standard
deviation is presented.

6 Mode Validation

In order to validate the probabilistic model, a BubbleSort code was evaluated. The Bub-
bleSort algorithm was chosen due to its analytical predictability, where best and worst
execution times can be obtained from a specific data load. Figure @l illustrates the vali-
dation framework. The validation was performed in two phases: (i) the BubbleSort code
was modeled and evaluated according to framework described in section [3} comparing
results with measures on hardware, and (ii) a set of 1000 test vectors was generated
and automatics measures of energy consumption and execution times were performed
applying the system described in section 3l The set of test vectors was generated from
a “seed” code, each vector consist of the seed code with a randomly generated data-
vector. Thus, the test vector set represents samples of BubbleSort operation scenarios.
The validation was performed evaluating phases (i) results and comparing them with
results of phases (ii).
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1 g ewwsrkswrg hhlesort for Probilistic Evaluationwwswesuaius
2 wwwwwwwwwwwun Haadar-annotation

3 ;<$1]0.05] 310005 ;

4 begin:

) mov r4, #00H

& loop:

7 mov a,rd4

8 add a,#30H

=] mov_rd,a

10 Tcall swaap

11 mov a,rd

12 subb a,#30H

13 mov r4,a

14 inc r4

15 mov a,rd 3 Instruction-Annotation

16 cjne a,#oH, Toop 1 <@[0.0,1.0,0.1]|true|l. 0| 9@
17 ret 3 Exit point

18 swaap:

19 mov Q0H, rd

20 mov rl, 00H

21 dnner_loop:

22 clr <

23 inc rl

24 mov a,@ro

25 subb a,&rl s Instruction-annotation

26 je exit ;<@[0.0,1.0,0.1][false|1l. 0] 2560008
27 inc ri

28 mov bh,&ro

29 mov a,8rl

30 mov @ro,a

31 mov @rl,h

32 exit:

33 mov a,rl 3 Instruction-Annotation

34 cjne a,#39H, inner_loop p<@[1.0,1.0,0.1]|true|l.0] 5@
33 ret

Fig. 10. BubbleSort code for model validation

Figure [IQ shows a BubbleSort code (seed code) implementation for ordering a vec-
tor with 10 elements. Note that all the program’s flow variance is defined for three
branch-instructions at lines 16 (inst16), 26 (inst26) and 34 (inst34). Instructions inst16
and inst34 are vector-length dependent, in which a deterministic behavior is performed.
On the other hand, instruction inst26 has a probabilistic behavior, depending on the
ordering level of vectors. Analyzing the BubbleSort algorithm, it is verified that:(i)
instruction inst/6 branches vector length — 1 times , (ii) for each inst/6 branch,
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Table 1. Model Validation: Deterministic Behavior of BubblSort’s code

Estimated. Estimated. Measured. Measured. Error(%) Error(%)

Metric Worst-Case Best-Case Worst-Case Best-Case Worst-Case Best-Case
Average Power(mW) 49,99 49,75 47,86 47,06 4,45 5,72
Total Energy(pJ) 47,59 31,69 44,13 29,98 7,84 5,50
Execution-Time(us) 952 637 952 637 0 0

identified by index from n = 1 to n = vector length — 1, inst34 branches b,, times,
and (iii) by, is defined in an arithmetic-progressive function as follows:

b, = (vector length — 1) + (n — 1) * (—1).

Thus, the total number of insz34 branches is deterministic and given by:

Tinﬂ34 = Zn by = (bl + b(vector—length—l)) * ('UeCtOT - length - 1)/2

branches

For a vector with 10 elements, T,ff(fféfes = 45. Note that inst34 branches 45 times as
inst16 branches 9 times. Hence, the average inst34’s number of branches is 5. As the
model intends to estimate the total number of branches, the total branches can be calcu-
lated based on average values. From theses analytical considerations, inst16 and inst34

are modeled as deterministic (fixprob=1.0, see subsection and limited to 9 and
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Fig. 11. Probability distribution for execution time depending on scenarios (a) P(inst26)=0.0
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Fig. 12. Consistency validation toward execution in hardware:(a) Probability distribution esti-
mated for P(inst26)=0.49511 and (b) Probability distribution from hardware experiment

5 branches respectively. As deterministic branch instructions, both are free of sweep-
mode effects (sweepmode free = true). The probability interval has to be declared to
avoid LST-Parser failure, but it is not effective during simulation.

In order to validate the deterministic modeling, instruction inst26 is set to a de-
terministic behavior. The worst case is calculated by setting instruction inst26 branch
probability to 0.0, and for calculating the best case, branch probability is set to 1.0. Con-
sidering these two scenarios, the best and worst case for execution time are obtained.
Table [I] shows some results obtained from the model evaluation and measured values,
where the respective errors are highlighted. The exact accuracy reached in execution
time, validates the behavioral modeling. Due to some constraints of the measurement
procesd], errors associated with power and energy estimation are overestimated.

6.1 Consistency of Sweep-Mode Results as a Scenario I nferencer

As explained in Section [£.2] this work simulates scenarios by mapping from a set of
probabilities to a set of system events. The simulation is steady-state, allowing two oper-
ation modes: normal mode (instruction branch probability fixed) and sweep mode(vary-
ing the instruction branch probability). If event probabilities are fixed, there is only one

° There are some problems concerning the oscilloscope memory limitation that impact on sam-
pling rate, and consequently on measurement accuracy, but this issue is outside the scope of
this paper.
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= Execution-Time Based on Scenarios
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Fig. 13. Execution-Time average value according to scenario

= Execution-Time Dispersion According to Scenarios
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Fig. 14. Execution-Time dispersion according to scenario

scenario to be evaluated, the simulation should operate in normal mode, evaluating aver-
age values and the probability distribution of metrics. However, for dynamics systems,
event probability can change according to the environmental context or data loading,
these being more than one scenario to be evaluated. For events directly related to a
branch-instruction, the model allows the exploration of different scenarios through the
sweep simulation mode. Analyzing the BubbleSort algorithm, can be deduced that the
probability of instruction inst26 depends on the data pattern, there being a scenario as-
sociated with each probability. All scenarios are defined clearly between two extreme
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Fig. 15. Case study: Office Communicator

situations: vector directly ordered or reversely ordered. Additionally, the BubbleSort
algorithm also informs that such extreme scenarios are the best and worst case for exe-
cution time. Hence, the sweep is applied exploring all scenarios to cover from the best
to the worst case. Figure [[T] shows the probability distribution for execution time dur-
ing five stage (scenarios) of sweep, evolving from best- to worst-case. The evolution of
average values and sample dispersion (standard deviation) are shown in Figure [13[and
[[4] respectively. The model behaves exactly as expected, being effective as a scenarios
inferencer.

In order to compare the model estimative with hardware experiment of phase (ii),
the BubbleSort model was evaluated in normal mode using P(inst26) equals to average
probability of elements permutation into test vectors (See Figure[9), in other world, the
average scenario (P(inst26)=0.49511). Figure [12] shows the probability distribution for
execution time estimated (a) and measured (b), the model estimated the most probable
execution time with error of 0.99%. In addition, the model was able to estimate best-
and worst-case as hardware experiment was not.

7 Experimental Results

In order to evaluate the proposed framework, an office communicator was developed.
Figure [13] illustrates this system. The system is normally in idle modd!d, there being
code execution only when a link is closed (request for call) or opened (end of call).
During the conversation, and ring timing, the CPU remaining in idle mode. Hence,
the goal of analysis is to explore different scenarios that drive the system, closing and
opening links. The system’s characteristics are depicted as follows: (i)there are only
four phones, (ii) only one conversation can be performed at each time, (iii)the ring
tone consists of 1 second sending a 450Hz tone and 4 seconds in silence,(iv) if the

10 Low consumption mode of AT89S8252, being assumed here as zero consumption.
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= Average Energy Consumption Based on Scenarios
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Fig. 16. Average energy consumption per scenario

= Probability Distribuition of Energy Consumption
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Fig. 17. Energy consumption probability distribution for P(event2)=0.5

receiver-phone does not respond after 10 ring tones, a busy tone is generated to sender-
phone for 20 seconds or until the sender-phone hangs up,(v) if a phone hangs up during
conversation, a busy tone is generated to the other phone during 20 seconds or until
it hangs up. The assembly code comprising 94 instruction-annotations was evaluated,
where 30 scenarios have been considered. Each scenario was defined based on three
events, for each event 10 probabilities being explored through sweep-mode simulation.
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The events are listed below.

Event 1: Link circuit busy.
Event 2: Sender-phone calls a wrong receiver-phone number (calling itself).
Event 3: Sender-phone calls a wrong receiver-phone number (calling invalid number).

The evaluations were performed with a confidence level of 90%, error within 5%,at
least 1000 simulations, and stop-criteria based on the power metric. Each simulation
value was obtained after 1001 simulation runs, therefore the total number of simulation
runs, considering the various parameters steps, was 30030. Figure [T6] shows the aver-
age energy consumption of event 2 for 11 scenarios generated through event probability
varying from 0.0 to 1.0, with step set to 0.1. Figure [17] shows the energy consumption
probability distribution for scenarios of event 2 with probability 0.5. These graphs elu-
cidate the system consumption pattern. Note that such profiles help the designer to per-
ceive the relation between operational scenario and battery autonomy. In this way, the
proposed model and the framework implement a step toward a resource for analyzing
embedded systems’ software performance and energy consumption.

8 Conclusion

The framework presented offers a mechanism for analyzing embedded systems’ soft-
ware performance and energy consumption. Additionally, a well-known formal mod-
eling language is applied instead of a general purpose programming language. Due to
this, many micro-controller families can be modeled considering a widespread formal-
ism, and simulation mechanism. The proposed approach enables exploration of a large
number of scenarios considering possible execution of events. Power, total energy con-
sumption and execution time distributions, can be constructed and graphically presented
free of pattern dependence. Given a set of scenarios related to an event, the system
response can be analyzed providing power and performance estimates. Currently, the
EZPetri-PCAF environment operates in conjunction with CPNTools, being restricted to
CPNTools simulation speed. Running into Athlon3000 processor, CPNTools displayed
an average speed of 34767 transitions per second. It is important to highlight that CPN-
Tools is a tool for general CPN model construction and analysis, and not a customized
engine for simulating the proposed model. In order to improve simulation time a dedi-
cated simulation engine is under construction. The formal nature of CPN modeling will
guarantee the quality of software engineering.

In conclusion, the proposed approach offers three basic contributions for embedded
system analysis field:(i)code modeling, a probabilistic model for scenarios exploration
being presented, (ii) formalism, a formal and widespread modeling language (CPN)
being applied, with previously validated engines and algorithms for simulation;(iii)
flexibility, the proposed approach enabling modeling of different micro-controllers at
different abstraction levels.
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Abstract. This paper is concerned with defining causality semantics
for infinite executions of Petri nets with inhibitor arcs. We first show
how one can deal with infinite step sequences and the corresponding oc-
currence nets (processes) and causal structures. We then discuss how to
improve the succinctness of both finite and infinite processes generated
from step sequences. In the latter case, the proposed constructions avoid
infinite branching in the case of bounded nets.

Keywords: theory of concurrency, Petri nets, weighted inhibitor arcs,
causality semantics, infinite processes, occurrence nets, step sequences.

1 Introduction

Petri nets are a formal model of concurrent computation that has been the
subject of extensive development in the past few decades (see [6,[13]). In the
standard formalisation, a Petri net consists of places (local states) and transitions
(actions). The latter can be executed if a specified set of local states is currently
active (or marked). Such a model is usually referred to as Place/Transition nets
(PT-nets). In the case of Petri nets with inhibitor arcs (PTI-nets), executing a
transition can also depend on some specific local states being unmarked. PTI-
nets are well suited to model situations involving testing for a specific condition,
rather than producing and consuming resources, and proved to be useful in areas
such as communication protocols [2] and performance analysis [4]. Particularly
attractive from a modelling point of view are PTI-nets supporting weighted
inhibitor arcs which can be used for testing whether a place does not contain
more than a certain threshold number of tokens [10].

This paper is a continuation of the work of [7] on elementary net systems with
inhibitor arcs, which has been further developed in [I0]. Its key aspect is to use
so-called stratified order structures, generalising partial orders in order to provide
a causality semantics consistent with the operational semantics defined in terms
of finite step sequences. In order to obtain such a semantics, one unfolds a given
net into an occurrence net with additional activator arcs reflecting the role of
inhibitor arcs. The resulting activator occurrence net (or process) is acyclic in a
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sense which also includes the activator arcs, allowing one to extract a (labelled)
stratified order structure which describes precisely the causality relationships
between the events in the given run. An axiomatic characterisation of processes
that can be obtained in this way can also be provided.

The work on causality semantics of PTI-nets in [}[10] assumed that all ex-
ecutions are finite, and so are the corresponding processes and structures. In
this paper, we relax this assumption by considering infinite step sequences and
infinite activator occurrence nets. Such an extension is needed for the definition
of branching processes of PTI-nets in the style of [5], and their subsequent ap-
plication in the development of efficient model checking techniques for PTI-nets
(in the style of, e.g., [12] and [9]).

We will proceed by adopting those notions which were effective in the finite
case. In particular, we will take advantage of the so-called semantical framework
developed in [I0] providing a uniform platform on which issues relating to exe-
cutions, processes and causality can be expressed, and their mutual consistency
evaluated. A crucial technical aspect which needs to be addressed is related to
the well-foundedness of stratified order structures and processes. As it turns out
a suitable treatment for the former has already been proposed in [§].

The paper consists of two parts. In the first one (Sections BHE), we show how
one can instantiate the semantical framework of [I0] to deal with infinite step
sequences and infinite activator occurrence nets generated by PTI-nets (and,
using a different technique, also by a subclass of PTI-nets with complemented
inhibitor places, or PTCI-nets). In doing so, we assume basic familiarity with the
technical development in [I0] and avoid repeating explanations and discussions
which can be found there. Proofs for this part can be found in [I1].

Activator occurrence nets corresponding to finite and infinite step sequences
may and usually do exhibit a certain degree of redundancy in the number of
arcs and/or nodes they contain. This is clearly not desirable if, for instance, one
is interested in using them as a basis for model checking algorithms. Moreover,
the limit constructions used in the definitions of processes can lead to infinite
branching. Therefore, in the second part of this paper (Section[f]), we address the
problem of excessive branching in the processes of PTI-nets, and show how one
can improve the succinctness of both finite and infinite processes. The proposed
constructions avoid infinite branching in the case of bounded underlying nets.

2 Preliminaries

We use the standard mathematical notation. In particular, & denotes disjoint
set union, N the set of natural numbers (including 0) and NT the set of positive
natural numbers. The powerset of a set X is denoted by P(X).

Functions. The standard notation for the composition of functions is used also
in the special case of two functions, f: X — P(Y) and g : Y — P(Z), for which

(go f) : X — P(Z) is defined by go f(z) = Uyes) 9(), for all 2 € X. The
restriction of a function f: X — Y to a set Z C X is denoted by f|z.
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Binary relations. We will sometimes use an infix notation and write zPy
rather than (z,y) € P. Moreover, domp = {x | (x,y) € P} and codomp = {y |
(z,y) € P}. The composition of two relations, PC X xY and Q CY X Z, is
given by PoQ = {(z,2) | Jy €Y : (x,y) € PA(y,2) € Q}. The restriction of a
relation P C X XY toaset Z C X xY is denoted by P|z. By idx we denote
the identity relation on a set X. Relation P C X x X is reflexive if idx C P;
irreflexive if id x N P = &; and transitive if P o P C P. The transitive closure of
P is denoted by P*, and the transitive and reflexive closure by P*.

Multisets. A multiset over a set X is a function m : X — N, and a subset of
X may be viewed through its characteristic function as a multiset over X. m is
finite if there are finitely many « € X such that m(z) > 1; the cardinality of m
is then defined as |m| = > zex M(x). The sum of two multisets over X, m and
m’, is the multiset given by (m + m’)(z) = m(z) + m’(z) for all z € X.

Sequences. We use the notation o = (mi)I to represent an infinite xixs ...
or finite z1xs ...z, sequence o, including the empty one . In the former case
7 = NT' and in the latter Z = {1,2,...,n} or Z = &, respectively. For example,
(xyz)ns = ryzayzayz. .. . We will also denote Zo = Z U {0}. If all the x;’s are

sets then | Jo = |, ., ;. If each z; is a finite multiset, then o is a step sequence.

i€z
Petri nets. A net is a triple N £ (P, T,W) such that P and T are disjoint sets,
and W : (T'x P)U (P xT) — N. The elements of P and T are respectively
the places and transitions, and W is the weight function. In diagrams, places
are drawn as circles, and transitions as rectangles. If W(x,y) > 1 for some
(z,y) € (T x P)U (P x T), then (z,y) is an arc leading from z to y. As usual,
an arc is annotated with its weight if the latter is greater than 1.

The pre- and post-multiset of a transition (or place) = are multisets of places

(resp. transitions), PREy () and POST y (z), respectively given by PREy (z)(y) =

W (y,z) and PoSTy (2)(y) = W (x,y). We assume that PREy (z) and POST y (z:)
are non-empty for every transition x.

A marking is a multiset M of places@. In diagrams, it is represented by drawing
in each place p exactly M (p) tokens (small black dots).

A step is a finite non-empty multiset U of transitions. It is enabled at a
marking M if M(p) > >,. U(t) - PREN(t)(p) for all p € P. In such a case, U
can be ezecuted leading to the marking M’ given by

M'(p) = M(p) = > U(t) - PrREN(1)(p) + > _ U(t) - POSTN (1) (p)

teT teT

for all p € P. We also write M[U)M’.

A (possibly infinite) sequence o = (U;); of non-empty steps is a step sequence
from a marking M if there are markings (M;) ; satisfying M;_1[U;) M; for every
i € Z. For a finite Z, if 7T = @ then 0 = € is a step sequence from My to Moy;
otherwise o is a step sequence from My to M,, where n is the largest index in Z.

! For technical reasons, we do not require that M be finite.
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NI € PNT N IFLAON
‘ / ’\”‘
T N7 T Z> IFLSOS
v 10} Vi~ ¢
STS LSTS

Fig. 1. The semantical setup (bold arcs indicate mappings to powersets and the dashed
arc indicates a partial function). The meaning of various semantical domains is as
follows: S7S are executions of inhibitor nets in PNZ; ZFLAON are nets used to
define processes of inhibitor nets; £LS7S are executions of nets in ZFLAON; and
IFLSOS are structures capturing the causality in nets in ZFLAON .

If o is a step sequence from M we write M[o), and if o is a step sequence from
M to M’ we write M[o)M’', calling M’ reachable from M. If we want to make
it clear which net we are dealing with, we may add a subscript N and write [-) ;
rather than [-).

3 Semantical Framework

In this section, we instantiate the generic semantical framework of [I0], which
alms at a systematic presentation of processes and the causality semantics for
different classes of Petri nets. The concrete setup is shown in Figure [Tl and its
various components are described in the rest of this section.

Inhibitor nets PNZ and their executions S7S. The family PNZ of nets
we consider consists of PT-nets with inhibitor arcs (or PTI-nets). A PTI-net is
a tuple NI = (P,T,W, I, My) such that UND(NI) = (P,T,W), its underlying
net, is finite (i.e., P and T are finite sets), I : P x T — N U {oco}, and My is
the initial marking. If I(p,t) = k € N, then p is an inhibitor place of t, and t
can only be executed if p does not contain more than k tokens. In diagrams, we
draw an arrow from p to ¢ with a small circle as arrowhead and annotated with
its weight k& whenever k£ > 0. The notations introduced above for transitions,
places and markings are defined for NI through its underlying net.

We also consider the class PNCZ C PNZT of PT-nets with complemented in-
hibitor places (or PTCI-nets). This means that every inhibitor place p has a des-
ignated complement place, denoted by p°P!, such that PREy7(p) = POST y7(p°P!)
and POST v (p) = PRE 7 (p?). In this case BND y7(p) = BND 7 (p°?!) = Mo (p) +
My (p°?") is a common bound on the number of tokens in both p and p°P'.

In NI, a step U is enabled at a marking M if it is enabled at M in UND(NI)
and, in addition, there is no transition ¢ and place p such that U(¢) > 1 and
M(p) > I(p, t. Step sequences and related notions are defined as for ordinary
nets, using the modified notion of enabledness.

2 This definition of enabledness is based on an a priori condition: the inhibitor places
of transitions occurring in a step should obey the inhibitor constraints before the
step is executed. In the a posteriori approach [3], the condition is strengthened so
that the inhibitor place property must also be true after executing U.
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We use step sequences STS to model the operational (or behavioural) seman-
tics of a PTI-net NI. The set of step sequences of NI is the set w(NI) comprising
all step sequences starting from the initial marking Mj.

Causal structures ZFLSOS. These are initially finite labelled stratified order
structures (or ifso-structures — in accordance with [I0]) defining an abstract
causality semantics of PTI-nets. An ifso-structure is a tuple ifsos = (X,=<,,0),
where: X is a countable set (the domain); ¢ is a labelling for X; and <, C are
two binary relations over X such that for all z,y, z € X the following hold: (CO0)
there are only finitely many y such that y C x; (C1) C is irreflexive; (C2) < is
included in ; (C3) x Cy = 2z and x # 2z implies x C 2; and (C4) x Cy < z or
x <y C z implies ¢ < z. In diagrams, < is represented by normal arcs, and C
by dashed arcs. We sometimes omit arcs that can be deduced using (C1)-(C4)
(see Figure 2(f)).

The $—closure ([7]) is an operation which constructs an ifso-structure from
a relational structure rs = (X, <,C,¥), where: X is a countable set; £ is a
labelling for X; and <, C are two binary relations over X. The {-closure of
such a structure is rs¢ = (X, <’,C’, £), where

< Z(kUD)o<o(<xUC)* and ' Z(<xUD)*\idx .

We say that rs is $—acyclic if <’ is irreflexive, and —initially finite if for every
x in X there are only finitely many y such that y C’ .

Proposition 1. 759 is an ifso-structure iff rs is —acyclic and < —initially finite.

Activator occurrence nets ZFLAON and their causal structures. The
acyclic nets ZFLAON underpinning abstract processes of inhibitor nets are
initially finite labelled activator occurrence nets (or ifao-nets — in accordance

with [10]). An ifao-net is a tuple AON = (B, E, R, Act, ) such that:

— UND(AON) = (B, E,R) is a countable underlying net (i.e., B and E are
countable sets) such that R C (B x E) U (E x B)ﬁ, and Act C B x E is the
set of activator arcs drawn with small black dots as arrowheads.

— For every be B, |PREAON(b)| <1 and |POSTAON(b)‘ <1.

— The structure rsson = (E, <ioc, Cioc, £|g) is O—acyclic and —initially fi-
nite, where <, and .. are relations respectively given by (Ro R)|gxg U
(Ro Act) and Act™' o R.

— ¢ is a labelling for BU E.

The various notations introduced above for transitions in E (called events),
places in B (called conditions) and markings are defined for AON through its
underlying net. Moreover, the set MINgooxy = {b € B | |PREson(b)| = 0} is
called the implicit initial marking of AON.

The relations <, and Cj,. represent local information about the causal rela-
tionships between the events contained in AON, and Figure 2{(a,b,c) shows how

3 The weight function R is treated as a binary relation which always returns 0 or 1.
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Fig. 2. Two cases defining e <. f (a,b); one case defining e Cioc f (¢); an ifao-net (d)
with identity labelling; the ifso-structure it generates (e); and an abbreviated drawing
of this ifso-structure where an arc has been omitted as it could be deduced using C4
(f). Notice that e <40on g, whereas e <J,, g does not hold.

they are derived. These causal relationships can be extracted by the mapping
% using the notion of {—closure. This mapping associates with each ifao-net an
ifso-structure and is defined by: K(AON) = (E, <a0n,Ca0N,{|E) L rsaon®
the ifso-structure generated by AON (see Figure 2(d,e)).

Proposition 2. kK(AON) is an ifso-structure.

If (b,e) € Act, then e can only be executed if b contains a token whose presence
is tested without the implication of it being consumed by e. Formally, in AON,
a step U is enabled at a marking M if it is enabled at M in UND(AON) and,
in addition, there is no event e and condition b such that U(e) > 1, (b,e) € Act
and M (b) = oA Step sequences and related notions are defined as for ordinary
nets, using the modified notion of enabledness.

It is easy to check that the underlying net UND(AON) of an ifao-net AON
is a standard occurrence net [IL[14], and so one can import several of its well-
established properties; in particular, it is the case that if (F;); is a step sequence
of UND(AON) from the marking MIN40on, then the E;’s are mutually disjoint
finite sets. We can easily relate the step sequences generated by the two nets.

Proposition 3. Let 0 = (E;); be a step sequence.

1. 0 is a step sequence of AON from MIN on iff 0 is a step sequence of
UND(AON) from MINgon and for all i € T and e € E;, f <o € implies
f e« Ej, and f Cioc € implies [ & ;- Ej.

2. If o is a step sequence of AON from MINpon then the E;’s are mutually
disjoint finite sets.

This provides a useful characterisation of step sequences executed by ifao-nets;
however, a fuller account of their operational semantics will also include the
labelling ¢, as described next.

Labelled executions LS7S of acyclic nets and causal structures. We use
labelled step sequences LSTS to model the operational semantics of ifao-nets.

4 This definition of enabledness is again based on the a priori condition. For alternative
definitions see [3}[15].
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A labelled step sequence is a pair w = (0,¢) such that o = (Xi)7 is a step
sequence consisting of mutually disjoint finite sets, and ¢ is a labelling for the
set |J o called the domain of ww. Moreover, for every x in this domain, ind(w, x)
is the index of the unique set X; such that x € X;. With w we also associate the
step sequence ¢(w) = (£(X;))7, where £({z1,...,21}) = {€(z1)} + -+ {(zx)}
thus defining the function ¢ of Figure [l

For an ifao-net AON = (B, E, R, Act,!), the set of labelled step sequences
M AON) comprises all w = (0, £|g) such that o is a step sequence of AON from
MIN0n and E = |Jo. Note that A is well-defined due to Proposition Bl

Similarly, the set e(ifsos) of labelled step sequences of an ifso-structure ifsos=
(X,=<,C,0) comprises all w = (0,¢) such that X = (Jo and for all z,y € X:
x <y implies ind(w, z) < ind(w,y), and x C y implies ind(w, z) < ind(w, y).

Related to € is a partial mapping which allows one to associate a causal
structure with a set of labelled step sequences. The ifso-structure intersection
of a non-empty set LSTS of labelled step sequences with the same domain X
and labelling ¢ is defined as +(LSTS) = (X, <,, /), where < and C are binary
relations on X such that for all z,y € X: x < y if ind(w, z) < ind(w,y) for all
w € LSTS, and = C y if ind(w,x) < ind(w,y) for all w € LSTS.

Aims and properties. The arcs in Figure [I] indicate mappings defining and
relating three different views on the semantics of a PTI-net NI. Our overall
goal is to show that these different semantics agree in the sense that processes
(ZFLAON) and causal structures (ZFLSOS) describe relations between events
consistent with the chosen operational semantics (S7S). In particular, the (as
yet undefined) mapping « associates with NI a non-empty set of ifao-nets (pro-
cesses) satisfying certain azioms, and an ifao-net is given an operational seman-
tics through the mapping A which associates with it a non-empty set of labelled
step sequences. Labelled step sequences can be interpreted as ordinary step se-
quences (of the original PTI-net NI) by forgetting some irrelevant information
through the total function ¢. Finally, the (also not yet defined) partial function
w1 gives, for each step sequence of NI, a non-empty set of ifao-nets which can
be viewed as operationally defined processes of NI.

Three aims can be formulated which, when fulfilled, mean that the axiomatic
and behavioural process definition as well as the operational semantics of nets
in PNZ are in full agreement: the axiomatic processes of NI (defined through
«) coincide with the operational processes of NI (defined through 7n; o w); the
operational semantics of NI (defined through w) coincides with the operational
semantics of the processes of NI (defined through ¢ o A o a); and the causality
in a process of NI (defined through x) coincides with the causality structure
implied by its operational semantics (defined through 2 o \). Formally, we have:

Aim 1 a=7nyow.
Aim 2 w=¢oAoa.

Aim 3 k=10 \.
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The two corollaries below provide further justification of the consistency of the
process and abstract causality semantics of the PTI-net NI with its operational
semantics given by the function w (which captures the dynamics of the nets in
PNT given through step sequences).

Corollary 1. w =¢olomy ow.
Corollary 2. w =¢oeokoa.

As shown in [I0], the above consistency characteristics hold whenever the five
properties formulated below are satisfied.

Property 1. The following functions are total: (i) w, (i) «, (iii) A, (iv) ¢, and (v)
7NT |w(nr)- Moreover, the following functions never return the empty set: (vi) w,
(vii) o, (viii) A, and (ix) 7n7|w(nT)-

Property 2. For all 0 € STS and AON € IZFLAON,
o €w(NI)NAON € wyn;(o) if AON € a(NI) Ao € ¢(A(AON)) .

Property 3. The following functions are total: (i) &, (ii) €, and (iii) 2|xzr.400)-
Moreover, the following function never returns the empty set: (iv) e.

Property 4. 10e=tidrrrs0s.
Property 5. A =eok.

In [IT] we show that the above five behavioural properties are indeed satisfied
for the concrete set-up in Figure [[] with two different instantiations for the pairs
of mappings « and wyr. Extending [I0] to the potentially infinite case, one
instantiation is specifically for PTCI-nets and the other for general PTI-nets.
These missing functions will be defined in Sections Bl and [6] respectively.

4 Marking Reachability in ifao-nets

For the standard occurrence nets, marking reachability from their implicit initial
markings can be treated using the notions of a slice and configuration. In the
case of ifao-nets, the situation is much more complex even in the finite case,
as reported in [I0]. Below we show how the results of [I0] can be extended to
ifao-nets.

Let AON = (B,E, R, Act,{) be an ifao-net and ON = UND(AON) be its
underlying occurrence net. We will say that a set S of conditions has a finite
past if there are only finitely many events e such that (e,b) € R for some b € S.

We first recall a few notions and results taken from the theory of occurrence
nets [I4]. A configuration of ON is a finite set D C E which comprises events
together with their causal predecessors, i.e.,e € D, f € F and (f,¢) € R implies
f € D. We denote this by D € CNF(ON). A slice of ON is a maximal w.r.t.
set inclusion set S C B with finite past, such that the conditions it comprises
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are causally unrelated, i.e., (S x S) N Rt = &. We denote this by S € SL(ON).
It can be seen that SL(ON) coincides with the set of all markings reachable in
ON from MIN40p; and that CNF(ON) coincides with the sets of events which
can be executed by finite step sequences starting from MIN 4on. For ifao-nets,
however, we have to distinguish in addition two different kinds of configurations
and slices, described next.

A finite set D C FE is a strong configuration of AON, denoted by D €
SCNF(AON), if e € D and (f,e) €< implies f € D; similarly, D is a weak
configuration of AON, if e € D and (f,e) € (<ipe U Cioc)™ implies f € D.
Clearly, cNF(ON) D sCNF(AON) O WCNF(AON), and if Act = @ then both
inclusions become equalities and all three classes coincide.

Proposition 4. If o is a finite step sequence of AON from MINaon, then |Jo
is a strong configuration of AON.

The two new kinds of slices for ifao-nets are defined using two relations generalis-
ing the idea of causally related conditions: SLIN(AON) = (Ro <%, oR)|pxp and
WLIN(AON) £ (Ro (<10c ULCe)* o R)|pxp. Clearly, RT|pxp C SLIN(AON) C
WLIN(AON), and if Act = @ then both inclusions become equalities. A strong
(weak) slice of AON is a maximal w.r.t. set inclusion set S C B with finite past,
such that the conditions it comprises are incomparable w.r.t. SLIN(AON) (resp.
WLIN(AON)), i.e., (S x S)NSLIN(AON) = & (resp. (S x S)NWLIN(AON) = @).
We denote this by S € SSL(AON) (resp. S € WSL(AON)). By using a sim-
ilar argument as in [I0] for the finite case, one can show that WsSL(AON) C
SSL(AON) C SL(ON), and if Act = @ then both inclusions become equalities.

As an example, consider the ifao-net in Figure[2(d). In this net, the marking M
reached after executing f is a strong slice. It is however not a weak slice. Moreover
there is no marking reachable from M at which e could still be executed. In
general, we have the following result.

Proposition 5. Let o be a finite step sequence of AON from MINgon to a
marking M. Then the following statements are equivalent:

1. There exists a step sequence o’ of AON from M such that | Joo' = E.
2. o € WweNF(AON).
3. M € wsL(AON).

A crucial property which can be used in the reachability analysis of ifao-nets is
that strong slices of AON coincide with the set M of all markings reachable from
MIN 4oy in AON, and the weak ones with the set M’ of all markings from M
which have the additional property that all the ‘unused’ events can be executed.
Thus M € M’ iff M € M and there is a step sequence o’ of AON from M such
that oo’ comprises all the events of AON.

Proposition 6. We have the following:
M =SSL(AON) = {MAR(D) | D € scNF(AON)}
M’ = WSL(AON) = {MAR(D) | D € WeNF(AON)} ,
where MAR(D) = MINgon U{b|3e € D: (e,b) € RY\ {b|3e € D: (be) € R}.



Infinite Process Semantics of Inhibitor Nets 291
5 Process Semantics of PTCI-Nets

Let NCI = (P, T,W, I, My) be a PTCI-net, fixed for the rest of this section. In
this section, we will define the mappings a and w7 of Figure [l for this kind of
net, which will be denoted by a?! and Wffél, respectively.

We first provide the operational process definition which takes a step sequence
and constructs a corresponding ifao-net.

Definition 1. Let 0 = (U;) be a step sequence of NCI. A complement activa-
tor process (ca-process) generated by o is a labelled net with activator arcs

AON = (B, E,R, Act,?) (U By, U Ey, U Ry, U Acty, U Ek)

k€Zy k€Zy k€Zy k€Zy k€Zy

obtained as the limit of a sequence <Nk>zo of nets, where for k € Iy:

k k k k k
Nk = (Bk,Ek,Rk,ACtk,Ek) g (E‘J Bi7 E‘J Ei, E‘J Ri, L‘lj ACti, E‘J £Z>
i=0 =0 =0 =0 i=0

is constructed in the following way (in this, and a similar definition later on,
it is assumed that the sets of conditions, events and arcs do not contain any
elements other than those specified explicitly).

— Fori €Ty, I': BBUE" — PUT s a labelling defined below.

— E% = @ and for i € I, E' comprises a distinct event for each transition
occurrence in U;. The event corresponding to the j-th occurrence of t in U
is t-labelled and denoted by t™7.

— BY comprises a distinct condition for each place occurrence in My. The con-
dition corresponding to the j-th occurrence of s in My is s—labelled and de-
noted by s7.

— Fori € T and for every e € E*, B' comprises a distinct condition for each
place occurrence in POST ey (¢i(e)). The condition corresponding to the j-th
occurrence of p in POSTncr(Li(e)) is p—labelled and denoted by p®J.

— R°=9, and fori € T and every e € E':

o We add an arc (e,p®?) to R for each p®I € B'.

o We choose a disjoint (i.e., BfNBy, = & whenever f # g) set of conditions
B, C B;_1\domg,_, such that {;{B.) = PREycr(¢i(e)) and add an arc
(b,e) to R! for each b € B,.

— Act® = @, and for i € T and every e € E*, if p is an inhibitor place of 01 (e)
then we choose a set A, of exactly BND yoy (p) — INHyeor (Ui (€))(p) conditions
in By_1\domg,_, labelled by pP'. After that we add an activator arc (b, e)
to Act? for each b € Ae.

We will denote this by AON € W](i,pél( ).



292 H.C.M. Kleijn and M. Koutny

©
Has©

®

o~

[s~-@—~E~0—]

~

]

T o o

Fig.3. A PTClI-net, two ca-processes generated by ¢ = ({w,w}{t}{u,u})+, and
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Note that the above definition (as well as the further three process definitions) is
a conservative extension of that defined in [I0] for the finite nets. Furthermore,
as observed there, complements for bounded places of a PTI-net (or even a
PT-net) cannot just be added since this may lead to new processes. In case
no reachable marking of NCI assigns more than one token to a place, there is
only one candidate set B, of conditions in the last part of the definition. It may
happen that A. N Ay # & for e # f. Moreover, as the next result indicates, the
required sets A, can always be (effectively) found.

Proposition 7 ([10]). Let k € Z, e € E* and p be an inhibitor place of £(e).
Then |{b S Bk_l\domRkﬂ | E(b) = pCle > BNDNC](p) — INHNC[(E(e))(p).

Figure [ shows a PTCI-net NCI and two different ca-processes for the infinite
step sequence 0 = ({w,w}{t}{u, u})y:+. Note that BNDy7(q) = BNDy;(r) = 2
and 7 = ¢°P!. The horizontal dashed lines indicate the stages in which the first
of the two process was constructed. Moreover, we also show the ifso-structures
generated by these ifao-nets. It is easy to check that ca-processes generated by
step sequences are ifao-nets.
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Proposition 8. If o € w(NCI) then 7%, (o) C TFLAON .
We next provide an axiomatic definition for the ca-processes of PTCl-nets.

Definition 2. A complement activator process (or ca-process) of NCI is an
ifao-net AON = (B, E, R, Act,!) such that

— ¢ is a labelling function for BUE such that £(B) C P and £(E) C T.
— Foralle € F,

PREncr(£(e)) = ((PREaon(€)) and POSTncr(l(e)) = £(POSTaon(€)) .
— Ife € E and p is an inhibitor place of {(e) then
[{b € (71 (") | (b.e) € Act}| = BNDwcr(p) — INHNcr (£(€))(p) -
— MIN4oN s finite and Mo = £(MINAQN).
We will denote the set of ca-processes of NCI by aP'(NCI).

Intuitively, the third condition means that if event e is enabled then there are
enough tokens in pP! to ensure that p does not inhibit transition £(e).

Every ca-process generated by a step sequence of NCI satisfies Definition
and is therefore a ca-process of NCI. Consequently, aP!(NCI) is never empty.

Proposition 9. If o € w(NCI) then ﬂfféj(o) C aPY(NCI).

6 Process Semantics of General PTI-Nets

In this section, we will define a process semantics for general PTI-nets by extend-
ing that given in [I0]. Since we cannot rely on complements of inhibitor places,
another feature is needed to test that an inhibitor place does not contain too
many tokens. The solution in [I0] is to add ‘on demand’ new artificial conditions
(labelled by the special symbol A) with activator arcs to fulfill this role.

Let NI = (P,T,W,I, My) be a PTI-net fixed for the rest of this section.
If p e Pand t,w € T are such that INHy7(¢)(p) # oo and PREns(w)(p) +
POST n;(w)(p) # 0, then we denote w—ot, or simply w —o t. Similarly, for an
ifao-net AON = (B, E, R, Act,{),ifb € B and e, f € E are such that (b,e) € Act
and PRE 4o (F)(0)+POSTa0n (f)(b) # 0, then we denote f2e e, or simply f—e e.

The main idea behind the construction presented next is to ensure that if
w —o t then any two occurrences, f of w and e of ¢, are adjacent to a common
condition so that f—e e, and thus are related in the corresponding causal struc-
ture. Actually, whether or not it is necessary to enforce these relations depends
on the current number of tokens in the inhibitor places involved. The approach
we follow here is a uniform strategy based on ‘local’ structural relations and
ultimately leads to an abstract causality semantics in agreement with the opera-
tional semantics of PTI-nets (see also the discussion in [I0]). First we define the
operational process semantics and demonstrate how to construct an ifao-net for
a given step sequence of NI.
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Fig.4. A PTI-net and an a-process generated by o = ({w}{t, u})y+

Definition 3. Let 0 = (U;); be a step sequence of NI. An activator process
(or a-process) generated by o is a labelled net with activator arcs

AON = (B, E,R, Act,?) = (U BkUék, U Ey, U Ry, U Acty, U Ek)

k€Zy k€Zy k€Zy k€Zy k€Zy

obtained as the limit of a sequence (Ny);, of nets, where for k € Zo:
N ko k _k k k ko
Ne=(By¥Bg, Eg, Ri, Acty, ()= <L+J Byl B B R At | £Z>
i=0 i=0 =0 =0  i=0 i=0

is constructed as in Definition ], except that B = A4ct® L o and, for k € I:

— %) £ X for all b e B,
— Ifec E¥ and f € F7 (for j < k) are such that {y(f) —o Lx(e) then we create
ezactly one condition b € B* and add two arcs: (f,b) € R* and (b, e) € Act”.
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— IffcE* ande € E7 (for j < k) are such that ly(f) —o Lx(e) then we create
ezactly one condition b € B* and add two arcs: (b, f) € R* and (b, e) € Act”.

We will denote this by AON € mny(0).

Definition Bl is illustrated in Figure [ for a PTI-net (which is not a PTCI-net)
and one of its infinite step sequences, o = ({w}{t, u})y+. As before, horizontal
lines indicate the stages of construction.

In the construction of Definition [3] whenever an event f is introduced before
an event e and ¢(f) —o £(e), then this will always lead to f < e in the generated
ifso-structure. Similarly, whenever an event e is introduced not later than an
event f and £(f) — £(e), then this will always lead to e C f.

Proposition 10. If o € w(NI) then wn;(c) C ZFLAON .
We next have an axiomatic definition of a-processes of PTI-nets.

Definition 4. An activator process (or a-process) of NI is an ifao-net AON =

(BW B, E, R, Act,{) satisfying the following:

{(B)CPandl(E)CT.

The conditions in B = dom act are labelled by the special symbol A.

MIN gon N B is finite and My = ¢(MINaon N B).

For dlle € E,
PRE Ny ({(e)) = ¢(PREaon (€) N B) and PosTyy(¢(e)) = £(POSTaon (e) N B).

5. For allb € E, there are unique g, h € E such that (b,h) € Actaon, £(g) —o
£(h) and PREg0on (D) + POSTa0n (b) = {g}.

6. For all e,f € E, if {(f) — {(e) then there is exactly one ¢ € B such that
flee.

7. Foralle € E and S € sSL(AON), if PREaon (e)U{b | (b,e) € Actaon} C S
then £(S N B) <INHpn7(¢(e)) (one can easily see that SN B is a finite set).

Bt~

We will denote the set of a-processes of NI by a(NI).

Definition[[(1,3,4) guarantees that UND(AON), after deleting B and the adjacent
arcs, is a process of UND(NI). Definition)(5) describes the immediate neighbour-
hood of a A-labelled condition, which has to correspond to an inhibitor arc in
NI. Conversely, Definition [4l(6) requires that whenever events in AON represent
transitions related through an inhibitor place, there should be a A-labelled con-
dition relating these events. Finally, Definition Fl(7) refers to Proposition [6 and
requires that the strong slices of AON (i.e., markings reachable from MIN0n)
properly reflect the inhibitor constraints present in NI: an event can only occur
at a strong slice if there are not too many conditions corresponding to tokens in
the inhibitor places of its counterpart in NI.

Every a-process generated by a step sequence of NI satisfies Definition [4] and
thus is an a-process of NI. Consequently, a(NI) is never empty.

Proposition 11. If o € w(NI) then wyi(0) C a(NI).
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(¢); a-process generated by ({w}{t}{u})y+ (d); and modified a-process (e)

7 Reducing Branching in Process Nets

We now look at the constructions described in Definitions [[land Blin the context
of the PTCI-net shown in Figure Bl together with a ca-process and a-process.
Focus is on the feature that some of the events and conditions in such processes
may exhibit infinite branching (with respect to ordinary arcs or activator arcs
in either direction) something which is not true of occurrence nets generated
by infinite step sequences of PT-nets. In other words, all infinite branching is
related to dealing with inhibitor arcs since the underlying occurrence nets are
always finitely branching and have, in fact, non-branching conditions. We will
now propose two modifications which attempt to rectify this problem.

Let us consider a ca-process AON = (B, E, R, Act, /) constructed in Defini-
tion [ for a PTCI-net NCI = (P, T, W, I, My), with the view of deleting as many
of its activator arcs as possible without changing the induced ifso-structure. We
first introduce an auxiliary notation.
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For every b € B, let Act;, be the set of all events such that (b,e) € Act.
Moreover, let Acty"™ (Acty®”) be the set of all e € Acty, for which there is no
f € Acty such that fRTe (resp. eRT f). We propose the following modification
to AON.

Modification 1. Delete each activator arc (b,e) € Act such that e ¢ Actznin U
Acty*™®, denoting the result by AONCmod.

When applied to the ca-process in Figure B(b), the modification results in the
ifao-net shown in Figure Bl(c), where the previously infinitely branching ca-
process has become finitely branching (note that in this case Acty'** = ).
The modification works in the sense that the causality relationships generated
by the original and modified constructions are the same.

Proposition 12. k(AON) = k(AON™%),

Proof. Clearly, all causal relationships generated by AON™? are included in
those generated by AON. To show that the reverse also holds, suppose that
(b,e) € Act is a deleted activator arc and consider two cases. Note that the two
cases directly relate to the way the relations <;,. and [, were introduced in
order to define the ifso-structure generated by an ifao-net (see also Figure[2(b,c)).

Case 1: (f,b) € R. Then, since x(AON) satisfies (C0), there is g € Acty""
such that (g,e) € R*. Moreover, the activator arc (b,g) € Act is not deleted
by Modification [Il Hence the direct causal relationship induced by (f,b) € R A
(b,e) € Act in AON is represented in AON™? by (f,b) € RA (b, g) € Act A
(g,€) € RT.

Case 2: (b, f) € R. Then, since b € domp the set Acty is finite. Hence there
is g € Acty'®® such that (e,g) € RT. Moreover, the activator arc (b,g) € Act
is not deleted by Modification [Il Hence the direct causal relationship induced
by (b,f) € RA (b,e) € Act in AON is represented in AON™? by (b, f) €
RA(b,g) € Act A (e,g) € RT. 0

The above modification typically results in a reduction in branching; moreover,
we can show that infinite branching disappears provided that the underlying
net with the initial marking taken from NCI is bounded (i.e., there is an upper
bound on the size of markings reachable in UND(NCT) from Mj).

Proposition 13. If UND(NCI) with the initial marking My is bounded, then
AON®™? s finitely branching.

Proof. If AON®™? is not finitely branching, then there is b € B such that
Acty"™ U Act™* is infinite. Thus at least one of Act)™™ and Act]™* is an
infinite set of events. Moreover, no two events in this set are related by RT.
Hence, from the standard properties of occurrence nets of PT-nets, it follows
that there is no upper bound on the size of markings reachable in UND(NCI)
from My, a contradiction. O
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Let us now consider the construction of an a-process for a PTI-net NI =
(P, T,W,I, M) as described in Definition Bl We now also intend to discuss the
expectation that, when constructing an a-process for NI, only a ‘small’ set of
the nodes generated so far (call it a frontier) would be necessary to construct
new events and conditions. Clearly, for PTCI-nets and ca-processes constructed
in Definition [I, a suitable frontier consists only of the conditions without out-
going arcs. However, in Definition [3 the frontier can be much bigger, as it also
must include some of the events already generated. Indeed, the construction re-
quires that all (and only) the events labelled by transitions adjacent to inhibitor
places be included in the frontier. This is, in many cases, excessive and a possible
remedy is directly motivated by the transitivity properties (C4).

Assuming the notation as in Definition Bl and k € Z, let F}. be the set of all
e € E}, such that there is no f € Ej such that ¢4 (f) = fx(e) and eR;:f.

Modification 2. Replace the last two items of Definition[3 by the following:

— Ife € E¥ and f € Fir_1 are such that {x(f) —o l(e) and it is not the case
that (f,e) € Rg—10Actg—1 ORZ', then we create exactly one condition b € Bk
and add two arcs: (f,b) € R* and (b,e) € Act®.

— If f € E¥ and e € E¥ U Fj,_1 are such that {x(f) —o li(e) and it is not the
case that (e, f) € Act,;l1 oRg_10 R,j, then we create exactly one condition

b e B* and add two arcs: (b, f) € R* and (b, e) € Act".

Denote the result by AON™°%.

The above is illustrated in Figure Bl(e), which in contrast to the previously in-
finitely branching a-process shown in Figure Bl(d), is finitely branching.

Note that with every modified a-process AON™°? constructed as just de-
scribed corresponds a normally constructed a-process (denoted AON). Their
only difference is that AON™°? may have less A-labelled conditions and hence
less activator arcs and ordinary arcs connected to these places.

As before, the causality relationships after the modification are unchanged.

Proposition 14. k(AON) = k(AON™%).

Proof. Clearly, all causal relationships generated by AON™°? are included in
those generated by AON. To show that the reverse also holds, we consider two
cases (below, the primed components are related to AON™°?). Again, the two
cases directly relate to the way the relations <;,. and [, were introduced in
order to define the ifso-structure generated by an ifao-net (see also Figure[2(b,c)).
Below we use the fact that for events g, h, if (g, h) € R* then (g, h) € (R')*.

Case 1: (f,e) € Ro Act. Suppose that e has been added in the k-th step of
both constructions. To start with, f € Ej_; and so, since Ny is finite, there
is f’ € Fi_1 such that (f, f') € R* and f, ' have the same label. If (f',e) €
R}, oAct),_;0(R})" then we have (f,e) € (R')" o Act' o (R')T. Otherwise, we
have (f’,e) € R}, o Act},, and so (f,e) € (R')T o Act'.
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Case 2: (e, f) € Act™' o R. Suppose that f has been added in the k-th step of
both constructions. If e € E* then one can easily see that (e, f) € (Act’) 1o R'.
Otherwise, e € Ej_1 and, similarly as before, there is ¢/ € Fj,_1 such that
(e,€’) € R* and e, ¢’ have the same label. If (¢/, ) € Act ', o Ry_1 o R} then we
have (e, f) € (R')* o (Act’)™ o (R')*. Otherwise, we have (¢/, f) € Act, ' o R,
and so (e, f) € (R')* o (Act')"to R'. O

As before, infinite branching disappears for bounded underlying nets.

Proposition 15. If UND(NI) with the initial marking My is bounded, then
AON™°? is finitely branching.

Proof. If AON™°? is not finitely branching then there are events e, es, e, ...
such that (e,e;) € Ro Act, for all i > 1; or (e, e;) € Act ' oR, for all i > 1. Since
UND(NI) with the initial marking My is bounded, there are e and ¢; such that
(ex,er) € RT. We then obtain a contradiction with Modification [21 O

We can also estimate the number of the frontier events in the bounded case,
which follows from the fact that in any occurrence net generated from UND(NT)
with the initial marking M, there can be no more causally unrelated instances
of a given transition than the maximal size of the reachable markings.

Proposition 16. If UND(NI) with the initial marking My is bounded, then
|Fr| < |T| - B for every k, where [ is the mazimal size of markings reachable
from My in UND(NT).

Therefore for NI the size of a frontier, which also includes all conditions without
outgoing directed arcs, is bounded by (1 4 |T|) - 5. A tighter upper bound can
be obtained in the safe case, due to the fact that in an occurrence net generated
from a safe PT-net, any two occurrences of the same transition are causally
related. Since there are at most |P| conditions without outgoing directed arcs,
this also implies that there are never more than |P| events in a frontier.

Proposition 17. If UND(NI) with the initial marking My is safe (i.e., each
marking reachable from My in UND(NI) is a set) then |Fi| < min(|T|, |P]).

Hence the size of a frontier is bounded by 2|P|.

8 Final Remarks

In this paper we have introduced and discussed infinite processes of PTI-nets.
It is our intention to use the results obtained here in the definition of branching
processes of PTI-nets, leading to an extension of the theory developed in [5].
It is worth mentioning that the two ways of deriving processes of PT-nets with
inhibitor arcs are not too distant, and in essence overlap for a wide range of
nets. For example, using a result proven in [10], it is immediate that if a PTCI-
net NCI is an ordinary inhibitor net (i.e., I(p,t) € {0,00} for all p and ¢),
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Fig.6. A PTI-net (a); its modified a-process generated by {w}{{u}{z}{t})y+ (b); and
the corresponding causality relationship (c)

then x(aP'(NCI)) = k(a(NCI)). This means that the two semantical mappings
result in identical descriptions of the causalities in the net NCI.

We will now discuss some issues related to the two modifications proposed in
the last section. To start with, Modification [[] might look somewhat unsatisfac-
tory since it involves deleting redundant activator arcs rather than not generating
them in the first place. This seems to be in general unavoidable since it may be
impossible to predict whether a newly generated event will eventually belong to
Acty"®*. However, if the underlying net is safe, it is always possible to check this
by looking at the transitions occurring in the original step sequence.

Let us now consider Modification ] for unbounded PTI-nets. In such a case
the frontier can grow indefinitely, as it can for PT-nets [I] (there is no upper
bound on the size of reachable markings). Moreover, we lose the finite branching
property which holds for infinite processes of PT-nets. Consider the example in
Figure @l The a-process there has been obtained using the modified version of
our construction (which in this particular case does not have any effect), yet it
still contains an infinitely branching event e. One might, of course, hope that
the situation could be improved in some way (notice that gluing all A-labelled
conditions together only shifts the source of infinite branching), but one can see
that there is no finitely branching ifao-net which would generate the same ifso-
structure as that in Figure[fl Indeed, to generate the causalities e < e;, we cannot
use (as an intermediary) the f;’s since this would introduce causalities between
e and (some of) the g;’s. Moreover, no e; can be used to generate causalities
between e and another e; since the e;’s are unrelated. We therefore conclude
that infinite branching is in general unavoidable when generating unfoldings of
unbounded PTI-nets. This somewhat pessimistic remark should however not
impact on the application to model checking of the constructions proposed here,
as the latter typically applies only to bounded Petri nets (see, e.g., [912]).
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Finally, the above argument essentially implies that the ifso-structure in Fig-
ure [6] can only be generated by an ifao-net exhibiting infinite branching. Since
the PTI-net in Figure [0l has exactly the same a priori and a posteriori step
sequences, what we have just observed would not be changed by adopting a
different operational semantics for PTI-nets.
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Abstract. Given a set of scenarios, we answer the question whether this set
equals the set of all executions of a Petri net.

Formally, scenarios are expressed by (isomorphism classes of) labelled partial
orders (LPOs), also known as pomsets or partial words. An LPO is an execution
of a Petri net if it is a sequentialization of an LPO generated by a process of the
net. We propose a definition of regions for a set of LPOs, i.e for a partial lan-
guage. Given a partial language of scenarios, we prove a necessary and sufficient
condition (based on regions) for the partial language of scenarios to be the par-
tial language of executions of a place/transition Petri net. Finally, we prove our
notion of regions to be consistent with the notion of regions of trace languages.

1 Introduction

Scenario based specifications of information systems become recently very popular
both in theory and practice, see e.g. [16]]. There are approaches which concentrate on
scenario mining [1}2]. There are also several methods for the synthesis of a system
model from a set of scenarios (see e.g. [23.[15,3,128,[7,I8]] for some of them), the sce-
nario based verification of the system model ([21}9]]), and for test generation and vali-
dation purposes ([22])). They differ mostly in the formalisms used for scenarios and the
system model. In this paper, we consider place/transition Petri nets (p/t-nets) as system
models.

The simplest way to describe scenarios for p/t-nets is to use sequences of fired transi-
tions. Thus, the set of scenarios specifying the system can be described by a formal lan-
guage over the set of transitions or by a transition system. For this kind of specifications
the synthesis problem is solved using the theory of regions [3}16L(7,18,15,14,125]. However,
sequences lack any information about independence between occurring events and Petri
nets are popular mainly because they allow to easily describe their non-sequential be-
havior and concurrency of occurring events.

There are several different ways how to formalize the non-sequential behavior of
Petri nets, most of them based on a partial order between events labelled by transitions.
In such a partial order, an ordering of events a and b expresses that the occurrence of
a precedes the occurrence of b. The absence of an ordering expresses their concurrent
(independent) occurrence.
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The probably most common way to express the partial order based behavior of Petri
nets is by labelled causal (occurrence) nets and processes [12,/13]. Dropping the condi-
tions and keeping the events in a process leads to a labelled partial order (LPO), called
run. Runs capture the causal ordering of events. Naturally, events which are indepen-
dent can occur sequentially in any order. Thus, adding order to a run still leads to a
possible execution. For example, any occurrence sequence of transitions, which can be
seen as a labelled total order, sequentializes a run. Generalizing this relationships, any
LPO which sequentializes a run, is a possible execution of the net.

A partial order based semantics can also be defined through sequences of (concur-
rent) steps of transitions. A step of transitions is a multi-set of transitions. It is enabled
in a marking, if there are enough tokens to fire all transitions concurrently, where a tran-
sition can be contained in a step more than once (auto-concurrency). The non-sequential
behavior of p/t-nets can be described by step transition systems. A region based char-
acterization of those step transition systems describing the non-sequential behavior of
p/t-nets was given in [24]]. The notion of enabled steps of transitions leads to the notion
of enabled LPOs: Given a partial order of events labelled by transitions, it is said to
be enabled to occur if the following condition is satisfied for every cut (i.e. for every
maximal set of independent events) [[14]: If all the events before the cut have occurred,
then in the reached marking the step of transitions determined by the cut is enabled to
occur. It was proven in [20,/29] that an LPO is an execution if and only if it is enabled.

There are also other descriptions of the non-sequential behavior of Petri nets. For
example, one can take step sequences and relate them via an equivalence, getting so
called traces. A region based characterization of trace languages which describe the
non-sequential behavior of p/t-nets was given in [17]].

Because the identity of vertices (events) of LPOs is not important, it is usual to dis-
tinguish LPOs only up to isomorphism. An isomorphism class of LPOs can be also
understood as a partial word (over a set of labels), similarly as a labelled total order (a
sequence) is understood as a (total) word [14]. A set of LPOs (over a set of labels) is
called a partial language (over a set of labels). Another view is to understand isomor-
phism classes of LPOs as pomsets (partially ordered multi-sets (of labels)) [27].

In [14] Grabowski characterizes partial languages of executions of 1-safe Petri nets.
In case of p/t-nets, there is no characterization of partial languages of executions similar
to those based on regions for total languages or trace languages. In this paper, we fill
this gap.

In [18] we gave a characterization of p/t-net executions based on so called token
flow functions. Roughly speaking, a token flow function labels any arc connecting an
event a with an event b in an LPO by the number of tokens produced by the occurrence
of a which are consumed by the occurrence of b in a fixed place p. For each event
the sum of token numbers annotated to its outgoing arcs defines the outgoing token
flow (w.r.t. p). The sum of token numbers annotated to ingoing arcs defines its ingoing
token flow (w.r.t. p). Given a p/t-net, we formulated a necessary and sufficient condition
for the executability of an LPO, called the roken flow property. An LPO fulfills the
token flow property w.r.t. to a marked p/t-net if and only if for every place p there
exists a token flow function of the LPO satisfying the following: for every event, its
outgoing token flow (w.r.t. p) does not exceed the number of tokens produced by the
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corresponding transition, provided that for every event its ingoing token flow (w.r.t. p)
equals the number of tokens consumed by the corresponding transition of the p/t-net.

The notion of regions presented in this paper is based on the extension of the notion
of token flow functions from single LPOs to partial languages of LPOs. Regions are
exactly those extended token flow functions, for which there is an upper bound for the
outgoing token flows of events and equally labelled events have equal ingoing token
flows. Given a set of scenarios in form of a partial language of LPOs, its regions are
used to define its so called associated p/t-net: The regions form the set of places and the
event labels form the set of transitions. Given a region r and a transition ¢, the ingoing
token flow of events labelled by ¢ defines the weight of the arc connecting r with ¢, and
the maximum of all outgoing token flows of events labelled by ¢ defines the weight of
the arc connecting ¢ with .

As the main result of the paper, we show that a partial language £ of LPOs equals the
partial language of executions of a p/t-net if and only if all executions of the associated
p/t-net belong to £. We also prove that our notion of regions is consistent with the
notion of regions for trace languages as given in [17]].

The main result of this paper is a step towards the synthesis of p/t-nets from sets
of scenarios. It is also a step towards the synthesis of p/t-nets from incomplete sets
of scenarios L, since the p/t-net associated to £ can be considered as the net with the
”smallest” behavior including £. The necessary steps to derive synthesis algorithms,
namely a finite representation of an infinite set of scenarios and a necessary and suf-
ficient condition for existence of a finite representation of the (possibly) infinite set of
regions are discussed in the conclusion (Section 4.

The rest of the paper is organized as follows: In Section 2] we state basic mathemati-
cal notations and give the definitions of LPOs and of syntax and semantics of p/t-nets.
In Section [3| we briefly restate the definitions and results from [18]], define regions of
partial languages, prove a characterization of partial languages of executions of p/t-nets
based on this notion of regions and finally show that our notion of regions is consistent
with the notion of regions of trace languages as presented in [17].

2 Preliminaries

2.1 Mathematical Notations

By N we denote the nonnegative integers. Given a function f from A to B and a subset
C of A we write f|c to denote the restriction of f to the set C. By id4 we denote
the identity function on a set A, and by 1x we denote the characteristic function of a
subset X C A (given by 1x(a) = 1 fora € X and 1x(a) = 0 otherwise). Given a
finite set A, the symbol | A| denotes the cardinality of A. The set of all subsets of a set
A we denote by 2. The set of all multi-sets over a set A is the set N4 of all functions
f + A — N. We do not distinguish between a subset X C A and the multi-set 1.
Addition + on multi-sets is defined as usual by (m+m/)(a) = m(a) +m/'(a). We also
write ) - 4 m(a)a to denote a multi-set m over A. Given a binary relation R C A x A
over a set A, the symbol R™ denotes the transitive closure of R, and R* the reflexive
transitive closure of R.
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2.2 Labelled Partial Orders

In this subsection we recall the definition of labelled partial orders (LPOs). It is based
on the notion of directed graphs. A directed graph is a pair (V, —), where V is a finite
set of nodes and —C V' x V is a binary relation over V called the sef of arcs. As usual,
given a binary relation —, we write ¢ — b to denote (a, b) €—.

Definition 1 ((Labelled) partial order)

A partial order is a directed graph po = (V, <), where < is an irreflexive and transitive
binary relation on V. A labelled partial order (LPO) is a triple Ipo = (V, <, 1), where
(V, <) is a partial order, and | : V' — T is a labelling function with set of labels T

Two nodes v, v’ € V, v # v/, of a partial order (V, <) are called independent if v £ v’
and v’ £ v. By co C V x V we denote the set of all pairs of independent nodes of V.
A co-setis a subset C' C V fulfilling: Vz,y € C': xcoy. A cut is a maximal co-set. If
co is transitive, then the partial order (V, <) is called stepwise linear.

For a co-set C of a partial order (V, <) and anode v € V' \ C we write v < C,
if v < s for an element s € C, and vco C, if v co s for all elements s € C. For two
co-sets C’, C' we write C' < C, if s’ < C for all elements s’ € C’.

For each co-set C' of (V, <) the partial order (V', < |y/xy/) with V! = {v € V|
v < C} U C is called prefix of (V, <).

Definition 2 (Sequentialization, step-linearization)
Given two partial orders po, = (V,<1) and po, = (V,<2), we say that po, is
a sequentialization of po; if <1C<y, and a proper sequentialization if additionally
<1#<o.

If pos is stepwise linear and a sequentialization of poi, the pos is called a step-
linearization of po;.

We use the above notations defined for partial orders also for labelled partial orders. If
X is the set of labels of Ipo = (V, <,1),i.e.l : V — X, thenforaset V' C V, we
define the multi-set |V'|; C NX by [V/|;(z) = |[{v € V | v € V' Al(v) = z}|.

In the case, an LPO Ipo = (V, <, 1) is stepwise linear, the relation co U{(v,v) | v €
V'} is an equivalence relation on V. By [v] ., we denote the equivalence classes of this
equivalence relation. Let {[v] oo | v € V} = {v1,..., 15} suchthati < j = v; < v;.
Then |v1]; . . . |vk|; is the step sequence of 1po.

We will often consider LPOs only up to isomorphism. As usual, two LPOs (V, <, 1)
and (V' , <’,1") are called isomorphic, if there is a bijective mapping ¢ : V' — V' such
that I(v) = I'(¢(v)) forv € V,and v < w <= (v) <’ ¥ (w) forv,w € V. By [Ipo]
we will denote the set of all LPOs isomorphic to Ipo. The LPO lpo is said to represent
the isomorphism class [Ipo].

Definition 3 (Partial language). Ler T be a set. A subset L C {[lpo] | Ipo is an LPO
with set of labels T} is called partial language over 7.

2.3 Place/Transition-Nets

In this subsection we give the definitions of p/t-nets and their semantics based on pro-
cesses and labelled partial orders (also known as partial words [14] or pomsets [27]]).
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The syntax of p/t-nets is based on the notion of nets. A net is a triple (P, T, F),
where P is a (possibly infinite) set of places, T is a finite set of transitions satisfying
PNT=0,and F C (P x T)U (T x P) is aflow relation.

Letx € PUT. The preset *x of x isthe set {y € PUT | (y,x) € F}. The postset
z® of x istheset {y € PUT | (z,y) € F}. Givenaset X C P UT, this notation is
extendedby *X = J, .y *zand X* = J .y 2°* . For technical reasons, we consider
only nets in which every transition has a nonempty preset and postset.

Definition 4 (Place/transition net)
A place/transition-net (shortly p/t-net) N is a quadruple (P, T, F, W), where (P, T, F')
is a net, and W : F — N7 is a weight function.

We extend the weight function W to pairs of net elements (x,y) € (P x T)U (T x P)
with (z,y) ¢ F' by W((z,y)) = 0.

A marking of anet N = (P, T, F,W) is a function m : P — N, i.e. a multi-set over
P. A marked p/t-net is a pair (N, mg), where N is a p/t-net, and my is a marking of N,
called initial marking.

We omit the semantics of a p/t-net N = (P, T, F, W) based on occurrence sequences
and step sequences. The semantics of p/t-nets based on processes is defined using oc-
currence nets. An occurrence net is anet O = (B, E,G) such that | *b|, [0*| < 1 for
every b € B (i.e. places are unbranched), and O is acyclic (i.e. G is a partial order).
Places of an occurrence net are called conditions and transitions of an occurrence net
are called events.

The set of conditions of an occurrence net O = (B, E, G) which are minimal (maxi-
mal) according to G is denoted by Min(O) (Max(O)). Clearly, Min(O) and Max(O)
are cuts w.r.t. G (recall that events have nonempty pre- and postsets by assumption).

Definition 5 (Process)

Let (N, mg) be a marked p/t-net, N = (P, T, F,W). A process of (N, mg) is a pair
K = (0, p), where O = (B, E,G) is an occurrence netand p : BUE — PUT isa
labelling function, satisfying:

(i) p(B) € Pand p(E) C T,

(ii) Ve € E,Vpe P: |{be *e| p(b) = p}
{b € e® | p(b) =p} = W((p(e),p)

(iii) Vp € P: |{b € Min(O) | p(b) = p}

=W((p,p(e))) andVe € E,Vp € P :

Definition 6 (Run, Execution)
Let K = (O,p), O = (B, E,G), be a process of a marked p/t-net (N, mg). Then
Ipox = (E,GV|gxE, p|E) is called run of (N, mg) representing K.

A run lpo of (N, mg) is said to be minimal, if lpo is not a proper sequentialization
of a run 1po’.

A sequentialization Ipo of a run 1po’ of (N, myg) is called an execution of (N, mg).

If Ipo is an execution of (N, my), then the isomorphism class [lpo] is also called
execution of (N, mg), . Denote £po(N,mg) = {[lpo] | Ipo execution of (N, mq)} the
partial language of executions of a marked p/t-net (N, my).

Another definition of the non-sequential semantics of p/t-nets is given by the notion of
enabled LPOs:
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Definition 7 (Enabledness). Let (N, mq) be a marked p/t-net, N = (T, P, F,W). An
LPO 1lpo = (V,<,l) with 1 : V — T is called enabled (to occur) w.r.t. (N, mq) if for
every cut C of Ipo and every p € P:

mo(p)+ D (W(U),p) = W((p,1(v) = Y W((p,1(v)))

veVAvLC veC

Its occurrence leads to the marking m' given by m/(p) = m(p)+3_, (W ((l(v),p))—
W((p,1(v)))) forp € P.

An isomorphism class [Ipo] is called enabled w.r.t. a marked p/t-net (N, myg), if Ipo is
enabled w.r.t. (N, mg). An important result relating the notions of enabled LPOs and
executions was proven in [20L29].

Theorem 1. Ler (N, mg) be a marked p/t-net. An LPO lpo is enabled w.r.t. (N, mg) if
and only if Ipo is an execution of (N, my).

3 Synthesis of p/t-Nets

In this section, we first recall an alternative characterization of LPOs to be an execution
called token flow property, we presented in [[18]. We then discuss the formal problem
setting of p/t-net synthesis from a given partial language. After that, we propose a notion
of regions of partial languages and derive a characterization of those partial languages
which allow a p/t-net synthesis. Finally, we establish the relationship between our no-
tion of regions and the definition of regions of a trace language as defined in [17].

3.1 Token Flow Property

There is another characterization of LPOs to be executions of a marked p/t-net called
token flow property. For motivation purposes we shortly recall the basic definitions and
results.

Fix a marked p/t-net (N, mg) and a place p of N = (P, T, F,W). Given an LPO
Ipo = (V, <,1) with [(V') = T we assign non-negative integers to its edges through a
so called token flow function. The aim is to find a token flow function x assigning values
x((v,v")) to edges (v, ") in such a way that there is a process with exactly z((v,v"))
post-conditions of v labelled by p which are also pre-conditions of v’. Thus, such a
token flow function of lpo abstracts from the individuality of conditions of a process
and encodes the flow relation of this process by natural numbers. Clearly, finding such
a token flow function for every place means that lpo is a sequentialization of the run
representing this process. In order to simplify the formal definition of the token flow
property, let us define an extension of Ipo = (V, <, ) by adding an initial node which
is smaller than all nodes from V" and is labelled by a new label. It represents a transition
producing the initial marking and helps to avoid several case differentiations in the
following definitions.

Definition 8 (0-extension, of an LPO). Let lpo = (V, <,1) be a LPO. Then an LPO
Ipo? = (V0 <0.19), where VO = (V U {vo}) withvy ¢ V, <°=< U({vo} x V), and
1%(vo) ¢ L(V) and 1°|y, = 1, is called O-extension of Ipo.
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We denote for an LPO lpo = (V, <, 1), a function z :<— Nandv € V:

- In(v,2) =3, ., 2((v,v)).
- Out(v,z) = > .. o((v,0")).

Definition 9 (Token flow function, of an LPO). Let Ipo = (V, <, 1) be an LPO and
Ipo’ = (V0, <019 be a 0-extension of Ipo. A function x :<°— N is called token flow
function of Ipo, if it satisfies the following property:

(Tff) x is consistent with the labelling l in the following sense:
Yo, € VO l(v) =1(v) = In(v,z) = In(v, z).

We denote In(v, z) the intoken flow of v w.r.t. x and Out(v, z) the outtoken flow of v
wrt. x forveV.

Example 1. Figure[Ilshows a p/t-net, a process of this p/t-net and a 0-extension 1po® of
the run representing this process. The LPO lpo” has annotated a token flow function.
Its intoken flow (outtoken flow) equals 0 (2) for the a- and b-labelled node, resp. 2 (0)
for the c-labelled nodes.

This definition differs from that in [[18]]. While in [18] token flow functions were de-
fined as general as possible, we here additionally require property (TfF). This is more
intuitive and does not restrict the setting or change the argumentations, since (Tff) is
implicitly contained in the token flow property defined below. Each process of a marked
p/t-net defines a token flow function of the run representing this process in the following
way:

Let K = (O, p) be a process of a marked p/t-net (N, mg) with O = (B,V,G) and
let Ipo = (V, <, 1) be the run representing K. Let Ipo” = (V?, <°,1°) be a 0-extension
of Ipo. Denote v§ = Min(O). We define for every place p € P the canonical token
flow function z,, :<°— N of Ipo w.r.t. p as follows:

2p((0,0') = [{b € B| p(b) = pAb € v N W'},

Fig. 1. A p/t-net (left picture), a process of this p/t-net (middle picture) and a 0-extension of the
run representing this process together with annotated canonical token flow function w.r.t. the grey
place (right picture)
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Example 2. In Figure[Il there is shown the canonical token flow function of the shown
run w.r.t. the grey place.

Observe, that by definition 3] (ii) the canonical token flow function of a run lpo w.r.t. a
place p fulfills (TfF) (what justifies the above definition). By definition, each canonical
token flow function respects the weight function and the initial marking of (N, my) in
the sense that the following two properties are fulfilled:

(IN) The intoken flow of an event v equals the number of tokens consumed from
place p by the occurrence of transition [(v).

(OUT) The outtoken flow of an event v is less or equal to the number of tokens
which are produced by the occurrence of transition {(v) in place p. In par-
ticular, the outtoken flow of the source event v is less or equal to the
number of tokens in place p of the initial marking my.

In general, we say that an arbitrary LPO, whose labels are transitions of (N, my),
fulfills the token flow property w.r.t. (N, my), if for every place there exists a token flow
function which fulfills the properties (IN) and (OUT).

Definition 10 (Token flow property). Let Ipo = (V, <,1) be an LPO with [(V) = T,
Ipo’ = (V9,<9,19) be a 0-extension of lpo and let (N, mg) be a marked p/t-net,
N = (P,T,F,W). Denote W((l(vo),p)) = mo(p) for each place p € P. We say that
Ipo fulfills the token flow property w.r.t. (N, mg) if the following statement holds: For
all p € P there is a token flow function x,, :<°— N with

AN) In(v',xp) = W((p,I(v")))for everyv' € V,
(OUT) Out(v',z,) < W(((v"),p)) for every v’ € VO.

In [18]] we showed:

Theorem 2. An LPO is an execution of a marked p/t-net if and only if it fulfills the
token flow property w.r.t. this marked p/t-net.

3.2 Problem Setting

As mentioned in the introduction, in this paper we consider the problem of finding a
marked p/t-net whose non-sequential behavior is represented by a given partial language
L. The p/t-net synthesis problem reads formally:

Given: A partial language L.
Searched: A marked p/t-net (N, mg) satisfying £ = £po(N,my).

Obviously, a marked p/t-net may have an infinite number of (finite) runs, that means
the partial language of executions of a marked p/t-net may be countably infinite. When
considering the problem in practice, one has to restrict the setting to finite sets of finite
LPOs or to use some adequate finite representation of infinite sets of finite LPOs. A
detailed discussion of this topic is out of scope of this paper, but we will present some
thoughts in the conclusion.

A partial language £ of executions of a marked p/t-net satisfies the following imme-
diate properties (induced by the definition of executions):
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(L£1) The set of labels of L is finite.
(L2) V[lpo] € L: If Ipo” is a prefix of Ipo, then [Ipo’] € L.
(L3) V[lpo] € L: If Ipo’ is a sequentialization of Ipo, then [Ipo] € L.

Therefore, in the following, we will only consider partial languages which satisfy these
conditions and denote them as LPO-specifications.

Definition 11 (LPO-specification). A partial language L is called LPO-specification,
if it satisfies the properties (L1) - (L3).

For the following notions we will need a set L of concrete LPOs representing a given
LPO-specification £, i.e. satisfying [lpo] € £ <= Jlpo’ € L : [lpo] = [Ipo].
We denote £L(L) = {[lpo] | Ipo € L}. For technical reasons we will require such a
representation L of L to fulfill the following properties.

(L1) The set of labels of L is finite.

(L2) Vlpo € L: If Ipo’ is prefix of Ipo, then Ipo’ € L.

(L3) Vlpo € L: If Ipo’ is sequentialization of 1po, then Ipo’ € L.

(L) V(V, <.1),(V', <"\ U) e Liv e VAV = 1(v) = '(v).

(L5) Foreachtwo LPOslpo = (V, <,1),lpo’ = (V',<',l') € Lwith VNV’ #
() there is Ipo” € L such that Ipo and 1po’ both are sequentializations of
prefixes of Ipo”.

That means, L should be prefix and sequentialization closed and should represent
alternative executions by LPOs with disjoint sets of nodes (condition (L5) separates the
node sets of executions which are in conflict). It is straightforward to observe that an
LPO-specification always allows such a representation.

Remark 1. In particular, (L5) allows to decompose L into subsets X of LPOs with
pairwise disjoint node sets, each representing one (infinite) run. Namely, each such set
X is defined as a maximal prefix and sequentialization closed subset of L satisfying:

(Seq) Each two LPOs Ipo, Ipo’ € X are sequentializations of prefixes of another
LPO Ipo” € X.

For a set of BPOs L we denote W = U e Vs B = Uy < e <andlp =
Uv,< 1yer ! and write for an LPO Ipo = (V, <,l) € L, a function z : £, — N and
veV:

- Impo(v, (E) = Z'u/<'u "E((’l)/7’l))).
- OUtIPO(’U7$) = Z'u<v’ .I‘((’U7U/)),

In examples we will always give such L by a set of minimal LPOs, such that each LPO
in L is a sequentialization of some prefix of one of these minimal LPOs.

Example 3. Figure 2] shows the two different LPO-specifications L; = {lpoy,lpo,}
and Ly = {lpos ,, | n € N}.
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Fig.2. Two LPO-specifications

3.3 Regions

For the rest of the paper we consider each LPO-specification given by a set of LPOs
L satisfying (L1)-(L5). In subsection 3. 1] we established that a token flow function of a
partially ordered multi-set of transitions which fulfills the properties (IN) and (OUT)
for some place defines a distribution of the tokens produced by a transition in this place
onto the following transition in the given order, such that all transitions in the LPO are
enabled w.r.t. this place. This gives rise to the idea to consider token flow functions of
LPOs as regions, that define places of a p/t-net. For this, we define, as for LPOs, the
notions of 0-extension and token flow function of L.

Definition 12 (0-extension). Let vy ¢ W and Ipo° = (V°, <9, 1%) be a 0-extension
of each 1po € L such that VO = V U {vo}, and 19 (vg) = 13(vo) for each two (V1, <4
1), (Va, <2,l5) € L. Then the set L° = {Ipo° | Ipo € L} is called 0-extension of L.
We denote W = Wro, EY = Ero and 19 = lp0.

Example 4. Figure B shows 0-extensions of the LPO-specifications L; and Ly shown
in Figure2l

Definition 13 (Token flow function). Let L° be a 0-extension of L. A function x :
E? — Nis called token flow function of L, if it satisfies the following property:

(Zff) « is consistent over all LPOs:
Vlpo = (V, <,1),1po’ = (V/, </, 1) € L°,
Yo e VO v e (V)0
(o) =1(V") = Inpe(v,x) = Ingpeno (v, ).
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1

s

(Ipoy)° (Ipog,)°

(L.)° (Ly)°

Fig. 3. 0-extensions of L; and Lo with annotated possible token flow functions x1 of L, and x2
of L2

Example 5. Figure[3 shows possible token flow functions x1 of L; and x5 of Lo given
by arc annotations.

Observe that according to (¥ff) for Ipo = (V,<,l) € Land v € V the value of
Iny,e0 (v, ) is independent of the choice of Ipo. Itis interpreted as the number of tokens
consumed by transition /(v). On the other hand, the value Out),.o (v, ) is dependent
on lpo and can even differ for equally labelled nodes. It is interpreted as the number
of tokens produced by transition {(v) which are consumed by other transitions. Not
consumed tokens remain in the final marking of the considered Ipo. Of course, a token
flow function can represent a place of a p/t-net only if the number of produced tokens
represented by Outy,,0 (v, x) is bounded over all LPOs Ipo € L:

Definition 14 (Region). Let L° be a 0-extension of L. A token flow functionr : EY —
N of L is called a region of L if there is M € N such that

(R) [{Outypo(v,7) |Ipo=(V,<,l) € L, v € VO}\ < M.
We denote

- Pre,(v) = Iny,0 (v, 7) forIpo = (V, <,l) € L withv € V.

= Post,(v) = max{Outy,eo (v, 7) | Ipo = (V,<,1) € L, v' € VO, 1} (v/) =19 (v)}
forv e Wp.

— myp(r) = Post,(vg).

A region which does not equal the 0-function is called non-trivial.
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Y1 Y2

Fig. 4. Two token flow function y; and y2 of L2 and a part of the p/t-net associated to Lo

For a label a, a node v with l1,(v) = a and a regionr of L we also denote Pre,.(a) =
Pre, (v) and Post,(a) = Post, (v).

Example 6. The token flow functions x; and x5 shown in Figure 3| are both regions. It
holds: Pre,, (a) = Pre,, (b) = 1, Post,, (a) = 2, Post,, (b) = 0 and mg(x1) = 1.

Consider the token flow functions y; and 72 of Ly shown in Figure [l While 3
defines a region with Prey, (a) = Posty, (a) = mo(y1) = 1, y2 does not because
Outypeg | (vo,y2) = nforn € N.

By the definition of regions, we can associate a p/t-net to L by considering regions as
places. By construction, each LPO of L is an execution of the associated p/t-net, but in
general the associated p/t-net has more executions as specified.

Definition 15 (associated p/t-net). We denote Ry, the set of non-trivial regions of L.
Denote P = {p, | r € Rp}, T the set of labels of L, W ((p,,11(v))) = Pre,(v) and
W((l(v),pr)) = Post,(v) for ip(v) € T and p, € P, F = {(z,y) | W((z,y)) >
0}, and mo(p,) = mo(r) for p, € P. Then the p/t-net (N1, mr), N, = (P, T, F,W),
we call the p/t-net associated to L.

Example 7. The left part in Figure[3 shows some (of the infinite many) regions of Lo.
The right part shows (a part of) the p/t-net associated to Ly with the places p; = p.,,
i=1,2,3.

Of course, the associated p/t-net (N, mp,) is a candidate for a p/t-net satisfying £(L) =
L£po(Nr,myz). Observe that P = () (i.e. Ry, = ) is possible. In this case the associated
p/t-net would have an unrestricted behavior and trivially £ is part of this behavior.
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z, zZ, zg P3

Fig. 5. Some regions of Lo with corresponding places of the associated p/t-net

In particular, if *¢ = () for a transition ¢ of (Np,myr), (Nr,mz) does not satisfy
L(L) D Lpo(Nr,mr) . The following Lemma tells us that (N, m ) always satisfies
L(L) C Lpo(Np,mp).

Lemma 1. Let lpo € L and (N, mpr), N = (P, T, F,W), be the p/t-net associated
to L. Then [lpo] is an execution of (N, mp,).

Proof. We can assume without loss of generality that P # (). According to Theorem 2]
it is enough to show that Ipo = (V, <, [) fulfills the token flow property w.r.t (N, mr,).
In fact, for each place p, € P the token flow function r|_o fulfills the properties (IN)
and (OUT) according to (¥ff) and (R). O

The main theorem reads:

Theorem 3. There is a marked p/t-net (N, mg) with L(L) = £po(N, mg) if and only
if L(L) = £po(Ny,, my) for the marked p/t-net (N1, mp,) associated to L.

We prove the theorem in the next subsection.

3.4 Proof of the Main Result

The ”if”’-part is obvious. To prove the “only if”-part, let (N, mg), N = (P, T, F, W),
be a p/t-net satisfying £L(L) = £po(N, my). It is enough to show that for each p € P
there is a region r = r(p) of L such that for each transition ¢

(i) Pre.(t) = W((p,t)),
(i) Post,(t) < W((t,p)),
(i) mo(r) < mo(p).
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Namely, in this case each token flow function of some LPO, which satisfies (IN) and
(OUT) w.rt. p,, also satisfies (IN) and (OUT) w.r.t. p. In other words, then each
LPO which is an execution of (N, my ) is also an execution of (N, my), i.e. L(L) C
Lpo(Nr,mr) C £po(N, mgy) = L(L). The construction of such regions r(p) is shown
through the following Lemmata.

Fix a place p € P. For the construction of r(p) we use that for each lpo € L there
is a token flow function /P of Ipo fulfilling (IN) and (OUT) w.r.t. p (since each
Ipo € L is enabled w.r.t. (N, mg) according to £L(L) = £po(N,myg)). According to
remark [T} L can be decomposed (through an appropriate equivalence relation) into sets
X of LPOs , which have pairwise disjoint node sets and satisfy property

(Seq) Each two LPOs Ipo, Ipo’ € X are sequentializations of prefixes of another
LPO lpo” € X.

We first construct r(p) for each such maximal subset X of L. Each such set X obviously
satisfies additionally the properties (L1)-(L5). The further argumentation is based on the
“representation” of X by an appropriate sequence of minimal LPOs which increases
w.r.t. the prefix ordering:

Lemma 2. Let X be a set of LPOs satisfying (L1) - (L5) and (Seq). Then there is a
sequence of LPOs (1po,, ) nen C X, such that

(i) lpo,, is prefix of Ipo,, ; 1,
(ii) lpo,, is minimal in X, and
(iii) each LPO in X is a sequentialization of a prefix of some 1po,,.

Proof. Observe that each two LPOs Ipo, Ipo’ € X are sequentializations of prefixes of
another LPO Ipo” € X. Order the set of all nodes of LPOs in X inductively as follows:

— Asnode v; choose an arbitrary node which is minimal for one arbitrary LPO in X.

— Suppose the nodes v1, ..., v, are chosen. Remove the nodes vy, ..., v, from all
LPOs in X and denote X, the set of all those modified LPOs. As node v,,41 choose
an arbitrary node which is minimal for one arbitrary LPO in X,,.

Note that for each n € N there are LPOs in X with node set {v1, ..., v,} (according to
the chosen ordering and (L5)), and that there is in fact a unique minimal one (since two
different LPOs with the same node set are sequentializations of prefixes of some other
LPO). Let Ipo,, be this minimal LPO with node set {v1,...,v,}. Obviously, Ipo,, is
then a prefix of Ipo,, , ;, since Ipo,, , | restricted to the node set {v1,...,v,} is also in
X. Clearly, every LPO in X is a sequentialization of a prefix of some Ipo,,. O

If the LPOs of all such X C L have “consistent” token flow functions, we can construct
aregion of L:

Lemma 3. Let Pre, Post : T — N and (lpo,, )nen be a sequence of LPOs such that

(i) The set of labels of each 1po,, is a subset of T.
(ii) lpo,, is prefix of Ipo,, 1,
(iii) for each n there is a token flow function x of lpo,, = (Vy,, <p, lp) with
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(IN) In(v',x) = Pre(a) for every v’ € V.0 with 1,,(v")

= a/’
(OUT) Out(v',z) < Post(a) for every v’ € VO with 1,,(v') =

a.

Then for eachn € N there is a token flow function x,, of Ipo,, satisfying (IN) and
(OUT), such that x = lim,,_,, T, is a region of the set X of all sequentializations of
prefixes of some lpo,,.

Proof. Choose the token flow functions x,, inductively as follows:

— Let x; be an arbitrary token flow function of Ipo, satisfying (IN) and (OUT).
— Choose a token flow function x,,41 of Ipo,, , ; satisfying (IN) and (OUT) such
that m is maximal with z,,41|<, = Zn|<,,.

We first show that the sequence of functions (z,, ),cn converges pointwise, i.e. on every
edge. For this, we fix k¥ € N and show that there is n(k) € N such that Vn,m >
n(k) : Zn|<, = @Tm|<,. That means that the sequence (z, )nen becomes stationary
on every Ipo,. This can be seen as follows: The set of all token flow functions of Ipo,
fulfilling (IN) and (OUT) is finite, since there are only finitely many arcs and the
value of such a token flow function on an arc is bounded through (IN) and (OUT) by
max(max{Pre(a) | a € T}, max{Post(a) | a € T'}). The functions y,, = z,|<, are
token flow function of Ipo,, fulfilling (IN) and (OUT) for each n > k. Assume that
Yi # Yip1 and y; = y; for k < i < j. Then z;11 = x|, , is a token flow function of
Ipo, ,, fulfilling (IN) and (OUT) with z;41|<, = y; = ¥i = ¥i|<,. This contradicts
the choice of x;41 since x;y1|<, = Yi+1 # ¥i = xi|<,. Thus, y, can change only
finitely often.

Thus, z is well-defined. Assuming z,, = 0 on every edge not in <,,, we get that x
is a token flow function of X. To see this, let Ipo = (V, <,1),Ipo’ = (V/, <", ') € X
andv € V% and v' € (V')° with [(v) = I(v), Ipo be sequentialization of a prefix of
Ipo,, and Ipo’ be sequentialization a prefix of 1po,,. Then, since all 2, fulfill (IN):

Inppeo(v,z) = nh_}ngo Inype0 (v, 7)
= lim Inype0 (v, 2y) ()

n—oo

Pre(i(v))
A Jim Tnypeo (', x5) = Inapory (V' ).

Observe here that x|, is a token flow function of lpo, for n > k. Then z fulfills
(Z§f), i.e. is a token flow function. Finally we get that x is even a region: Let lpo =
(V,<,1) € X be a prefix of a sequentialization of lpoy. It follows for v € V, since all
x, fulfill (OUT):

Outype0 (v, ) = nh—>Holo Outypo0 (v, )
(ouT)

< lim Outygo (v,2n) < Post(l(v)).

n—oo

That means z fulfills (R), i.e. is a region of X. O
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For each maximal subset X C L there is a sequence (lpo, )nen C X satisfying
the properties stated in Lemma 2] and fulfilling the preconditions of Lemma [3] with
Pre(l(v)) = W((p,1(v))) and Post(a) = W ((l(v),p)) by construction. By Lemmal[3]
there is an appropriate region for each such X, Moreover, BPOs in different such sets
X have disjoint node sets. Therefore we can construct a searched region r(p) as the

union of all regions of such sets X.

3.5 Relationship to Other Definitions of Regions

In this section we establish the relationship between regions of LPO-specifications and
other definitions of regions. For this one has to distinguish between regions of lan-
guages and regions of graphs. Whereas in the case of languages it is required that the
synthesized p/t-net produces the given language, in the case of graphs it is required
that state-graph of the synthesized p/t-net and the given graph are isomorphic, what
is a substantial stronger requirement. The regions presented in this paper are language
based, since we distinguish different executions by LPOs with disjoint node sets (no
matter whether they have a common prefix or not). Another definition of regions which
is based on languages and allows the specification of concurrent events is that for trace
languages. Therefore, we exemplarily compare our definition of regions to that one for
trace languages as presented in [[17].

We recall the definition of trace semantics of a p/t-net as given in [17)]. A (gener-
alized) concurrency alphabet is a pair (A, I), where A is a finite alphabet, and I C
(N)*+ x N4 is an independence relation. For a concurrency alphabet (A, I) we denote
p ~ p' if there are p1, po € (N4)* and u,v,u’,v" € N4, such that p = pjuvpy and
P = puv'pa, u+v =1 +v and (p1,u+v) € I, =r= (~1)*, and [p]; = {p’ |
p=rp'}. L C(NA)*is called consistent (w.r.t. (A, 1)), ifVp € L: [p]; C L. A trace
language (w.r.t. (A, 1)) is a triple (L, A, I), where L is consistent (w.r.t. (A4, I)).

For a trace language Tr = (L, A, I), a region of Tr is a functionr : LU A —
N U (N x N) satisfying the following conditions for p € L, a € A and u € N*:

(TR1) r(p) € Nand r(a) = (Pre,(a), Post,(a)) € Nx N
(TR2) If pu € L thenr(p) > >, . 4 u(a)Pre,(a), and
(TR3) If pu = p' thenr(p") = 7(p) + >_,c 4 u(a)(Post,(a) — Pre,(a)).

The set of all regions is denoted by Rr,.. We can now associate a p/t-net (N, mg) to
Tr with N = (Rp,, A, F,W) via W(r,a) = Pre.(a), W(a,r) = Post,(a) and
mo(r) = r(0), where 0 denotes the empty step sequence.

A trace language Tr = (L, A, I) is called PN frace language, if the following ax-
ioms are satisfied: (PN1) L # (), (PN2)pue L = pe L,(PN3) pu € L = (p,u) € I
and (PN4) p € L = (Vr € Ry, = 1(p) = Y ,cau(a)Pre.(a) = pu € L). If a
trace language T'r = (L, A, I) satisfies (PN1) - (PN4), then the associated p/t-net can
be shown to have L as its set of step sequences. On the other hand, the trace language
of a given p/t-net always fulfills (PN1) - (PN4) (see [[L7]).

To each LPO-specification it can associated a trace language in a natural way:

Definition 16 (Trace language, of an LPO-specification). Let L' represent an LPO-
specification. Define the trace language (L, A, I) associated to L’ as follows: L is the
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set of all step sequences of step-linearizations of LPOs in L', A = 1,(Wy/) and
(p,u) € I < pu € L.

Obviously such L is consistent.

Lemma 4. Let L' represent an LPO-specification and let r be a region of L. Let further
(L, A, T) be the trace language associated to L'. Define r;, : LU A — NU (N x N)
by r,(0) = Post,(v9), r.(a) = (Pre.(a), Post,.(a)) and ri(uy ... u,) = rr(0) +
S Y owea wi(a)(Posty(a) — Pre.(a)). Then ry is a region of (L, A, T).

Proof. We first show (TR2), i.e. that for p € L and u € N4:

(x) pue L=rr(p) = Z u(a)Pre,(a).
acA

Let Ipo € L’ such that pu is the step sequence of a step-linearization of lpo. Denote
p = uj ...uy,. Since Ipo is enabled w.r.t. the p/t-net (N, my/), N, = (P, T, F,W),
associated to L/, it holds for the place p, corresponding to the region r and each cut C
of Ipo:

(o) mes(pr) + ) (W(U),pr) = W((pr 1)) = Y W((pr, 1(v))).

veVav<C velC

Choose S C V with |C| = wand |[{v | v < C}| = u1 + ... + u,, and remember that
W ((pr,1(v))) = Pre,.(v) and W ((I(v), p»)) = Post,.(v). Then (*x) translates to (x).

This implies moreover r1,(p) € N for p € L. Since obviously r1(0) € N and
r(a) € N x Nfora € A, we deduce (TR1).

Finally, we show (TR3). For pu = p’ it holds by definition that r1, (p’) = r1(p) +
> acat(a)(Post,(a) — Pre.(a)). To show this equation for the general case, it is
enough to show p =; p’ = rp(p) = r(p'). It is even enough to consider the case
p~1p,ie p=powps and p' = p1v'w ps withv+w = v 4w’ and (p1,v+w) € 1.
The statement follows then from ) _ , (v+w)(a)(Post,(a) —Pre.(a)) = >, c 4 (v'+
w')(a)(Post,(a) — Pre,(a)). a

Lemma 5. Let L’ represent an LPO-specification and (L, A, I) be the trace language
associated to L'. Let further r : L U A — NU (N x N) be a region of (L, A, I).
Then there is a region ' of L' satisfying Post,(vo) = r(0), Pre, (a) = Pre,(a) and
Post,s(a)) < Post,(a).

Proof. Tt is enough to show that for each lpo = (V| <,l) € L’ there is a token flow
function z fulfilling In(v',z) = Pre,(a) and Out(v',z) < Post,(a) for every v’ €
V0. Then analogously as in the proof of Theorem[3]the statement follows.

Assume there is Ipo = (V,<,1) € L’ such that there is no token flow function x
satisfying (IN) and (OUT). Then, by an argumentation in our paper [1§] (Lemma
7), there is a cut C' of Ipo for which 7(0) + > _ Post,(v) — >, _~Pre.(v) —
> vec Pre(v) < 0. This contradicts (TR2) for the step sequence of an adequate step
linearization of Ipo. d
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4 Conclusion

As already mentioned in the introduction, we consider the presented results as a step to-
wards solving the p/t-net synthesis problem from non-sequential specifications. To this
end, the problem and the results must be transformed in two ways. First, it is necessary
to represent the possibly infinite set of all regions of an LPO-specification by a finite
subset. By this, a finite p/t-net could be assigned to an LPO-specification L with the
same behavior as the (possibly infinite) p/t-net associated to L. Second, one needs a
finite representation of LPO-specifications. When these problems are solved, finally an
effective test of L = L£po(N’, my,) for the marked p/t-net (N’,my,) associated to L has
to be developed. We are currently working on these topics and have already found par-
tial solutions. These are not presented in detail due to lack of space. Instead, we shortly
give some hints in this subsection.

Concerning the finite representation of LPO-specifications let us first consider the
case, where simply the LPO-specification L is finite. Then, of course, the associated
p/t-net cannot have an infinite behavior, i.e. it’s marking graph cannot contain cycles
(see the LPO-specifications from Figure[2] as an example). That means, in a finite rep-
resentation of an infinite LPO-specification, the LPOs of a representation are only con-
sidered as prefixes of runs of the searched p/t-net, and one has additionally to specify
desired cycles. This could be done for example by specifying cut-off events of LPOs. If
no desired cycles are specified, it is nevertheless possible to detect such regions (places
of the associated p/t-net) which prohibit cycles (which are, loosely spoken, those with
initial marking different to the final marking of some sub-LPO).

Concerning finite representations of p/t-nets corresponding to LPO-specifications
L, it is well known (see e.g. [24]) that there are p/t-nets with an infinite set of places
which cannot be represented by p/t-nets with a finite set of places (see also the example
below). That means we need a further characterization of LPO-specifications equaling
the partial language of executions of p/t-nets with finite set of places. However, if L is
finite then also the set of states (represented by L) is finite. In this case one can construct
a p/t-net with finite set of places having L as the partial language of its executions.
Observe moreover that for the synthesis of elementary nets from LPO-specifications
there are only finitely many possible regions.

Example 8. Consider the marked p/t-net N = (P, T, F, W, mg) defined by T' = {a, b},
P={p,|neN},W((a,pn)) =n+1and W((pn,b)) = n, and mo(p,) = n— 1 for
n € N. After one occurrence of a, the concurrent step 2b is enabled. Then each further
occurrence of a enables transition b exactly once, since for increasing n the places p,,
more and more restrict the behavior. This is the reason, why P cannot be replaced by
a finite subset, say P, = {p1,...,px} for some k € N. Namely, in this case after
each k occurrences of a the transition b would be enabled twice (not only once). In
fact, the places p,, “converge” to the place p with W ((a,p)) = 1, W((p,b)) = 1 and
mo(p) = 1. This place can be added to P without further restricting the behavior. On the
other side, since b is not enabled in the initial marking, P can also not be equivalently
replaced by the place set P’ = {p} only containing p, since w.r.t. P’ the transition b is
enabled in the initial marking. The problem is the increasing number of initial tokens
in p,, for increasing n. If this number would be bounded (that means mq(p) < k for
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a fixed £ € N), each occurrence of a (from the beginning) would enable transition b
exactly once. The same behavior could be achieved by the finite place set P” = {q}
with W((a,q)) = 1, W((¢q,b)) = 1 and mgo(q) = 0, i.e. in this case there would be a
finite representation.

When considering finite LPO-specifications L with some representation £po(L), there
is moreover the following effective test of L = £po(N',my) for the marked p/t-net
(N',my) associated to L. In fact it must be shown that LPOs not in L are no executions
of (N’,m{,). For this, first compute a finite set of regions representing the set of all
regions. Then test the following LPOs to satisfy the token flow property w.r.t. all these
regions: All LPOs constructed from minimal LPOs of maximal length in £po(L) by
deleting some edge, and all LPOs not in £po(L) constructed from minimal LPOs in
£Lpo(L) by adding a unique maximal node with some label. Each LPO not in L is
also no execution of (N’, my) if and only if none of these LPOs fulfills the token flow
property w.r.t. all of the finite many regions.
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Abstract. This paper proposes an analytical method for the synthesis of
reversibility-enforcing supervisors for bounded Petri nets. The proposed
me-thod builds upon recent developments from (i) the theory of regions,
that enables the design of Petri nets with pre-specified behavioral re-
quirements, and (ii) the theory concerning the imposition of generalized
mutual exclusion constraints on the net behavior through monitor places.
The derived methodology takes the form of a Mixed Integer Program-
ming formulation, which is readily solvable through canned optimization
software. The last part of the paper discusses extensions of the presented
method so that it accommodates uncontrollable behavior and any poten-
tial complications arising from the large-scale nature of the underlying
plant nets and their behavioral spaces. Finally, the relevance and the effi-
cacy of the proposed approach is demonstrated through its application in
the synthesis of liveness-enforcing supervisors for process-resource nets.

1 Introduction

Reversibility is a well-characterized and important property in many contempo-
rary technological applications and it implies the ability of the studied system
to retrieve its initial state from any state that this system can reach during
its operation. Clearly, under this basic definition, reversibility applies to the
entire range of systems that can be modelled through dynamical system the-
ory; however, in this work we deal with the concept of reversibility in the more
restricted class of systems that can be modelled by bounded Petri nets (PN)
[5]. For systems modelled in this representational framework, we seek to de-
velop a methodology that will support the design of controllers (i) enforcing
the reversibility of the underlying system and (ii) possessing an “on-line” com-
putational cost that is polynomial with respect to the size of this system. The
pursued approach is a combination of (i) Petri net supervisory control based
on the theory of monitor places [3,[4] and (ii) the design of Petri nets with
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a desired / pre-specfied topology for their reachability space through the the-
ory of regions [I]. In this sense, our work presents considerable similarity with
the works of [2,[9], which also sought to develop monitor-based supervisors for
some PN sub-classes modelling sequential resource allocation, while exploiting
insights and results coming from the theory of regions. However, the main dif-
ferentiator of our work from those past efforts is the emphasis that we place
on the (polynomial) complexity of the derived solutions. More specifically, in
the previous works, the authors sought to derive a set of monitor places that
would encode the mazimally permissive supervisor for the considered applica-
tion context, where the latter was initially computed through state space-based
approaches (typically, Ramadge & Wonham’s supervisory control theory [7]).
Two significant implications of that approach were that (i) the derived super-
visor might employ a number of monitor places that was a super-polynomial
function of the size of the underlying Petri net, and (ii) there might be cases
that the approach would fail to return a supervisor since it might not be pos-
sible to enforce the target behavior through a set of monitor places. Contrary
to those past works, in our approach we define a priori the maximum num-
ber of monitor places that we want to use in the derived solution, and we seek
to develop a supervisor that will guarantee “best performance” under this size
restriction. The applied performance criterion can be quite general; for the pur-
poses of the subsequent discussion, we shall assume that it can be expressed
by a sum of values / weights taken over the set of states that are admitted
by the derived supervisor. By restricting the number of the considered monitor
places to be a polynomial function of the underlying system size, our approach
can guarantee the polynomial “on-line” complexity of the derived solution. Fur-
thermore, as it will be established in the following, the overall design problem
reduces to the solution of a mathematical programming (MP) formulation con-
sisting of the aforementioned performance objective and a set of constraints
expressing the requirement for reversibility of the controlled system. This for-
mulation essentially constitutes an implicit search for a best supervisor over the
entire set of supervisors that can enforce the system reversibility while observ-
ing the imposed size constraint, and therefore, it is richer in feasible solutions
than the earlier developed approaches. In addition, the explicit parameteriza-
tion of the proposed approach through the maximum number of the employed
monitor places allows the systematic study of the trade-off between the com-
putational complexity of the applied supervisor and the attained performance.
Finally, in principle, this approach can still enable the computation of the max-
imally permissive supervisor — assuming that this supervisor is implementable
by a set of monitor places — by setting the number of the provided monitor
places to a sufficiently large value.

From a more historical standpoint, this research falls within a broader initia-
tive of ours, seeking to derive polynomial-complexity, monitor-based, reversibility-
enforcing supervisors for a class of PN’s modelling sequential resource allocation.
This class of PN’s and the currently available results on its reversibility-enforcing
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supervision through monitor-based approaches, are presented in [8] 11}. Yet, one
of the open research questions raised in [8] is the analytical characterization of
the entire set of supervisors that can enforce the reversibility of any given in-
stance of the considered PN sub-class, while employing a pre-specified number
of monitor places. This question is resolved in this paper through the constraint
set of the aforementioned MP formulation.

In the light of the above introduction of the presented work, the rest of the
paper is organized as follows: Section [2 first reviews the basic PN concepts and
results that are necessary for the development of this work, and subsequently it
summarizes the key elements of the theory of regions, according to the perspec-
tive adopted in [2], and of the monitor-based Petri net control theory, developed
in [4]. Section Bl develops the supervisor design approach proposed in this work,
while Section @ demonstrates the modelling and analytical power of this ap-
proach through a detailed example. Section [ discusses some enhancements and
extensions of the basic methodology presented in SectionBl and, finally, Section [6]
concludes the paper and highlights directions for future work.

2 Preliminaries

2.1 Petri Net Fundamentals

Petri net Definition [5]. A (marked) Petri net (PN) is defined by a quadruple
N = (P, T,W, M), where

— P is the set of places,

— T is the set of transitions,

— W : (P xT)U(T x P) — Z is the flow relation and

- My : P — ZO+ is the net initial marking, assigning to each place p € P,
My (p) tokens.

Also, for the purposes of the subsequent analysis, the size of PN N = (P, T, W,
Mp) is defined as [N| = |P| + [T + > c p Mo(p).

The first three items in the above definition essentially constitute a weighted
bipartite digraph representing the system structure that governs its underlying
dynamics. The last item determines the system initial state. A conventional
graphical representation of the net structure and its marking depicts nodes cor-
responding to places by empty circles, nodes corresponding to transitions by
bars, and the tokens located at the various places by small filled circles. The
flow relation W is depicted by directed edges that link every nodal pair for
which the corresponding W-value is non-zero. These edges point from the first
node of the corresponding pair to the second, and they are also labelled — or,

! In fact, one of the main results for this PN sub-class is that the net liveness and reversibil-
ity are equivalent concepts; hence, in [8}[I1], the aforementioned supervisory control
problem is characterized as liveness rather than reversibility-enforcing supervision.

2 In this work, Z(;r denotes the set of nonnegative integers, and R denotes the set of
reals.
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“weighed” — by the corresponding W-value. By convention, absence of a label
for any edge implies that the corresponding W-value is equal to unity.

Some structure-related PN concepts. For computational purposes, the net
flow relation W is encoded by two | P|x |T| matrices, ©F and ©~, with ©F (p, t) =
W (t,p) and ©~ (p,t) = W(p,t). The difference ©T — ©~ is known as the net
flow matriz and it is denoted by ©. A PN is said to be pure if and only if (iff)
Vpe P, Yt €T, O (p,t)©"(p,t) = 0. Notice that for pure PN’s, the net flow
relation, W, is completely characterized by the net flow matrix, 6.

Given a transition ¢ € T, the set of places p for which (p,t) > 0 (resp.,
(t,p) > 0) is known as the set of input (resp., output) places of t. Similarly,
given a place p € P, the set of transitions ¢ for which (¢,p) > 0 (resp., (p,t) > 0)
is known as the set of input (resp., output) transitions of p. It is customary in the
PN literature to denote the set of input (resp., output) transitions of a place p
by *p (resp., p*). Similarly, the set of input (resp., output) places of a transition
t is denoted by *t (resp., t*). This notation is also generalized to any set of places
or transitions, X, e.g. *X = (J, .y *7.

The ordered set X =< x1...2, > € (PUT)* is a path iff x;41 € 2,1 =
1,...,n — 1. Furthermore, a path X is characterized as a circuit iff 1 = z.,.

The particular class of PN’s with a flow relation W mapping onto {0,1} are
characterized as ordinary. An ordinary PN with [¢t*| = |*¢| = 1, V¢t € T, is
characterized as a state machine, while an ordinary PN with |p®| = |*p| = 1,
Vp € P, is characterized as a marked graph.

Some dynamics-related PN concepts. In the PN modelling framework, the
system state is represented by the net marking M, i.e., a function from P to
Zar that assigns a token content to the various net places. The net marking
M is initialized to marking M, introduced in the PN definition provided at
the beginning of this section, and it subsequently evolves through a set of rules
summarized in the concept of transition firing. A concise characterization of
this concept has as follows: Given a marking M, a transition ¢ is enabled iff for
every place p € *°t, M(p) > W (p,t), or equivalently, M > O~ (-,¢), and this
fact is denoted by M|[t). t € T is said to be disabled by a place p € *t at M
iff M(p) < Wi(p,t), or, equivalently, M(p) < O (p,t). Given a marking M, a
transition ¢ can be fired only if it is enabled in M, and firing such an enabled
transition ¢ results in a new marking M’, which is obtained from M by removing
W (p,t) tokens from each place p € *t, and placing W (¢, p’) tokens in each place
p’ € t*. The marking evolution incurred by the firing of a transition ¢ can be
concisely expressed by the state equation:

where 1; denotes the unit vector of dimensionality || and with the unit element
located at the component corresponding to transition ¢.

Given a PN N, a sequence of transitions, o = t1ts...t,, is fireable from some
marking M iff M[t1)Mi[ta)Ms ... M,_1[t,) M,; we shall also denote this fact

by M 5 M,. The length of o is defined by the number of transitions in it,
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and it will be denoted by |o|. Also, the Parikh vector of o is a |T'|-dimensional
vector, &, with each component &(t), t € T, stating the number of appearances
of transition ¢ in o.

The set of markings reachable from the initial marking M through any fireable
sequence of transitions is denoted by R(N, M) and it is referred to as the
net reachability space. Equation [Il implies that a necessary condition for M €
R(N, My) is that the following system of equations is feasible in z:

M= My+ 6z (2)

ze(zh)" (3)

The reachability graph, G(N', M), of N/, is a labelled directed graph with its
node set being equal to R(N, My), and its edge set being defined by the nodal
pairs (M, M') € RN, My) x R(N, My) for which there exists ¢ € T such that
M{[t)M’; the edges of G(N, My) are labelled by the corresponding transitions.

APNN = (P, T, W, My) is said to be bounded iff all markings M € R(N', My)
are bounded. N is said to be structurally bounded iff it is bounded for any
initial marking My. A is said to be reversible iff My € R(N, M), for all M €
R(N, M), and any marking M € R(N, My) such that My € R(N, M) is a co-
reachable marking of N'. A transition t € T is said to be live iff for all M €
R(N, My), there exists M’ € R(N, M) such that M’[t); non-live transitions are
said to be dead at those markings M € R(N, My) for which there is no M’ € R
(N, M) such that M'[¢). PN N is quasi-live iff for all ¢ € T, there exists M €
R(N, My) such that M|t); it is weakly live iff for all M € R(N', M), there exists
t € T such that M[t); and it is live 4ff for all ¢ € T, ¢ is live.

PN semiflows. PN semiflows provide an analytical characterization of various
concepts of invariance underlying the net dynamics. Generally, there are two
types, p and t-semiflows, with a p-semiflow formally defined as a | P|-dimensional
vector y satisfying y7© = 0 and y > 0, and a t-semiflow formally defined as a
|T|-dimensional vector x satisfying @z = 0 and & > 0. In the light of Equation[2]
the invariance property expressed by a p-semiflow y is that y“ M = yT My, for
all M € R(N, My). Similarly, Equation [ implies that for any t-semiflow z,
M = My + Ox = M.

2.2 Petri Net Design Through the Theory of Regions

In this section we overview an interpretation of the theory of regions provided
in [2]. According to this interpretation, the problem addressed by the theory
of regions can be stated as follows: Given a directed graph, G = (N, E), with
its edges labelled by elements from some set T', and containing a node ng € N
such that there exists a path from ng to any other node n € N, find a pure PN
N = (P, T,W, M), such that its reachability graph G(N, M) is expressed by
G, when setting My = ng. Since the net A/ is required to be pure, it can be fully
defined by specifying the row O(p,-) of the net flow matrix © and the initial
marking My(p), for each place p € P. These parameters can be subsequently
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obtained through a system of equations derived from the structure of the target
graph G and the logic underlying Equations [TH3l
In particular, Equation[limplies that, for any undirected cycle, v, in graph G-

Equation[is known as the “cycle” equation of the theory of regions, and the pa-
rameter 7 appearing in it is a vector of dimensionality |T|, and with component
~(t) denoting the difference between the number of times that ¢ is encountered
in v labelling an edge pointing in the direction of the traversal of v, and the
number of times that ¢ is encountered in v labelling an edge pointing in the
opposite direction.

Similarly, the reachability of a node n € N from node ng through some path
&(n), implies that

Vpe P, Moy(p)+6(p,-)-&(n) 20 ()

Equation [l is known as the “reachability condition” associated with node n,
and the parameter £(n) appearing in it is a vector of dimensionality |T'| and
with component &(n;t) indicating the number of appearances of transition ¢
in path £(n). For nodes n reachable from ng through more than one paths,
only one of the corresponding reachability conditions should be included in the
considered system of equations, since the reachability conditions corresponding
to the remaining paths can be derived from the included condition and the cycle
equations discussed above.

On the other hand, for every node n € N and transition ¢t € T such that there
is no edge emanating from n that is labelled by ¢, there must exist a place p € P
that disables the firing of transition ¢ at the marking M corresponding to node
n. This requirement is imposed by the following equation:

Ipe P, My(p)+0O(p,-)-&(n) +6O(p,t) < —1 (6)

Equation [0l is known as the “event separation condition” associated with node-
transition pair (n,t), and the parameter £(n) appearing in it is the same with
that appearing in Equation Bl Also, the node-transition pairs, (n,t), such that
there is no edge emanating from n that is labelled by ¢, are characterized as the
“event separation instances”.

Finally, a last requirement is that the various nodes n € N of graph G corre-
spond to different markings of the PN A; i.e., for any given nodal pair (n,n’),

Ipe P, Op.) &mn)#06O(p,) () (7)

Equation[7in known as the “state separation condition”, and the parameter &(n)
appearing in it is defined as in Equations [0 and [Gl

In the light of the above characterizations, the theory of regions is epitomized
by the following theorem:

Theorem 1. [Z] Consider a directed graph, G = (N, E), with its edges labelled
by elements from some set T, and containing a node ng € N such that there
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exists a path from ng to any other node n € N. Then, there exists a pure PN
N = (P, T,W, My) with graph G as its reachability graph and with node ng
corresponding to its initial marking My, iff (i) for each place p € P, the flow
vector O(p,-) satisfies (a) the cycle equation corresponding to each undirected
cycle v of G and (b) the reachability condition corresponding to each node n of
G, where the latter is stated with respect to some arbitrary path from ng to n;
(i) the net flow matriz © satisfies the state separation condition for every nodal
pair (n,n') with n £ n'; and (i1i) for every event separation instance in G, there
exists a place p € P with its flow vector ©(p, -) satisfying the corresponding event
separation condition.

In SectionBlwe employ this result towards the development of a methodology that
will support the design of reversibility-enforcing supervisors for bounded PN’s.

2.3 Petri-Net Supervisory Control Based on Generalized Mutual
Exclusion Constraints and “monitor” Places

In many PN control applications, one seeks to impose a set of constraints on the
marking, M, of a plant net, N' = (P, T, W, M), that are expressed as a set of
linear inequalities of the type

A-M<b (8)

where the elements of matrix A and the right-hand-side (rhs) vector b are non-
negative integers. Marking constraints of the type expressed by Equation [8 are
known as Generalized Mutual Fxclusion (GME) constraints. Consider the GME
constraint of Equation [§ that is defined by the row A(4,-) of matrix A and the
component b(i) of the rhs vector b. Then, according to the theory of [4], this
constraint can be imposed on the plant net A by super-imposing on it a single
“monitor” place p.(i); this place must be connected to the rest of the network
according to the flow vector:

O(pe(i),-) = —A(i,-) - © (9)
and its initial marking must be set to:
Mo (pe(i)) = b(i) (10)
Under the aforementioned configuration, p.(i) enforces the constraint
A(i,-) - M < b(i) (11)

on the markings, M, of the original net, by essentially establishing the invariant
A(i,-) - M + M (pe(i)) = b(i) (12)

Equation [[2 indicates that the token content, M (p.(7)), of place p.(i) expresses
the “slack” of Constraint [[Tunder marking M, and justifies the characterization
of the control place p.(i) as a “monitor” place.

We conclude this brief discussion on GME constraints and their enforcing
monitor places, by establishing the following result, that will be useful in the
developments of Section [Bt
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Lemma 1. Consider a monitor place p.(i) that enforces the GME constraint
of Equation [0 on a plant net N'. Then, every t-semiflow, x, of N is also a
t-semiflow for place p.(i).

Proof: We need to show that ©(p.(i),-) - = 0. But this is an immediate
implication of Equation [@ and the fact that x is a t-semiflow of the original net

N. O

3 A Formal Statement of the Considered Problem and
the Proposed Supervisor Design Methodology

Having established in the previous section all the concepts and results that are
necessary for the formal development of this work, we can now proceed to the
detailed statement of the undertaken problem and the systematic exposition of
the methodology proposed for its solution. We start with the formal problem
statement.

A formal statement of the problem considered in this work. The problem con-
sidered in this work can be formally defined as follows: Given a non-reversible,
bounded PN N, identify a set of GME constraints

A-M<b (13)
such that

i. when imposed on the plant net N, will incur the reversibility of the controlled
system.
ii. Furthermore, the cardinality of the imposed constraint set must not exceed
a pre-specified parameter K.
iii. In addition,

Vi, j, A(i,j) € {0,1,..., A(i,5)} and Vi, b(i) € {0,1,...,b(:)}, (14)

where A(i, j) and b(i) are finitely valued, externally provided parameters.

iv. Finally, assuming that every reachable marking M; € R(N, Mp) of N is
associated with some value w;, the developed supervisor must maximize the
total value of the admissible markings, over the set of supervisors satisfying
the aforementioned requirements.

In the sequel, a PN supervisor that is defined by Equation [I3] for some pricing
of matrix A and vector b, will be referred to as the supervisor S(A4,b).

Overview of the proposed solution. Next, we provide a Mized Integer Program-
ming (MIP) formulation for the aforestated problem. The objective function
of this formulation will express the optimality requirement stated in item (iv)
above. Requirement (ii) will be captured by the structure of the decision variables
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of the presented formulation, while requirements (i) and (iii) will be explicitly en-
coded in its constraints. More specifically, given a pricing of the matrix A and the
rhs vector b, the constraint set must check whether this pricing abides to require-
ment (iii) and it must also assess the ability of this pricing to satisfy requirement
(i), i.e., establish the reversibility of the controlled system. This last requirement
further implies that all the markings M € R(N, M) that remain reachable under
the considered GME constraints, are also co-reachable under these constraints.
Hence, the constraint set of the proposed formulation must be able to assess the
reachability and co-reachability of the markings M € R(N, My) under the net
supervision by any tentative GME constraint set, A - M < b, and it must also
be able to validate that all reachable markings are also co-reachable. The rest of
this section proceeds to the detailed derivation of a formulation that possesses
the aforementioned qualities.

Characterizing the net transition firing under supervision by a GME constraint-
based supervisor S(A,b). In order to be able to assess the reachability and co-
reachability of the various markings M € R(N, M) under supervision by a
supervisor S(A4,b), it is necessary to characterize how the various transitions,
t € T, of the plant net N, retain their fireability in the controlled system. Next,
we introduce a set of variables and constraints that will achieve this purpose.
The main issue to be addressed is whether a transition ¢ that was fireable in
some marking M; € R(N, My), leading to another marking M; € R(N, M),
will remain fireable under supervision by S(A4, b). For this to be true, ¢ must be
enabled at M; by all the monitor places, p.(k), k = 1,..., K, that implement the
supervisor S(A, b). Testing whether transition ¢ is enabled at marking M; by a
monitor place p.(k) can be done through the employment of a binary variable zfj,
that will be priced to one, if this condition is true, and to zero, otherwise. A set
of constraints that will enforce the pricing of zf] according to the aforementioned
scheme is the following:

Mo(pe(R))+ Y Ope(k), t(u,0) + Ope(k), t(i, §)) + (zf; = LY > 0 (15)
(u,v)€€(4)

Mo(pe(k)) + D Ope(k).t(u,v)) + Olpe(k), t(i, ) — 25Ul < =1 (16)
(u.) €6(3)

The parameter £(i) appearing in Equations and denotes any path
in RV, M) leading from My to M;. (u,v) denotes an edge of £(i) leading
from node M, to node M,, and ¢(u,v) denotes its labelling transition. ij de-
notes a lower bound for the quantity Mo (pc(k)) + >, 0 ee(i) ©(Pe(k), t(u,v)) +
O(pc(k),t(i, 7)), and Ui}; denotes an upper bound for the quantity My(p.(k)) +
2 (uwyee(i) Ope(k), t(u,v)) + O(pe(k), (i, 5)) + 1. Then, it is clear, that, when
Mo(pe(k)) + Z(u,u)eg(i) O(pc(k), t(u,v)) +O(p.(k),t(i, 7)) > 0 —i.e., when tran-
sition ¢(¢,j) is enabled by monitor place p.(k) in marking M, — the above
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set of constraints is satisfied by setting 2 = 1. On the other hand, when
Mo(pe(k)) + 3= (u.0)ee(iy ©Pe(k), t(u,v)) + O(pe(k), (i, 5)) < 0 the above con-
straint set is satisfied by setting zJ; = 0.

It remains to connect the variables My(p.(k)) and O(p.(k),-) to the primary
problem variables, A, b, and explain how to compute the bounds ij and Ui’}
employed in the above equations. Connecting My(p.(k)) and O(p.(k),-) to the
variables A, b can be done straightforwardly through Equations [ and I the
corresponding substitutions respectively transform Equations [[5] and [If] to:

b(k)— Y Alk,)-O(, t(u,v)) = Alk, ) - O, 10, ) + (2 = 1)L > 0 (17)
(u,v)€g(?)

b(k) - Z A(k7 ) : 8(',25(’(1, U)) - A(k7 ) : @(,t(Z,j)) - szjUz]; <-1 (18)
(u,v)€€(4)

Finally, it should be clear from the structure of Constraints[I'fland I8 that the
bound Lj; (resp., U};), defined above, can be obtained by minimizing (resp., max-
imizing) the quantity b(k) — 3=, ,yee) Ak, 1) - OC, t(u, v)) — A(k, ) - O(-, £(1, j))
over the space defined by the admissible ranges of the involved variables A(k, -)
and b(k) (c.f., item (iii) in the formal problem statement provided at the begin-
ning of this section).

Once variables z¥ have been properly priced for all k, the feasibility of
M;[t(i,j)) M; can be assessed by introducing another real variable, z;;, that
is priced according to the following constraints:

zij < 2, Vke{l,... K} (19)
K
k=1

To understand the pricing logic behind Constraints [OHZI] first notice that
Constraint 2] restricts the variable z;; within the interval [0, 1]. Then, Con-
straint sets it to zero, as long as any of the variables z¥ is priced to zero
— and therefore, the corresponding monitor place p.(k) disables t(¢,5). On the
other hand, when all variables zf] are priced to one, Constraint 20 forces variable

z;j to its extreme value of one.

Characterizing the reachability of the markings M; € R(N, My) under supervi-
sion by a GME constraint-based supervisor S(A,b). The availability of
the variables z;;, defined above, subsequently enables the characterization of
the reachability of the various markings M; € R(N, M) under supervision by
the GME constraint-based supervisor S(A,b). This can be done by introducing
the real variables y!, 0 < i < |R(N, Mp)|, 0 <1 < I, and pricing them so that
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y! = 1 indicates that marking M; is reachable from the initial marking My un-
der supervision by S(A4,b) and the minimum length of any transition sequence
leading from My to M; is [; if M; is not reachable from M, under supervision by
S(A,b), y! should be set to zero, for all I. Clearly, in order to satisfy this defini-
tion of y!, I must be set to the length of the maximum path in G(N, M) that
starts from My and contains no cycles. Then, a set of constraints that achieves

the pricing of y! described above, is as follows:

0 _ 17 Z == O
yi_{()’i#o (22)
0<yl, Vie{l,...,|RIN, M|}, 1€{1,...,1} (23)
T
doyi<t (24)
1=0
ob <yt Vi (My, M) € GIN, Mo) (25)
(5;»1- < Zji, Vj : (M],MZ) S g(N7 Mo) (26)

yi < Z 5;‘1' (27)
J

-1
yzl' 2y§71+2ji_1_zy3, VJ (MjaMZ) Eg(NVMU) (28)
q=0

Constraint expresses the fact that marking M, is reachable from itself
in zero steps, under supervision by S(A,b), and this is the only marking in
R(N, My) possessing this property. Constraint states the nonnegative real
nature of variables 3!, i > 0, I > 0, while Constraint expresses the fact
that, according to the pricing scheme discussed above, only one of the variables
yl, 0 <1 <, can be priced to one. Constraints 5] 26 and BT express the fact
that, under supervision by S(A4, b), there is a minimal path from marking M to
marking M; of length [, only if there is a minimal path of length [ — 1 from M,
to some marking M; such that (i) (M;, M;) € G(N, M) and (ii) this transition
remains feasible under S(A,b). In particular, variables 6;2- is a set of auxiliary
real variables that are used to force y! to zero every time that the aforestated
condition is violated for all the markings M; € R(N, M) such that (M;, M;) €
G(N, Mp). On the other hand, Constraint 28 tends to price variable y! to one
every time that there exists a marking M; such that (i) (M;, M;) € G(N, My),
(ii) this transition remains feasible under S(A,b), and (iii) M; is reachable from
My under supervision by S(A, b) through a minimal path of length [ —1; however,
this pricing is enforced only when the quantity Zg_:lo y! appearing in the right-
hand-side of this constraint is equal to zero — i.e., only when the marking M;
cannot be reached from the initial marking M, through a path of smaller length.



Designing Reversibility-Enforcing Supervisors of Polynomial Complexity 333

Characterizing the co-reachability of the markings M; € R(N, My) under su-
pervision by a GME constraint-based supervisor S(A,b). Tt is well-known that
the co-reachability of a marking M; € R(N, My) is equivalent to the reacha-
bility of the same marking in the graph G*(N, My), obtained from G(N, My)
by reversing all its arcs. In the light of this observation, the set of constraints
characterizing the co-reachability of the markings M; € R(N, My), under super-
vision by a GME constraint-based supervisor S(A4,b), can be obtained through
a straightforward modification of the constraint set Z2H28 characterizing the
reachability of these markings. More specifically, let wf be a real variable that
will be priced to one, if M; € R(N, My) is co-reachable under supervision by
S(A,b), and a minimal transition sequence leading from M; to My has a length
equal to [; otherwise, ¥! should be priced to zero. By following a logic similar
to that employed in the previous paragraph for the pricing of variables y!, we
obtain the following set of constraints for the pricing of variables 1!:

1,i=0
w={5120 (29)

ngia VZG{L,‘R(N,Mo)‘},lE{l,,Z} (30)

I
> wi<i (31)
=0

iy <Y VG (Mg, My) € GV, M) (32)
My < 2, Vi (Mg, My) € GN, Mo) (33)
LRSI (34)
- J
Wi bz — 1= Y W, Vi (M, M) € GN, Mo) (35)
4=0

The parameter [, appearing in Equations 30 and BI], denotes the length of the
maximum path in QR(N, My) that leads from node My to node M; and contains
no cycles, and the auxiliary variables nfﬁ that appear in Constraints 32l and B3]
play a role identical to that played by variables 6;2- in Constraints 25 and

Characterizing the closure of the sub-space that is reachable and co-reachable
under supervision by a GME constraint-based supervisor S(A,b). Let x; be a
real variable that will be priced to one when the marking M; € R(N, My) is
reachable and co-reachable under supervision by S(A, b), and it will be priced to
zero, otherwise. Then, in the light of the above characterizations of reachability
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and co-reachability, the desired pricing of x; can be enforced by the following
constraints:

=0
I
z; <Y o (37)
=0
T 7
>3 yl+ Z Ul — (38)
=0 =0
0<z; <1 (39)

Constraint [39] restricts x; in the interval [0, 1]. Then, Constraints B6] and B7]
force it to zero, when marking M; is not reachable or co-reachable. On the other
hand, if M; is both reachable and co-reachable, Constraint forces x; to its
extreme value of one.

Finally, the availability of variables x; allows us to express the requirement for
closure of the sub-space of R(N, Mp) that is reachable and co-reachable under
supervision by S(A,b), through the following constraint:

(1 — 332) + x5 > 245, Vi, j: (MZ‘,M]‘) € Q(N, Mo) (40)

When z; =1 and z; = 0 - i.e., when x; belongs to the target space of markings
that are reachable and co-reachable under supervision by S(A,b), but x; does
not belong to this set — Constraint [ forces variable z;; to zero — i.e., it requires
that the corresponding transition M;[t(i,7))M; is disabled by S(A,b). In any
other case, the left-hand-side of Constraint is greater than or equal to one,
and therefore, the constraint becomes inactive.

The objective function of the proposed formulation. The objective function of
the considered formulation is straightforwardly expressed as follows:

max Z W;iT; (41)

Proving the correctness of the proposed formulation. Next, we state and prove
the correctness of the derived formulation.

Theorem 2. The formulation of Equations [T[1TTH{1] returns an optimal solu-
tion to the problem stated at the beginning of this section, provided that such a
solution exists; otherwise, this formulation will be infeasible.

Proof: First, let us suppose that the aforementioned formulation returns a fea-
sible solution. Then, it is clear from the earlier discussion of the various con-
straints of the considered formulation, that the set of markings M; € R(N, M)
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with z; = 1 and the edges (M;, M;) of G(N, M) with z;; = 1, in the re-
turned solution, define a strongly connected subgraph of G(N', My) containing
the initial marking Mp; let us denote this subgraph by G¢(N, My). Next we
show that G€ (N, My) is the reachability graph of the net N'“, that is obtained
from the plant net A" by super-imposing on it the monitor places that imple-
ment the GME constraint set A - M < b, where A, b have the values returned
by the considered formulation. To establish this result, it is sufficient to show that
the net N'C satisfies the conditions of Theorem [Il with respect to G (N, My).
This can be shown as follows: First notice that the state separation condition
over GE(N, My) is immediately satisfied by A'C, since its marking subsumes
the marking of the original net A/. The satisfaction of the reachability condition
for every node of GY (N, My) is a consequence of Constraints I7H28 For event
separation instances of G (N, My) that were already present in G(N, M), there
must be a place p in the original net A/ that satisfies the corresponding event
separation condition. For the remaining event separation instances, the defini-
tion of GE(N, M) implies that the relevant variables z;; were priced to zero
in the returned solution, and therefore, for each of them, there exists a place
pc(k), k € {1,...,K}, that satisfies the corresponding event separation con-
dition. For places p in the original net A, the cycle equations for the various
cycles of G¢ (N, My) are immediately satisfied by the fact that GE (N, My) is a
subgraph of G(N, Mp). For the monitor places p.(k), k € {1,..., K}, the sat-
isfaction of the cycle equations for the cycles of GY(N, My) is guaranteed by
Lemma [1 Finally, the optimality of the supervisor S(A,b), that is returned by
the considered formulation, is guaranteed by the specification of the objective
function (c.f. Equation HII).

On the other hand, if the considered formulation is infeasible, then it is im-
possible to identify a strongly connected subgraph of G(N, My) that contains
the initial marking My and can be separated from G(N, My) by using K GME
constraints with the corresponding matrix A and rhs vector b priced in the pre-
specified ranges. Hence, it can be concluded that the supervisor design problem
defined at the beginning of this section, is infeasible. O

4 Example

In this section, we demonstrate the implementation and the efficacy of the design
methodology developed in Section [3 by applying it to the design of a liveness-
enforcing supervisor for the PN depicted in Figure [l

Interpreting the PN of Figure[dl as a process-resource net. The PN in Figure[I]
models a Resource Allocation System (RAS), consisting of three resource types,
Ri1, Ry, and R3, with respective capacities C; = C3 = 1, and Cy = 2, and
supporting two process types, JT1; and JT5. The process plans of these two
process types are respectively modelled by the paths < t1op11t11p12t12P13t13 >
and < togpaitarpaataspestes >; thus, it can be seen that (i) each process consists
of three consecutive stages, (ii) the execution of each processing stage by some
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Fig. 1. The process-resource net considered in the example of Section [

process instance requires the exclusive allocation of a single unit from a certain
resource type, and (iii) a process instance can release the resource currently
allocated to it and advance to the next processing stage only when it has secured
the allocation of the next required resource. Finally, the places pip and pog
are characterized as the “idle places” of the corresponding processes, and their
initial marking, My (p.o), # = 1,2, establishes an upper bound to the number of
instances of process type JT; that can be simultaneously loaded into the system.

Liveness-enforcing supervision of process-resource nets based on Generalized Mu-
tual Exclusion constraints and monitor places. B The reachability space, R(N,
M), for the PN depicted in Figure [l is provided in Figure [2] while the detailed
characterization of the markings corresponding to the various nodes of the graph
of Figure 2l can be found in Table Ofl. 1t can be seen in Figure [2 that the consid-
ered net is not reversible. In particular, there is a class of states depicted by the
darker-shaded nodes in Figure [2] such that every time that the net transitions to
one of these states, there is no path to the initial state My; for further reference,
this class of markings will be characterized as unsafe. From a more conceptual
standpoint, the net non-reversibility can be interpreted by the development of
a RAS deadlock, i.e., the entanglement of a subset of the running processes in
a circular waiting pattern, where each process in this subset waits upon some
other process of this set to release its currently allocated resource. Furthermore,
the net non-reversibility implies that the underlying RAS might not be able to
complete the currently loaded processes, under normal operatiorﬁ.

3 We remind the reader that, in the considered class of process-resource nets, re-
versibility and liveness are equivalent concepts, and that the term ”liveness-enforcing
supervision (LES)” has prevailed over the term ”reversibility-enforcing supervision”.

4 Table [ provides only the markings of the places corresponding to the various pro-
cessing stages, since the markings of the remaining places can be easily obtained
from the net invariants corresponding to (i) the reusability of the system resources
and (ii) the circuits established by the introduction of the process idle places.

5 i.e., without external intervention to resolve the developed deadlock.
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policy using b=(3,2,3)
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Fig. 2. The reachability graph of the process-resource net of Figure[Il and a comparison
of the sub-spaces admitted by the supervisors of Equations @2l @3] and

The last fifteen years have seen the development of an extensive body of re-
search seeking to develop supervisors that will enforce the reversibility of the
considered class of process-resource nets. Generally speaking, these supervisors
seek to constrain the behavior of the underlying process-resource net within a
strongly connected component of its safe sub-space, that also contains the initial
marking MOE Furthermore, one particular class of such supervisors, known as
algebraic, seeks to establish the reversibility of the underlying process-resource
net by restricting the number of process instances that can execute simultane-
ously various subsets of processing stages; hence, each such restriction can be
expressed as a GME constraint involving the subset of places in the underly-
ing process-resource net that correspond to the repsective processing stages. For
the process-resource net of Figure [[l two such algebraic reversibility-enforcing

5 Ideally, one would like to obtain the mazimally permissive supervisor that will admit
the entire safe sub-space of the underlying process-resource net, but it has been
shown that, for the considered PN sub-class, the recognition of the net safe markings
is an NP-complete problem [§].
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Table 1. The markings of the reachability space depicted in Figure

State pi1 pi2 p13 p21 P22 p2s State pi1 pi2 P13 P21 p22 P23

0 0O 0 0 O 0 O 24 o 1 0 1 1 0
1 1 0 0 0 0 O 25 o 1 0 0 0 1
2 0O 0 0 1 0 O 26 1 0 0 0 2 0
3 0o 1 0 0 0 O 27 0O 0 0 1 2 O
4 1 0 0 1 0 0 28 o 0 o0 0 1 1
5 0O 0 0 0 1 O 29 1 1 1 0 0 0
6 1 1 0 0 0 O 30 1 2 0 1 0 0
7 0o 0 1 0 0 O 31 1 0 1 0 1 0
8 0 1 0 1 0 O 32 1 1 0 1 1 0
9 1 0 0 0 1 0 33 o 0 1 0 0 1
10 0 0 0 1 1 O 34 o 1 0 1 0 1
11 0O 0 0 0 o0 1 35 1 0 0 1 2 0
12 0o 2 0 0 0 O 36 o 0 o0 1 1 1
13 1 0 1 0 0 O 37 o 2 1 0 0 O
14 11 0 1 0 O 38 o 1 1 0 1 O
15 0o 1 0 0 1 O 39 o 1 0 O0 1 1
16 1 0 0 1 1 O 40 o 0 0 0 2 1
17 0o 0 0 0 2 O 41 1 2 1 0 0 0
18 o 0 o0 1 0 1 42 1 1 1 0 1 0
19 1 2 0 0 0 0 43 o 1 1 0 0 1
20 0o 1 1 0 0 O 44 o 0 1 o0 1 1
21 0 2 0 1 0 O 45 o 1 0 1 1 1
22 1 1 0 0 1 O 46 o 0 o0 1 2 1
0 0 1 0 1 O

supervisors have been developed in [6]. They are respectively expressed by the
following GME constraint sets:

(1 111] 1
11 11 | -M<|2]. (42)
1111 | 1]
(1 111] [37]
11 11 | -M< |2 (43)
1111 El

where M = (M(pll)a 1\4(])12)7 M(plg), M(pzl), 1\4(])22)7 M(ng))T. Notice that
the Constraint set [43] is a relaxation of the Constraint set since A1 = As
and b; < by. Therefore, the supervisor established by the Constraint set E3] is
expected to be more permissive than the supervisor established by the Constraint
set @21 and this is indeed reflected in Figure [2] that also depicts the sub-spaces
admitted by each of these two supervisors.

Obtaining a more permissive supervisor for the net of Figure [ In this work,
we employed the formulation of Equations [[Z[I7THAT] in order to compute an
algebraic reversibility-enforcing supervisor for the net of Figure [l that possesses
the same computational complexity with the supervisors of Equations 42 and 43]
but it is mazimally permissive. In other words, we sought to obtain a pair

a11 @12 @13 Q14 Q15 Q16 b1
A = | a2 a2 a3 a24 azs a2 | b= | b2 |, (44)
a31 G32 33 A34 A35 (36 b3
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such that (i) the supervisor S(4,b) = A - M < b will accept a strongly con-
nected component of the safe sub-space depicted in Figure [2 containing the
initial marking My, and furthermore, (ii) the number of markings accepted by
this supervisor is the maximal possible that can be accepted by any algebraic
supervisor possessing the aforementioned structure.

Foregoing the straightforward implementational details, for the sake of brevity,
we proceed to the presentation of the results of our computation. The supervisor
returned by the proposed formulation is:

1000307 [6
SAb=8||0o10200],[3]]. (45)
220230/ |8

The sub-space admitted by the supervisor of Equation is also depicted in
Figure @l As it can be seen in this figure, the obtained supervisor manages to
recognize the entire safe space of the considered process-resource net, and there-
fore, it is optimal. Hence, this example corroborates the efficacy and analytical
power of the proposed methodology.

5 Enhancements and Extensions of the Proposed
Approach

In this section we consider some enhancements of the basic formulation devel-
oped in Section Bl and some modifications of the underlying supervisor design
methodology, that will allow the accommodation of additional considerations,
like the uncontrollability of certain transitions of the plant net A/, the poten-
tially prohibitive computational cost resulting from the very large size of the
underlying reachability space G(N, M), and the imposition of additional costs
and/or restrictions on the elements of the matrix A. We deal with each of these
issues in a separate paragraph.

Accommodating the uncontrollability of the plant transitions. In certain cases
it is possible that some of the plant transitions t € T cannot have their firing
controlled by an external supervisor, but they will fire spontaneously any time
that they are enabled by the plant. Their presence partitions the transition set
T to the subset TV of uncontrollable transitions, and its complement T¢ of the
controllable ones. Clearly, a reversibility-enforcing supervisor S(A, b) should not
try to disable the fireability of any transition ¢ € TV, whenever such a transition
is enabled by the places of the original plant net A/. This requirement can be
easily introduced in the MIP formulation of Equations 4T 7THAT] by adding to it
the following constraint:

Vi, j: (M, M;) € GIN, My) A t(i,5) € TY, 2z > (46)

Constraint essentially requests that the uncontrollable transition between
markings M; and M; is enabled by all the monitor places implementing the
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supervisor S(A, b), but this request is enforced only for the transitions emanating
from markings M; € R(N, My) that remain accessible during the operation of
the controlled net.

Dealing with complezity considerations. It is clear from the structure of the
formulation of Equations [4T7HAT] that it involves a number of variables and
constraints that is polynomially related to the size of the original reachability
graph G(N, M) of the underlying plant net A/. It is well-known, though, that, in
general, the size of G(N, M) is a super-polynomial function of the size of the net
N, and therefore, there might be cases where the generation and solution of the
proposed formulation will be a computationally intractable task. In these cases,
the approach proposed in Section [3] can still be pursued on a judiciously selected
subspace of G(N, Mp). The main requirements imposed on this subspace are that
(i) it includes a strongly connected component containing the initial state My,
and (ii) there are no uncontrollable transitions leading from this subspace to the
rest of the graph G(N, My); otherwise, its selection is left to the jurisdiction of the
designer. Let C denote the cut from the subspace of G(A, M) to be considered
during the application of the proposed methodology, to the rest of G(N, My).
Then, the only modification required in the formulation of Equations[T4TTH4T so
that it effectively applies on the subgraph of G(A, M) mentioned above, is that
it must also contain a set of variables zfj, ke {l,...,K}, zj, for every edge
(M;, M;) € C, priced according to the constraint set [7H2I], and the additional
constraint:

Vi, j: (MZ,M]) eC, Zij <1—z (47)

Constraint B7 requests the disabling by the developed supervisor of the transi-
tions in the cut C, but, similar to Constraint[46], it enforces this requirement only
for those transitions of C that emanate from markings that remain reachable in
the operation of the controlled net.

Restricting the elements of matriz A. In certain cases, it might be pertinent, for
computational or more general implementational purposes, to put a cost struc-
ture on the elements of matrix A. As a case in point, it will be generally desirable
to keep the elements of matrix A as small as possible. Of course, this additional
requirement should not compromise the primary objective of the design pro-
cess, which is stated in Equation Il Hence, these additional concerns can be
addressed through a hierarchical goal programming [10] approach. According to
this approach, the formulation of Equations [4IT7THAT] is initially solved to opti-
mality without any consideration of the extra concerns, in order to obtain the
value of an optimal solution to the original problem stated in Section [Bl Subse-
quently, the entire formulation is resolved with a new objective that expresses
the cost criterion imposed on the elements of matrix A, while the desired value
of the derived solution with respect to the original objective is fixed to the ear-
lier computed optimal value and it is communicated to the new problem as an
additional constraint; we leave to the reader the implementational details of this
idea.
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6 Conclusions

This paper proposed an analytical method for the synthesis of reversibility-
enforcing supervisors for bounded Petri nets. The proposed method was based
upon recent developments from (i) the theory of regions, that enables the de-
sign of Petri nets with pre-specified behavioral requirements, and (ii) the theory
concerning the imposition of generalized mutual exclusion constraints on the
net behavior through monitor places. The derived methodology takes the form
of a Mixed Integer Programming formulation, which is readily solvable through
canned optimization software. A small example borrowed from the theory of
liveness-enforcing supervision for process-resource nets demonstrated the efficacy
of the proposed approach, while the last part of the paper discussed extensions
of the presented method so that it accommodates uncontrollable behavior and
any potential complications arising from the large-scale nature of the underlying
plant nets and their behavioral spaces.
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Abstract. In many well-known extensions of place-transition nets, in-
cluding read arcs, inhibitory arcs, reset arcs, priorities and signal arcs, it
is sometimes possible to reach a marking through firing a step of transi-
tions which cannot be reached through firing a sequence of single tran-
sitions. For state space analysis, it is thus recommendable to consider,
in each state, all steps of transitions for firing. Since the number of acti-
vated steps may be exponential in the number of transitions, we have, in
addition to the well-known state explosion problem, another explosion
which we call step explosion. In this paper, we present an approach for
alleviating step explosion. We furthermore discuss the joint application
of our method with partial order reduction and in the context of CTL
model checking.

Keywords: State space exploration, step semantics, read, inhibitory,
reset, signal arcs, priorities, partial order reduction.

1 Introduction

In the state space analysis of Petri nets, we usually consider a single transition
firing rule. The reason for not considering larger steps (firing more than one tran-
sition jointly) is: every marking that can be reached by a step of transitions can
as well be reached through a sequence of single transition occurrences. Thereby,
the sequence consists exactly of the constituents of the considered step.

For many extensions of place-transition nets, the above assumption is not
true. This means, it is possible to reach markings under the ste firing rule
which are unreachable under the single transition firing rule. The list of such
extension includes

Read arcs (see Fig. [),

Inhibitory arcs (see Fig. ),

— Reset arcs (see Fig. B),

Capacities under the first consume, then produce semantics (see Fig. [,
Priorities (see Fig. B and even

Signal arcs (see Fig. [6l);

1 'We mean arbitrary, not necessarily mazimal steps.
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All these extensions have in common that they lead to a non-linearity in the
enabling rule such that the enabling condition for the step cannot be equally
divided into enabling conditions for the constituents of the step.

Among the extensions where the considered problem does not occur, are

— Colored nets and
— Capacities under the first produce, then consume semantics.

These extensions can be mapped into place transition nets in a way that
preserves the step semantics. For other extensions of Petri nets, we did not
study the possibility of additional markings under a step firing rule.

Looking at the examples, one might be tempted to argue that simultaneous
occurrence of transitions is sufficiently unlikely and may thus be ignored. How-
ever, today Petri nets are used to model systems in a huge number of application
areas, and on various levels of abstraction. How likely it is that transitions oc-
cur simultaneously cannot be quantified without considering the application area
and the level of abstraction on which a Petri net is built. After all, the task of ver-
ification is to discover those subtle errors which remain hidden after other kinds
of inspection. We thus argue in favour of having a powerful technology available
for detecting markings which can be reached only through the simultaneous oc-
currence of transitions. Only the modeller can judge whether these markings
correspond to realistic scenarios, and whether they are hazardous or not.

The effect of several extensions of place-transition nets has been studied be-
fore, including contextual nets [MR95] which include read arcs, read arcs as such
[Vog97,, [VSY98], and inhibitory arcs [JK91al, JK91Db, [JK93, [JK95].

While some authors, for example [MR95] and [Vog97] propose to forbid struc-
tures that lead to additional markings, others such as [JK95] take the position
of this paper and propose to accept the additional markings. Considering these
markings means, though, that we need to consider, in every state, all activated
steps of transitions. This leads to a problem that we call step explosion: the
number of steps to be considered in each state may be exponential in the size
of the net and may be the reason for overflow in state space verification even if
the number of reachable markings would fit into memory.

Step explosion is a very unfortunate phenomenon since the occurrence of
markings which are unreachable by a sequence of single transition appears to be
a rare event. Nevertheless, we would like to cover them since they may represent
dangerous situations like hazards, race conditions, etc.

For alleviating step explosion, we propose to consider, in every state, at least
all irreducible steps of transitions. A step s is reducible if it can be divided into
two steps s1 and s such that the marking reached by s can as well be reached
by the sequence s1s5 (which does not necessarily imply.

that the sequence sgs; is executable as well). Obviously, considering irre-
ducible steps is sufficient for covering all markings reachable by arbitrary steps.

In this paper, we first propose an approach to compute an over-approximation
of the set of activated irreducible steps. It is based on a structural relation
between transitions. Then we discuss the combination of our step reduction
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Fig. 1. Net with two read arcs. A read arc tests presence of a token but does not remove
it, nor does it prevent another transition from removing or testing it simultaneously.
Both transitions are enabled. Occurrence of either transition disables both in marking
(1,0) or (0,1). Thus, the marking (0,0) is unreachable under single transition firing
rule but reachable by the step consisting of both transitions.

Fig. 2. Net with two inhibitory arcs. An inhibitory arc requires the absence of tokens
on the pointed place but does not produce nor remove tokens. Both transitions are
enabled. Occurrence of either single transition disables both and leaves one token inside
the circle. Simultaneous occurrence leaves two tokens inside the circle.

technique with partial order reduction. Finally, we study the influence of step
reduction on temporal logic model checking.

2 Preliminaries

In the sequel, we rely on the reader’s familiarity with the usual place-transition
net single transition firing rule as well as concurrent activation of steps. For
simplicity, we do not consider multiple occurrence of one and the same transition.
Our approach could be extended accordingly, though. We call a transition ¢ or a
step s token-activated in a marking m if it is activated under the single transition
firing rule of place-transition nets, ignoring all extensions (including capacities).
This means, there are enough tokens to feed all normal arcs from places to
transitions.

We skip formal definitions of the various extensions studied in this paper.
Instead, we refer to the informal explanations in the captions of Fig. IHEL A
reader who is familar with at least one of the extensions may easily understand
our approach.

In the sequel, we use the term Petri net for any extension of place-transition
nets, including place-transition nets themselves.
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Fig. 3. Net with two reset arcs. A reset arc removes all tokens present on a place. In
the figure, occurrence of one transition disables the other, due to the additional normal
arc. Thus, only one place on the bottom can be marked. Occurrence of both transitions
as a step can, however, be considered as possible and leaves tokens on both bottom
places.

Fig. 4. ([vG05]) Net with capacities under first consume, then produce semantics. As-
sume all places have capacity 1. Then both transitions are disabled due to saturated
capacity of the two topmost places. The step consisting of both transitions can nev-
ertheless be considered to be enabled (though some readers may object) since every
transition generates the required space to store the token produced by the respective
other transition.

3 Step Reduction

In this section, we present the notions of reducible and irreducible steps. Firing
only irreducible steps is sufficient for covering all markings which are reachable
under the step firing rule. We present syntactic criteria for various Petri net
extensions which over-approximate irrreducible steps.

Definition 1 (Reducible and irreducible steps). Let s be a step (i.e., a set
of transitions) activated in a marking m of a Petri net. Let m S, de, m/
18 the result of firing s in m. Then s is reducible in m if there are nonempty,
disjoint steps s1 and so such that s1 U so = s and there is a marking m” such
that m =5 m/” and m” 22 m/. s is irreducible in m if it is not reducible in
m. A step is reducible (irreducible) if it is reducible (irreducible) in all markings
where it is activated.

Note that we do not require that the sequence sy is firable. This means that
existence of at least one sequence of consituents of s is sufficient for declaring s
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Fig. 5. Net with priorities. Under priorities, only activated transitions with highest
priority may fire. Occurrence of a transition with priority 1 activates a transition with
priority 2. Thus, under single transition firing rule it is impossible to have a token on
both places at the right. This is, however, possible by firing both priority 1 transitions
as a step.

Fig. 6. Signal net. Signal nets have a step firing rule, anyway. A fired transition forces
transitions pointed to by a signal arc to fire simultaneously, as long as there are sufficient
tokens to enable all of them concurrently. However, considering only single spontaneous
transitions (transitions without incoming signal arcs), it is impossible to reach another
than the depicted marking. Starting with two spontaneous transitions (¢1 and ¢2), only
one of t3 and ¢4 is forced to fire simultaneously (since there is only one token), and
two tokens are left on the place.

reducible. Observe further that, with this definition, all steps of place-transition
nets (without extension) which are not single transitions, are reducible. This is ac-
tually a justification for the single transition firing rule. As Figures[IH6 show, there
exist non-singular irreducible steps in many extensions of place-transition nets.

Theorem 1. If a state space is generated by firing, in every marking m, at least
all irreducible steps, then the state space contains all markings reachable under
the step firing rule.

Proof. (Sketch) Let m be reachable from the initial marking by a sequence of
steps. If that sequence contains a reducible step s, that step can be replaced by
s182 as provided by Def. [Il s; and s; may be reducible again, but repetition of
the argument is well-founded since s; and s9 are smaller than s. Consequently,
we finally arrive at a sequence of irreducible steps. q.e.d.

For an efficient implementation of step reduction, we need an easily computable
criterion. Such a criterion may over-approximate the set of irreducible steps. The
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criteria we are going to propose subsequently, all follow the same pattern. We
introduce, for every considered extension and every marking m, a relation <1(m)
between token-activated transitions which is determined by the net structure
and the current marking. Then we prove, for every criterion, that every step
where the occurring transitions are not strongly connected w.r.t. the relation
<(m), are reducible. In fact, such a step s can be divided into nonempty steps
s1 and sy such that ¢1 € sy and to € so implies to <4(m)t;. The criteria are such
that the sequence s1s5 can be fired and leads to the same marking as s. For read
arcs, a relation similar to the one proposed here was proposed in [Vog97).

Definition 2 (Strong connectivity). Two elements x and y are strongly con-
nected w.r.t. a relation R iff both [x,y] and [y, x] are in the reflexive and tran-
sitive closure of R.

Strong connectivity is an equivalence relation. The classes of the corresponding
partition are called strongly connected components w.r.t. R. A set is strongly
connected iff all its elements are pairwise strongly connected. Every strongly
connected component is thus a strongly connevted set, but not vice versa.

Proposition 1. Fvery finite set S which is not strongly connected w.r.t. a re-
lation R can be partitioned into sets S1 and Sy such that x € S1 and y € Ss
implies [y, x] ¢ R.

Proof (Sketch). If S is not strongly connected, it can be partitioned into more
than one strongly connected components. Among those components are terminal
ones, i.e. such from which no elements in other components are reachable. Let
S be such a terminal component and S; consist of all remaining elements. q.e.d.

Nets with read arcs

In a net with read arcs, a transition ¢; may test a token which is consumed by
another transition to. In such a case, putting t2 into s; and t; into so may be
dangerous since t; might be disabled after having fired 2. We thus define:

Definition 3 (Relation <igq(m)). For token-activated transitions ti, ta, let
t1 <\rq (m)te iff there is a marked place p such that there is a read arc between
p and t1 and a normal arc from p to ts.

See Fig. [ for an illustration of the defined relation.
Fig. 7. Illustration for <\rq

Theorem 2. If, in a marking m of a net with read arcs, a step s is not strongly
connected w.r.t. <pq(m) then s is reducible in m.
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Proof. Let m = m/. Since s is not strongly connected, it can be partitioned,
according to Prop. [Il into s; and so such that t; € s; and t € so implies
to dra(m)ty. Since s is activated in m, s is in particular token-activated. Thus,
both s; and so are token-activated in m. Furthermore, all places connected with
read-arcs to transitions in s; hold a token in m. Consequently, s; can fire in
m leading to a marking, say, m”. Since s = s; U so was token-activated in m,
so is token-activated in m”. Assume, one of the transitions of ss is disabled in
m/. Since s, is token-activated, there must be a place p connected a read-arc
to a transition to € sy such that p does not carry a token in m”. Since t, was
activated in m, there must be a transition ¢; € s; which removed this token, i.e.
there is a normal arc from p to ¢;. Hence, to <\gq (m)t; which contradicts the
choice of s; and sy. Thus, sy is activated in m”. It can finally be easily verified
that firing so in m” leads exactly to m/. q.e.d.

Nets with inhibitory arcs

In a net with inhibitory arcs, a transition ¢; may test absence of a token which
is produced by another transition t2. In such a case, putting ts into s; and t;
into so may be dangerous since t; might be disabled after having fired to. We
thus define:

Definition 4 (Relation <;,(m)). For token-activated transitions t1, to, let
t1 <rn (m)te iff there is an unmarked place p such that there is an inhibitory arc
between p and t1 and a normal arc from to to p.

See Fig. [§ for an illustration of the defined relation.

o e

Fig. 8. Illustration for <y,

Theorem 3. If, in a marking m of a net with inhibitory arcs, a step s is not
strongly connected w.r.t. <pn(m) then s is reducible in m.

Proof. Follows the same line of argument as the case with read arcs.

Nets with reset arcs

In a net with reset arcs, there are two situations where transition may fire in
a step but not in a sequence. First, a reset arc may remove a token which, in
a step, could be used for another transition. Second, a reset arc may remove a
token which, in a step, is produced later—the sequence is thus fireable but leads
to a different marking than the step. We thus define:

Definition 5 (Relation <ips(m)). For token-activated transitions t1, ta, let
t1 <gs (m)ta iff there is
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— a marked place p such that there is a normal arc from p to t1 and a reset
arc from p to ta, or

— a place p such that there is a reset arc from p to t1 and a normal arc from
to to p.

See Fig. [ for an illustration of the defined relation.

Fig. 9. Illustration for <irs

Theorem 4. If, in a marking m of a net with reset arcs, a step s is not strongly
connected w.r.t. <ps(m) then s is reducible in m.

Proof. Let m = m’. Since s is not strongly connected, it can be partitioned,
according to Prop. [Il into s; and ss such that t; € sy and t € so implies
to Ars(m)t;. Since s is activated in m, s is in particular token-activated. Thus,
both s; and so are token-activated in m. Reset arcs do not establish a restriction
for activation. Thus, s; is activated in m. Let the occurrence of s; in m lead to,
say, m'. so is token-activated in m/ since it is token-activated in m, and by the
choice of s; and sg w.r.t. <igs(m) (first condition), no reset arc of s; removes
tokens required for token-activating so in m’. Thus, sy can fire in m” and leads
to a marking, say, m*. For places without dangling reset arcs, it is immediately
clear that m*(p) = m/(p). For places with dangling reset arcs, m/(p) = k, where
k is the number of tokens produced on p by transitions in s itself. This is due
to the semantics of reset arcs. By the second condition, the reset arc is in s,
or all transitions producing tokens on p are in so. In either case, m*(p) = k as
well. q.e.d.

Nets with capacities

In a net with capacities under the first consume, then produce semantics, a
transition that consumes tokens from a crowded place should be fired before a
transition that produces further tokens on that place. We thus define:

Definition 6 (Relation <icp(m)). Let K(p) be the capacity of place p. Let
W (t,p) be the number of tokens produced on p by t. Then t1<\cp(m)ts iff K(p) <
m(p) + W (ta,p), and there is a normal arc from p to t;.

See Fig. [0 for an illustration of the defined relation.

Theorem 5. If, in a marking m of a net with capacities under the first consume,
then produce semantics, a step s is not strongly connected w.r.t. <cp(m) then
s is reducible in m.
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Fig. 10. Illustration for <c¢p. Assume that the depicted place has capacity 1.

Proof. Let m = m’. Since s is not strongly connected, it can be partitioned,
according to Prop. [l into s; and s, such that ¢t; € s; and t; € so implies
to Aep(m)ty. Since s is activated in m, s is in particular token-activated. Thus,
both s; and ss are token-activated in m. Since s is activated in s, all places have
a capacity which is large enough to accept all tokens produced by s, after removal
of all tokens consumed by s. If a transition in s; produces more than K(p) —
W (t,p) tokens on a place p, our choice of <¢p,(m) assures that all transition of
s which remove tokens from p, are in s1, too. Consequently, s1 is activated in
m. Let its occurrence lead to a marking m’”. Obviously, s, is token-activated in
m/’. Since all capacities are respected by firing s in m, the capacities are as well
respected by firing s, in m”. Hence, s, is activated in m” and its occurrence
leads to m’. q.e.d.

Nets with priorities

In a net with priorities, a transition ¢ may activate a transition with higher
priority. This way, it may deactivate a transition which can otherwise fire in a
step with ¢. Such transitions should fire in the second part of a sequence. We
thus define:

Definition 7 (Relation <ip.(m)). Let Pr(t) be the priority of transition t.
Then t1 <p, (m)ta iff there is a place p and a transition t such that

— there is a normal arc from p to t,

— p does not carry as many tokens as required for firing t, and
— there is a normal arc from to to p.

Pr(t) > Pr(ty)

In other words, to potentially acts towards the activation of ¢ and thus to the
deactivation of 7.
See Fig. [l for an illustration of the defined relation.

n m
B il

m>n

Fig. 11. Illustration for <1p,

Theorem 6. If, in a marking m of a net with priorities, a step s is not strongly
connected w.r.t. <py(m) then s is reducible in m.
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Proof. Let m = m/. Since s is not strongly connected, it can be partitioned,
according to Prop. [Il into s; and so such that t; € s; and t € so implies
to dpr(m)ty. Since s is activated in m, s is in particular token-activated. Thus,
both s; and s9 are token-activated in m. Furthermore, all elements of s have
the same priority n, and no transition with a priority higher than n is activated.
Thus, s; is activated in m. Let its occurrence lead to a marking m”. In m”, s
is token-activated. It is even activated since, through the choice of <p,(m), no
transition with priority higher than n can be activated in m”. It is obvious that
firing s, in m” leads to m/. q.e.d.

Nets with signal arcs

The firing rule for signal nets is more involved than the firing rules of the ex-
tensions considered so far. Thus, we define it explicitly. In signal nets, we fire
complete steps. The intuition behind complete steps is that firing a transition
t emits signal pulses via its outgoing signal arcs which force the target transi-
tions to fire instantaneously (thereby possibly emitting more signals) if they are
activated concurrently with ¢.

Definition 8 (Complete steps in signal nets). Consider a signal nefl. A
transition is forced iff it has incoming signal arcs, otherwise it is spontaneous.
A step s is complete iff it is token-activated, signal-founded, and saturated. A
step is signal-founded iff, for each t € s, there is a path tito...t, =t with t; € s
(for all i), t1 being a spontaneous transition, and for all i < n, there is a signal
arc from t; to t;11. Let the vicinity V(s) of s be the set of all transitions t such
that t ¢ s and there is a transition t' € s with a signal arc from t' to t. s is
saturated iff there is no t in the vicinity of s such that sU{t} is token-activated.

Due to the definition of complete steps, in particular the requirement to be signal-
founded, every step must contain spontaneous transitions. Thus, steps with only
one spontaneous transition are necessarily irreducible. We can therefore focus
our attention on spontaneneous transitions.

As before, our goal is to separate s into s; and sy such that the disjoint
union of s; and s is s and the sequence si;ss can be fired and leads to the
same marking as s. Consider a disjoint separation of the spontaneous transitions
in s into sp; and spe. A disjoint separation of complete steps with sp; C s1
and sps C so may be jeopardized by a transition ¢ which is transitively forced
by both sp; and sps. t could then possibly be forced to occur in both s; and
$2. This observation motivates the first condition below. Another problem for
a sound separation is the saturation condition. Even if s is saturated, s; is
not necessarily saturated: tokens assigned to transitions in s\ s; may be able
to activate transitions in the vicinity of s;. Furthermore, transitions in s; may
produce tokens which activate transitions in the vicinity of so. These observations
motivate the remaining conditions below. We thus define:

2 Signal arcs are drawn between transitions.
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Definition 9 (Relation <g;(m)). For token-activated spontaneous transitions
t1 and ta, let t1 <g; (M)t iff there exists a transition t} which is reachable via
(arbitrarily many) signal arcs from t1, and a transition th reachable via (arbitrar-
ily many) signal arcs from ta such that at least one of the following conditions
18 true:

Cl1 t) =t);

C2 there is a place p with a normal arc from th to p and a normal arc from p
to ty;

C3 there is a place p with normal arcs from p to both t] and th.

See Fig. [[2 for an illustration of the defined relation.

F.P 7.
boddod

Fig. 12. Illustration for <s;

Theorem 7. If, in a marking m of a signal net, there is a step s such that the
set sp of spontaneous transitions in s is not strongly connected w.r.t. <g;(m)
then s is reducible in m.

Proof. Let m = m’. Since sp is not strongly connected, it can be partitioned,
according to Prop. [l into sp; and sps such that t; € sp; and t2 € spy implies
ta Agi(m)t;. Let s; be the set of all transitions in s which are transitively
connected with a transition in sp; via signal arcs. Let s5 be the set of transitions
in s which are transitively connected with a transition in spy via signal arcs.
Since s is signal-founded, we have s1 Uss = s. By construction and condition C1,
s1 N sz = (. Both s; and s» are by construction signal-founded. Since s; C s, s1
is token-activated in m. Consider an arbitrary transition ¢; in the vicinity of s;.
Assume s1 U {1} is token-activated. By condition C1, ¢; ¢ s3 and consequently
t1 ¢ s but t1 € V(s). Since s is saturated, sU{¢} is not token-activated. Thus, in
s at least one of the tokens which activate t; must be assigned to a transition in
s\ s1 = s2. Hence, there must be a place p with an arc from p to ¢; and an arc
from p to a transition in so. This contradicts condition C3, so s; is saturated.
Since s is token-activated, signal-founded, and saturated, it is complete and
can thus fire in m, leading to a marking, say, m”. Since the whole s is token-
activated in m, ss is still token-activated in m'”. Assume, there is a transition ¢,
in the vicinity of s2 such that sy U {t2} is token-activated in m”. By condition
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Cl, ta ¢ s1, 50 ta ¢ s but to € V(s). Since s is saturated in m, it is impossible
that the tokens assigned to t2 in m’ have been already present in m: they have
either been assigned to transitions in s; and thus been consumed, or are, in m”,
still assigned to transitions in so. Thus, the tokens which activate ¢ in m’ must
have been produced by a transition in s;. This implies, however, the existence
of a place p with and arc from p to 3 and an arc from a transition in s; to p,
contradicting condition C2. Hence, so is saturated in m” .

As s, is saturated, token-activated, and founded, it is complete and can thus
fire in m”. Since s is the disjoint union of s; and so, it is easy to see that the
sequence s15o reaches m’ as well as s. q.e.d.

In Figs.[THE, we have t1 <12 and t2 <1t1 in the depicted marking. Thus, the sets
{t1,t2} are strongly connected w.r.t. the appropriate relations <. Consequently,
the steps {t1,t2} in these figures (complete steps {¢1,¢2,¢3} and {¢1,¢2,¢4} in
Fig.[f) are not qualified as reducible by our criteria (they are in fact irreducible).
In Figs. [[HIT we have ¢1 <1¢2 but not vice versa. The steps {t1,t2} are thus
reducible in the depicted marking. In these examples, the marking reached by
the step {t1,¢2} can as well be reached by firing the sequence {t1}{t2}.

The results presented so far concern extensions of Petri nets with only one
of the discussed features. For an extension with more than one feature, the list
of conditions for an appropriate relation <1 needs to be extended with patterns
where the different extensions interfere. Due to the mere complexity of providing
such patterns for all combinations, we do not discuss those cases in this paper.
For an example, the reader may refer to [SR02]. There, a relation < is proposed
for an extension of place-transition nets with both signal and read arcs.

4 Computation of a Reduced Step List

For applying step reduction in state space exploration, we need to perform the
following steps in every marking m encountered:

1. Compute the set U of token-activated (in signal nets: spontaneous) transi-
tions;

2. Build the appropriate relation <i(m);

3. Construct the set S of all subsets of U which are strongly connected w.r.t.
<(m);

4. fire all activated elements of S.

The first step is part of every existing state space exploration tool, so we do
not need to elaborate on it. The second step is easy as the proposed conditions
correspond to simple patterns in the net structure. The fourth step consists of a
plain verification of the enabling conditions. Consequently, the third step in the
procedure above is the most interesting one.

This step reduces to the question: given a directed graph G = [V, E] with a
set V of vertices and a set F of edges, compute all strongly connected sets (SCS)
V'CV.
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The problem hereby is that we need to compute not only strongly connected
components (SCC) which are SCS of maximum size w.r.t. set inclusion. Nev-
ertheless, the known linear-time algorithm for computing SCC [Tar72] can be
employed to our problem. The basic idea of computing SCS is:

1. partition V into SCC;

2. for every SCC C, pick an element x;

3. compute all SCS which contain z;

4. compute all SCS which do not contain z.

The last step can be executed through recursion: partition C'\ {z} into SCC
and so on. The third step can be implemented by declaring x ”compulsory”
(while other nodes are called ”facultative”) and restrict further computations to
those sets which contain z. These ideas lead to the following procedure for the
calculation of all SCS in [V, E]

PROCEDURE SCS(Comp, Fac : SET OF Node): SET OF SET OF Node;

If CompU Fac =) THEN RETURN 0;
Partition CompU Fac into SCC, say Vi,...,Vy; // SCS are included in SCC
Result := 0;
FOR ALL V; such that Comp C V; DO // Compulsary nodes MUST occur
(a) F:=V;N Fac; // nodes still open for inclusion/exclusion
(b) C:=V;NnComp; // compulsary nodes
(c) WHILE F # () DO
i. pick an z € F;

ii. F:=F\{z};

ili. Result := ResultU SCS(C,F); // add SCS which do NOT contain x

iv. C :=CU{z}; // in remaining iterations, add SCS which contain x
(d) Result := Result U{C};
5. RETURN Result;

Ll el

Note that, for a non-empty Comp, there is at most one i such that Comp C V,
so the body of statement 4 is executed at most once. It may be executed more
than once if Comp = 0.

The algorithm terminates since the recursive calls of SCS as well as the iter-
ations of statement 4.c have arguments of decreasing size.

Theorem 8. For every disjoint pair C* and F* of nodes, SCS(C*, F*) returns
the set of all strongly connected sets included in C* U F* which contain all ele-
ments of C*.

Proof. The empty set does not include strongly connected sets, so the first state-
ment is correct. Otherwise, every strongly connected set of C* U F™* is included
in at least one strongly connected component of C* U F*. Since we want to cal-
culate those SCS which include C*, the restriction in statement 2 is correct, and
it remains to show that the body of statement 4 adds to Result all SCS which
are included in V; and which include C*. If V; = C* then V; is the only SCS
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that fits the specification. In this case, it is added to Result in statement 4.d.
Otherwise, we may distinguish, among the SCS to be considered, those which do
contain a certain element in V;\ C* and those which do not contain that element.
The second kind of SCS is computed in statement 4.c.iii, which can be shown by
embedding the current argument into an induction on the recursion level. This
induction is well-founded since the algorithm terminates. For the first kind of
SCS, the considered element can now be treated as a compulsory one (statement
4.c.iv). By repetition of the current argument we can assert that the remaining
SCS are indeed computed in the remaining iterations of the while loop. q.e.d.

Corollary 1. The call SCS(0,V) returns all strongly connected sets of a graph
V. E].

The proposed algorithm may have exponential run-time, measured in the size of
the given net. This cannot be avoided since it can be easily observed that there
may be exponentially many irreducible steps. We are not capable of describing
the complexity of the algorithm based on the number of computed steps. Ex-
perience with the implementation discussed later in this paper shows, however,
that it performs well. At least, it guarantees that no SCS is enumerated twice.

5 Step Reduction and Partial Order Reduction

Explicit state space verification can only be successful if powerful reduction
techniques are applied. This is even more the case if we consider nonsingular
steps, as (even with step reduction) the number of steps to be fired is larger
than the number of single transitions, and the number of reached markings can
be larger. For some reduction techniques, joint application with step reduction is
straightforward. This includes, for example, symmetry reduction [HIJJ84, [Sta9d1l
Sch00] and the sweep-line method [Mai03] [Sch04]. Combination with partial
order reduction is also possible. It needs, however, a few adjustments and leads
to quite interesting results. Thus, we discuss this combination in more detail.

The core idea of partial order reduction [Val88| [Pel93, [God94] is to exploit
commutativity of transitions (in our case: steps). This idea is implemented
through considering, in every marking, only a subset stubborn(m) of transi-
tions (in our case: steps) for firing. Through suitable conditions for the selection
of the subsets, preservation of various properties can be asserted. In [Val91],
the approach is presented on the abstraction level of variable-transition systems.
This approach is well-suited for many extensions of Petri nets as well as the con-
sideration of steps since our steps can be considered as transitions in the sense
of variable-transition system. Places play the role of variables, and a marking
corresponds of a valuation of the variables.

Let us, for the sake of simplicity, focus on the method that preserves deadlocks.
Preserving deadlocks is one of the oldest areas partial order reduction is applied
to, and it leads to fairly simple conditions. The technique in [Val91] requires
the following conditions for preserving deadlocks (we formulate the conditions
in terms of places and steps):
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St1 If a deactivated step s is in stubborn(m) then, for one condition which is
sufficient for deactivation, all steps that have the capability to change that
condition, have to be contained in stubborn(m), too.

A sufficient condition for deactivation could, for instance, be an insufficiently
marked pre-place, a marked place connected to a transition in s via an inhibitory
arc, an activated transition with higher priority, or, in the case of signal nets,
an activated transition in the vicinity of s. Changing the condition could consist
of producing tokens on an insufficiently marked place, removing tokens from a
place connected with an inhibitory arc, or firing a transition in conflict to a
transition with higher priority, or to a transition in the vicinity of s, whatever
is appropriate.

St2 (simplified) If an activated step s is in stubborn(m), so are all steps that
could potentially deactivate s through their occurrence.

This includes, for instance, steps which remove tokens from (normal) pre-places
of s, put tokens on places connected with inhibitory arcs, activate transitions
with higher priority, or transitions in the vicinity of s.

St3 (simplified) If an activated step s is in stubborn(m), so are all steps s’ such
that the sequence ss’ leads, in any marking, to another marking than s’s.
St4 stubborn(m) contains at least one activated step.

Applying these rules to a state space generation under (arbitrary) step se-
mantics leads to the absence of any reduction for most systems. The reason is
that, with an activated step s, many super- or subsets of s are activated, and
many activated steps s1, s2 have an activated superset containing both. In this
case, requirement St2 forces the stubborn set to contain virtually all activated
steps.

This is where step reduction comes in. Since we consider only irreducible
steps or a small superset thereof, the transitive connection between arbitrary
steps is broken, and stubborn sets applied according to the rules adapted from
[Val91] leads to substantial reduction (see the experimental results below). Since
the concept of variable-transition systems is quite liberal in defining what a
transition (here: a step) is, the theory can be applied almost straightforwardly
to those steps considered by our step reduction. Actually, only one adjustment
must be made: If we consider a step in any marking, we need to consider it in
every other marking, too. This does not necessarily mean that we need to fire
the step in every marking where it is activated. It just means that it needs to
be considered in stubborn set calculation. The step reduction presented above
may violate that condition since a step might be reducible in one marking, but
irreducible in another.

For assuring that step reduction becomes compatible with partial order reduc-
tion, we relax the relations < such that they become marking-independent. As
the following list of definitions shows, this relaxation is mostly straightforward,
and it is immediately clear that Theorems BH7 turn over to the relaxed case.
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Definition 10 (Relation <1gq). For transitions t, to, let t1 <gqte iff there is
a place p such that there is a read arc between p and t1 and a normal arc from
p to ta.

Definition 11 (Relation <j,). For transitions t1, ta, let t1 <y, to iff there is
a place p such that there is an inhibitory arc between p and t1 and a normal arc
from to to p.

Definition 12 (Relation <igs). For transitions t1, ta, let t1 <gs to iff there is

— a place p such that there is a normal arc from p to t1 and a reset arc from
p to tq, or

— a place p such that there is a reset arc from p to t1 and a normal arc from
t2 to p-

Definition 13 (Relation <i¢p). Let t1<cp iff there is a place p with finite
capacity such that there is a normal arc from ts to p and one from p to ty.

Definition 14 (Relation <ip;). Let Pr(t) be the priority of transition t. Then
t1 <\prto iff there is a place p and a transition t such that there is a normal arc
from p to t, and one from ty to p.

Definition 15 (Relation <g;). For spontaneous transitions t1 and ta, let
t1 <gita iff there exists a transition t} which is reachable via (arbitrarily many)
signal arcs from t1, and a transition t,, reachable via (arbitrarily many) signal
arcs from to such that at least one of the following conditions is true:

-t =ty

— there is a place p with a normal arc from t4 to p and a normal arc from p
to t);

— there is a place p with normal arcs from p to both t] and t,.

This way, it is possible to define partial order reduction techniques for many
extensions of place-transition nets. They work well in those systems where the
actual topology of the extended features leads to a large set of reducible steps.

6 Step Reduction and CTL Model Checking

So far, we have only considered the set of reachable markings. Step reduction
preserves the set of markings reachable under the (arbitrary) step firing rule.
In this section, we consider the question: which properties expressible in the
temporal logic CTL are preserved by step reduction?

We start with a sketched introduction to CTL [CE82].

Definition 16 (CTL). CTL is the logic that is built from atomic propositions
(which assign a truth value to every marking), boolean connectives (with the
standard interpretation), and the following operators:
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— EX where EX ¢ is true in m iff ¢ is true in at least one successor marking
of m;

— AX where AX ¢ is true in m iff ¢ is true in all successor markings of m;

— EF where EF¢ is true in m iff ¢ is true in at least one marking reachable
from m;

— AG where AG¢ is true in m iff ¢ is true in all markings reachable from m;

— AF where AF¢ is true in m iff ¢ is true at least once on every path de-
scending from m;

— EG where EG¢ is true in m iff ¢ is true in all markings of at least one
(infinite or ending in a deadlock) path descending from m;

— EU where E(¢U1) is true in m iff there is a path descending from m where
v holds in a marking m’ on that path and ¢ holds in all markings between
m (including m) and m' (not necessarily including m') on that path;

— AU where A(@U4) is true in m iff, in all paths descending from m, 1 holds in
a marking m’ on that path and ¢ holds in all markings between m (including
m) and m’ (not necessarily including m’) on that path.

Since the semantics in CTL is defined on transition systems, we may compare
the value of a CTL formula in a transition system ST under step semantics with
its value in the corresponding transition system RD under step reduction. The
example net in Fig. teaches us that most CTL formulas are not generally
preserved by step reduction. In this example, it can be easily verified that

— EX(p3 Ap4) is true in ST but false in RD,

— AX(—p3V —p4) is false in ST but true in RD,

— EG(pl Ap2) V (p3 Apd) is true in ST but false in RD,

— AF(pl Apd) V (p2 A p3) is false in ST but true in RD,

— E((p1 Ap2)U(p3 A p4)) is true in ST but false in RD,

— A((pL Ap2)U((p1 A pd) V (p2 A p3))) is false in ST but true in RD.

The example is a plain place-transition net, so the problem occurs in every
extension as well. After all, at least some implications hold. Since the transition

pl @ p2

[

(O O

Fig. 13. In this example, several CTL formulae have change their truth value when
irreducible steps (here: single transitions) are considered instead of arbitrary steps
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system under step reduction is an under-approximation of the unreduced system,
all purely existential (E) properties holding in RD, hold in ST as well, and all
purely universal (A) properties holding in ST, hold in RD as well. Furthermore,
the above list does not contain the operators AG and EF. This is due to the
following theorem:

Theorem 9. FEvery CTL property which is built using only atomic propositions,
boolean connectives and the operators AG and EF, holds in the step reduced
system if and only if it holds in the original system.

Proof. (Sketch) Let mmims ... m,m’ be a sequence witnessing the validity of
EF¢ in m, i.e., m’' satisfies ¢. If that sequence occurs in the reduced system,
it occurs in the unreduced system as well. If such a sequence occurs in the
unreduced system, and involves a reducible step m; = m 1, s can be replaced
by a sequence of irreducible steps. Thus, there is a sequence leading from m to
m’ in the reduced system as well. q.e.d.

Many traditional Petri net properties, including reachability, dead markings,
dead transitions, and liveness, are expressible using only E'F and AG.

7 Experimental Results

We have implemented step reduction in the tool SESA [RS02]. SESA is an adap-
tation of the INA [RS98] tool to an extension of Petri nets with both signal arcs
and read arcs.

The first example concerns a control for a railway crossing. We verified absence
of deadlocks. Full state space generation failed after more than 20 hours, due to
memory overflow. At that point of time, more than 12.000.000 steps have been
executed. Among them were more than 1.000.000 different steps. With step
reduction, the state space consisting of 478.673 states and 3.867.429 transitions
fit into memory. There were only 124 different irreducible steps. State space
verification took 7 hours and 35 minutes.

In a second example, we took a model of a plant that produces tooth brushes
[Rau96]. While full state space exploration failed after an hour with more than
10.000.000 fired steps out of more than 20.000 different steps, the exploration
under step reduction succeeded after less than a minute with approx. 50.000
occurrences of 90 irreducible steps.

The third example models a control for a machinery for turning parcels. We
checked reachability of a state predicate. In full state space exploration, a satisfy-
ing state has been found after having generated 48.566 states, taking 46 minutes.
With step reduction, only 10.239 states were generated in 20 minutes. With joint
application of step reduction and partial order reduction, only 6.351 states were
generated in 20 minutes. The huge amount of time spent in full exploration is
again due to the consideration of a huge number of reducible steps.
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8 Conclusion

We have shown that, in many extensions of place-transition nets, there can be
markings reachable under step semantics which are unreachable under a single
transition firing rule. We argued that there should be verification technology to
detect these markings. A naive state space generation under step semantics fails
due to the step explosion problem. We proposed step reduction as a technique for
alleviating step explosion. We then studied the compatibility of step reduction
with partial order reduction and investigated the consequences of applying step
reduction to CTL model checking. This way, we proposed a technique to discover
potentially hazardous markings which can be embedded into existing state space
verification technology.

Future work includes the extension of this approach to steps including auto-
concurrency (simultaneous occurrence of several copies of one and the same
transition), a systematic study of extensions with more than one of the stud-
ied features, and a characterisation of all extensions which lead to additional
markings in the step semantics.
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Abstract. International customer demands in the capital goods industry force
providers of industrial services to be present on a global market. Often this can
only be realised efficiently by cooperating with other partners. But the processto
configure a cooperation and choose an adequate cooperation aternative till
lacks adequate support. Existing approaches to evaluate services or cooperation
are not suitable for an assessment of different aternatives prior to ther
implementation. Simulation approaches for production networks on the other
hand, cannot be used for industria services. This paper deals with an approach to
overcome this problem and presents a simulation model based on Petri net theory
for the prospective analysis of cooperative provision of industrial services. To
achieve this goal, a domain-specific conceptua model of cooperative provision
of industria services has been developed that considers the constitutive
characteristics of industrial services and their cooperative provision and maps
them onto the forma notation of coloured Petri nets to form an executeble
simulation model. As a result, machine and equipment producers will be able to
assess their cooperation dternatives related to integrated service provision in
advance and thus avoid cost-intensive fal se decisions.

1 Motivation

1.1 Trend Towards Cooperation and Need for Assessment Support

Germany’s capital goods industry has an export rate of about 70 percent and its
capital goods are sold around the globe. So, product-related services also have to be
offered internationally [4], [45]. These product-related industrial services (e.g. repair
or maintenance) are offered to (re)establish, ensure or enhance the long-term usability
of industrial products and are becoming increasingly important in the global economy
and also in Germany’s capital goods industry: German machine and equipment
producers are realising an increasing percentage of their revenues with product-
related services [16]. However, international provision of high-quality services
requiring expert knowledge has proved to be cost-intensive and thus threatens the
profit margin. Therefore, machine and equipment producers are looking for partners
to form coalitions to improve their service business through cooperative advantages
such as more efficient deployment of experts, shorter order processing times or cost
reduction. In other words, the process of providing services for customersis no longer

S. Donatelli and P.S. Thiagargjan (Eds.): ICATPN 2006, LNCS 4024, pp. 362— 580} 2006.
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owned by one single company, but by several partners. This shared processis referred
to as cooperative service provision.

While many companies have gained preliminary experience with cooperative
service provision, the existence of problems in finding appropriate partners and
reported organisational difficulties indicate that companies lack support for the
planning and configuration of service networks [46]. A variety of aternatives related
to cooperation and configurations complicates a substantiated decision [10], [14],
[35]. In this context, the possibility of assessing different cooperation alternatives
before implementation is needed [6]. Some approaches for network and service
controlling exist, but these methods are not suitable for an assessment of different
aternatives prior to their implementation, i.e. a prospective analysis. Companies are
not able to evaluate, for example, whether or not a certain combination of partnersin
the service process leads to a shorter order processing time for service orders.

To solve problems of this kind, a model for the prospective analysis of service
network alternatives in the capital goods industry is needed [25]. This model has to
consider the special requirements and characteristics of industrial services and their
cooperative provision. In addition, it has to be represented in a formal notation that
alows simulations and performance analysis.

1.2 Prospective Analysisof Service Network Alternatives Using Simulation
Based on Coloured Petri Nets

The target is therefore to enable the prospective analysis of cooperative provision of
industrial services. The chosen method of resolution is ssmulation with coloured Petri
nets (CPN). Coloured Petri nets are widely used to model business processes and
workflows [18], [19], [39]. The availability of many anaytic techniques based on
Petri nets is another advantage [13], [29], [41]. Modern systems are often so complex
that system interactions can usually only be analysed using simulation techniques [1],
[2]. Simulation is particularly suitable for assessing different alternatives before their
actual implementation and has proven to be a successful method for prospective
analysis of production network design [2], [22], [30], [36]. First applications of
simulation in consumer-oriented service systems (e.g. queuing models at bank
counters) have produced promising results [21], [33].

2 Relation to Other Work and Need for Action

Several existing approaches have been examined and evaluated (see Fig. 1): First,
approaches based on simulation in different kinds of application have been evaluated.
Petri net approaches in the workflow management and service domain have also been
considered. These approaches provide a valuable contribution since they show how to
model certain problems and transfer them into a simulation model. Although their
objectives differ significantly from the problem at hand, these approaches provide
some useful pointers for the development of a simulation model for the case described
in this paper. Second, to consider the special conditions related to the cooperative
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provison of industrial services, approaches for assessing cooperation and industrial
services were analysed. These approaches are not designed for a prospective analysis
but deliver valuable information about the assessment of cooperative service processes.

First smulation applications for services were developed by [21], [27], and [33].
Although these authors examined a prospective assessment for services, their
approaches do not consider cooperation aspects and characteristics of service
provision in an industrial context. Advanced simulation models exist for different
ranges of application, e.g. for product development [23] or for autonomous
production cells [32]. Petri net approaches in the workflow domain consider
consumer-oriented services in particular (e.g. [17], [39]), but they do not provide
information about modelling cooperative provision of industrial services.

Approaches in the field of cooperation controlling have proved to be of little value
to the problem at hand, because of their focus on a retrospective analysis and
management. Concepts based on the Balanced Scorecard (e.g. [5], [26]) benefit from
the need to define assessment criteria, but remain superficial about operationalisation
of these criteria.

With regard to controlling and quality management of industrial services, the
following approaches have proved useful: [7], [11], [15], [24], and [40]. These
authors have developed assessment criteria for industrial services at different levels of
detail, and their results have been taken into account in the development of the
simulation model.

The analysis of relevant literature shows that some approaches exist for parts of the
problem, but shortcomings prevail, especially those related to the prospective analysis
of alternatives of cooperative service provision. The following deficits can be
identified:

e Most of the approaches concerning prospective analysis based on simulation refer
to manufacturing or other areas of application and do not consider the special
characteristics of industrial services that demand significantly different approaches
than manufacturing of material goods and the provision of consumer-oriented
services [21]. This means that approaches that do not consider these characteristics
of services cannot be used to solve the problem a hand. Initial simulation
approaches for services differ importantly in terms of the underlying problem, so
that they cannot be adopted to solve the problem.

e Approaches in the field of cooperation controlling also do not consider the special
characteristics of services. In addition, concepts of controlling are not designed for
a prospective assessment but rather for ongoing management and retrospective
analysis. They are therefore not applicable for prospective analysis of service
provision.

e Approaches which assess the quality of services or control services are aso
designed for continuous management and retrospective analysis and thus cannot be
adopted for prospective analysis. In addition, these approaches focus on individual
companies and neglect cooperation aspects. These aspects, however, are very
important for the current case.
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Fig. 1. Examination and evaluation of existing approaches

But existing approaches do provide valuable information for solving different parts of
the problem at hand:

e Simulation based on Petri nets as a method of prospective analysis has proven to be
of great value, especially for complex cooperative processes. First promising
applications for services suggest that using Petri nets and simulation for the
problem at hand would be useful.

e Coloured Petri nets in particular have proven to be a valuable modelling technique
for complex cooperative processes and are applicable to cooperative service
provision. Their analysis potential meets the demands of the current case.

e Assessment criteria used in service controlling and to measure service quality
represent an important input for the development of a model for the assessment of
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possible aternatives of cooperative service provision. Especially assessment
criteria developed for industrial services are relevant for the problem at hand.

As a result of the deficits and advantages of existing approaches outlined above, the
following tasks need to be addressed [44]:

e A conceptual model for the cooperative provision of industrial services has to be
developed.

¢ It hasto be implemented into a simulation model based on coloured Petri nets.

e The model has to be capable of prospective performance analysis of cooperative
provision of industrial services.

3 Modelling Cooperative Provision of Industrial Services Using
Coloured Petri Nets

To create a model of cooperative provision of industrial services, the special
characteristics of this domain have to be taken into account. These characteristics
have to be integrated into a conceptual model of cooperative provision of industrial
services before this model is trandated into a CPN model.

3.1 Conceptual Model of Cooperative Provision of Industrial Services

Services can be defined using constitutive attributes [9], [34]. This definition comprises
three dimensions: process, structure, and outcome [9], [12].

The process dimension stresses the fact that the customer as the external factor has
to be integrated into the process [9]. Another important characteristic in the process
dimension is the simultaneity of production and consumption of services in respect to
time and space. Together with the integration of the external factor, this implies two
more specialities for industrial services that are not consumer-oriented but are rather
busi ness-to-business services in an industrial environment: Since services have to take
place at the site of the product, required resources have to travel there. In addition,
technicians of the client company often have to be integrated into the service process
and work together with personnel of the service company. Services and especially
industrial services are also very heterogeneous and standardisation of processes is
not easy.

The structure dimension defines services as the ability to perform a service [9].
This shows that services are intangible and thus conventional approaches that are
oriented towards tangible attributes of products are not applicable to services [34].

The simultaneity of process and production also affects the outcome dimension: It
implies that there is no product whose quality can be measured in the end but the
process itself is the service. Since services are not storable, this means that any delay
in the process directly affects the quality of the services.

The conceptual model of cooperative provision of industrial services is based on
these three dimensions and integrates the outlined characteristics of industria
services.
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Process dimension. To represent the process of industrial service provision, a
reference model has been developed [20]. This reference model has been adapted to
fit cooperative service provision and to fulfil the modelling requirements of the Petri
net notation. Furthermore, the resulting model has been structured in a hierarchy: The
top level provides a process overview; all process steps of this overview are then
modelled in more detail. These sub-processes are can be interpreted as separate
modules that interact via interfaces. This concept provides, on the one hand,
flexibility, since modules can be changed easily and locally without having to deal
with the whole model. On the other hand, it allows one to model process parts in
sufficient detail while keeping complexity at the top level low.

To account for the heterogeneity of the process, locally different process
aternatives (e.g. necessity for problem description or revisions) have been defined.
Probability functions control the flow of orders through these alternatives (for an
example see chapter 3.2, Fig. 4).

Sructure dimension. The structure dimension represents the resources needed to
execute the processes. Mapped resources are different categories of personnel and
material (e.g. service engineers, service technicians, client technicians for personnel
and tools, spare parts, operating resources like gaskets or lubricants). Depending on
the kind of order that has to be processed and its degree of difficulty, different
categories and quantities of resources are needed and consumed.

The structure dimension also accounts for the mapping of different cooperation
aternatives. The cooperation partners provide different resources and thus certain
parameters change. Such parameters are the amount and structure of the provided
resources and their consumption based on the degrees of difficulty of the orders.
Depending on the location of the partners and spare parts suppliers, times for
personnel travel and spare parts shipment vary. The times required for fulfilling a
service order and the probability of the need to correct this work depend on the
qualification of personnel.

Outcome dimension. The outcome of a service is the finished service order which
results from the process carried out by the resources. The outcome dimension of the
model therefore comprises therefore the set of all service orders and their status as
they are fulfilled. This status contains different pieces of information: the degree of
difficulty of the order, executed changes and revisions, and the order processing time.
This information is used to calculate performance measures for the alternatives. In
order to evaluate the aternatives, six performance measures in the three dimension
time, cost and quality have been implemented into the model: Average timein system
and average waiting time per order, average cost of personnel per order and personnel
utilisation, first hit rate and variation of average time in system.

The conclusions based on the outcome of a comparison of cooperation alternatives
may differ depending on the goals a company pursues in a cooperation.

3.2 Implementation of the M odel Using CPN Tools

The dimensions of the conceptual model have to be trandated into a CPN model.
Based on the work of [38] the following analogy is presented: Fig. 2 maps the three
dimensions process, structure, and outcome and connects resources, process steps,
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and orders to work items and activities. Using Petri net notation (italics in brackets),
orders and resources are represented by tokens and process steps by transitions. A
work item corresponds to an enabled transition and an activity to the actual firing of a
transition.

structure dimension

,-resource (token of colour resource)

_activity
’ 4" (firing of a transition)

_process step
_.~" (transition)

process dimension

~-._work item

", order (enabled transition)

(token of colour order)

outcome dimension

Fig. 2. Conceptual dimensions and correspondents in Petri net notation

To transfer the conceptual model into a simulation model, the software CPN Tools
of the University of Aarhus was used [8]. All aspects of the overall model were
mapped into a directed graph consisting of places, transitions, arcs, and markings.
Place and transition names have been chosen according to the usual terminology in
the area of application. The net consists of 11 pages, 47 places, and 31 transitions.
Since the detailed presentation of all model elements is beyond the scope of this
paper, the implementation of some of the main concepts is presented below.

Process modelling. First of al, the entire process was represented in coloured Petri
net notation using places, transitions, and arcs. The main flow of the process is as
follows: Requests for service orders arrive and get received. Then, the problem and
the corresponding service measures have to be clarified and the request develops into
an order. This order then is planned and controlled. In case changes are needed, the
order moves into aloop and back to the planning process step. After successful order
fulfilment the order is confirmed and invoiced.

The hierarchical concept described in section 3.1 was realised using the technique
of substitution transitions. A substitution transition represents another page (subpage)
in the net which starts and ends at the same places as the substitution transition, but
contains a more detailed process comprising severa other transitions and places. As
depicted in Fig. 3, the process maps ten substitution transitions.

All time delays for process steps use random distribution functions, because the
duration of the process steps varies. Since CPN Tools can handle time values only as
integers, the real values of stochastic functions have been rounded, eg.
@round(normal (48.0, 20.0)). To be able to easily change the unit of the
model time the function myround (r) = round (r * d) has been defined
[17]. If thevalue of d is set to 1.0, the unit of the model timeis set to minutes.
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Fig. 3. Process overview

Order modelling. The primary markings in the net are orders that pass through the
process. The colour set of orders( Order (i), ], k, 1) isdefined asfollows:

col set Order i ndex Order with 0..n;

colset B=wth NCh|N|Chr; with (N=normal,
Nr=nornmal revised, Chr=change revised)

col set Order = product A*B*I NT*I NT ti ned;

Initially, each order (respectively request, since any order enters the process as a
client’s request and develops into an order later on) receives a one-to-one order
number (positionk inOrder (i), |, k, |), seefirst transitionin Fig. 4).

Ch=change,
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request
arrived Order
ord0
Yy num 1
receive order
request num4+1 numbers
INT

order_num(ord0,num)

request in
system

Order
if (p <= Ip_PB) v ord0
then 1" ord0 .
else empty problem output (p);
yes description action
necessary? round(uniform(0.0,100.0));
Order
if (p > !p_PB)
ord0 @+myround then 1" ord0
(!problem_descirption) else empty
Y Y
describe ordo problem
problem described
Order
ord0
if (p <= !p_kA) v @+myround(!evaluate_order)
then 1" ord0
no action else empty evaluate
necessary request output (p);
Order action
i (p > Ip_kA) round(uniform(0.0,100.0));
then 1" ord0
else empty \

request
received

Order

Fig. 4. Subpager ecei ve_r equest

This is an important requirement since, in order to model several concurrent
processes, order copies (with the same order number) are created. When concurrent
processes become synchronous, guards like

getn(ord) = getn(ord_copy);
with getn(Oder(i),j,.k, 1) = k;

ensure that the tokens from two input places of a transition are copies of the same
order before the transition is enabled. For a more detailed description of branching
and synchronisation patterns see [37].

Orders are indexed to represent different degrees of difficulty of service assign-
ments (position i in Order (i), ], k, |). Depending on this degree of difficulty,
different categories and quantities of resources have to be employed and fulfilment of
an order takes different amounts of time.

Every order also carries information about its status regarding changes and
additions in the service assignment, as well as a notation to account for conducted
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revisions (positionj inOrder (i), ], k, 1), since certain process steps only apply
to orders not having passed through any changes or revisions.

The last integer value (position | in Order(i),j,k,|) stores the order
processing time. When the request enters the system, the corresponding time value is
stored in position | . When the order is finished and invoiced, the order processing
timeis calculated by the function

fun order _tine_end(Order(i),j,k,l
(Order(i),j,k,(intInf.tolnt(time(

Resource modelling. The resource allocation is modelled with a separation between
personnel and service material'. The places containing personnel and service material
are made available on different subpages by using fusion places. Fusion places are
duplicates of places which make the places accessible at different pages or different
locations on one single page. Resource places (both personnel and service material)
contain different colours of resources. Depending on the degree of difficulty of an
order, different multi-sets of resources need to be allocated. A multi-set is a
combination of several appearances of different colours, e.g. 1 service engineer +
2 service technicians + 3 client technicians. To be able to alocate personnel and
service material multi-sets to an order, resource lists (Per sl i st, Matli st) have
been defined and these have been added into a product colour set with the order:

col set Order XRes = product Order*Perslist*Matli st
ti med;

The process of resource allocation takes place on the subpage pl an_or der (see
Fig. 4). After the service measures have been planned, both personnel and service
material are assigned to the order”. The functions mat nenge(Qrder (i),j, k, 1)
and per snenge(Order (i), ], k, ) caculate the resource multi-sets depending
on the degree of difficulty of the order. These multi-sets are added to the two listsin
the colour set Or der XRes. The following transition pl an_ser vi ce_neasur es
determines the contents of the necessary service measures.

The transition pl an_resour ces then splits the process into two parallel
segments. On the right hand side, the planning process is finished by planning costs.
The order is then ready to enter the control process step. On the left hand side is a
copy of the order, and its allocated resources map the travelling done by personnel
and the shipping times of spare parts, respectively. This transition is enabled only if
the place no_change_necessary contains a copy of the same order. This is

! Since both processes are similar, resources could have been modelled in coloured Petri nets
using only one place containing personnel and material as tokens of different colours. In the
field of industrial services, however, personnel and material resources are commonly
separated and treated quite differently. Thus, to keep comprehensibility of the model for users
high, this additional complexity of having two separate places and sub-processes has been
included.

For both resource places, initialising transitions have been added in order to be able to use the
initial values as an input parameter. This is necessary because global reference variables
cannot be used directly in initial marking inscriptions.

N
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important because changes may lead to different resource alocation. The existing
dlocation can only be changed (and respective tokens removed from the place
resour ces_pl anned) when the resources are not on-site or on their way there
yet. Thus, whether or not changes are necessary is mapped in the subpage
control _order. Incaseof achange, the corresponding token is removed from the
place r esour ces_pl anned (which is a fusion place with another instance on the
subpage cont r ol _or der). If no change is necessary, atoken is created in the place
no_change_necessary on the subpage contr ol _or der (thisisalso afusion
place with instances on both subpages) and the transition r esour ces_t ravel is
enabled. The output place r esouces_on_si t e is again a fusion place with its
second instance on the subpage acconpl i sh_or der . The time for the transition
resour ces_travel iscaculated by comparing the times for personnel travel and
spare parts shipment and using the larger value for both.

Parameterisation. To be able to initialise the model with company-specific starting
and boundary conditions, these factors have been parameterised in the model by using
global reference variables. That means that a company can specify the basic
conditions of its service process by defining different values for the global reference

order
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e e
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\_ni \_ni
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Imaterial @+myround
4 (!plan_resources)

service plan )
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OrderXRes OrderXRes
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OrderXRes OrderXRes
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Y

Fig. 5. Subpage pl an_or der
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Parameterisation

Initialisation parameters Cooperation alternative parameters
Probability probability of revision necessary
probability of problem decription necessary structure and amount of available personnel
probability of no action necessary (request is directly discarded) personnel consumption per order
probability of no order necessary (request is not turned into an order) cost of personnel
probability of other kind of order necessary (no service order) travel time personnel
probability of changes necessary time to accomplish order

probability of different degrees of difficulty of orders
Time
model time unit
length of simulation runs
time for system start-up (discarded for performance measurement)
interarrival time of requests

time delays for 21 different process steps

Fig. 6. Parameterisation of the model with initialisation and cooperation aternative parameters

variables. These parameters comprise time values for the different process steps and
their stochastic functions (e.g. a Poisson arrival of reguests) as well as probability
values for certain process characteristics (e.g. the probability that an order has degree
of difficulty of 2 or the probability that revisions occur). The list of initialisation
parametersis depicted in Fig. 6.

To account for the concept of cooperative service provision, the model has to
change with regard to different cooperation alternatives. This means that different
parts of the process may be provided by different partners and thus may differ with
respect of time, cost, and quality (see section 3.1). Therefore additional parameters
that are influenced by a change in responsibility of certain process steps have been
added. These cooperation-relevant parameters are used to configure cooperation
aternatives for performance analysis. The list of cooperation alternative parametersis
depicted in Fig. 6.

4 Evaluation

The coloured Petri net model implemented using CPN Tools has been evaluated
concerning its correctness by verification (i.e. testing if the conceptual model has
been implemented correctly), validation (i.e. testing if the model behaves as
expected), and performance analysis of two cooperation alternatives (i.e. evaluating
aternatives by comparing performance measures). Details of the evaluation will now
be presented.

4.1 Verification

The full state space and strongly connected components graph were calculated to
verify the model. Since the timed state space is a subset of the untimed one, the
untimed state space was calculated and assessed. In addition, stochastic functions
which model probabilities have been replaced by variables from a small colour set
that are assigned in bindings. The subpage modelling the arrival of orders and the two
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transitions initialising the resources have also been neglected for the state space
analysis, since they are only needed for simulation. The state space analysis was
carried out for one case in isolation, because competition between cases for resources
is only relevant for performance analysis [38] and is considered in the validation
process. The full state space and strongly connected components graph consist of 550
nodes and 1009 arcs. More properties of the net which result from the state space
analysis are presented below and summarised in Fig. 7.

Boundedness Properties Liveness Properties
Place Upper integer - Lower integer Dead marking Token
bound bound

41 order places 1 0 no_action_necessary 0O(0)

3 personnel places 35 31 no_order 0O(1), O(2) or O(3)

3 service material places 60 51 other_order 0O(1), O(2) or O(3)

order_invoiced (O(1),N), (O(2),N), (O(3),N),

(O(1).Ch), (O(2),Ch), (O(3),Ch),
(O(1).Nr), (O(2).Nr), (O(3).,Nr),
(O(2),Chr), (O(2),Chr) or (O(3),Chr)

Home Properties Fairness Properties

Initial marking is not a home marking. No infinite occurrence sequences.

Fig. 7. State space analysis results

Boundedness properties. In state space analysis upper and lower bounds of all places
are calculated, i.e. the maximum and minimum number of tokens of a certain colour
that a place can contain. A coloured Petri net is bounded, if all places have an upper
and lower bound [19].

The analysis shows that al 47 places of the net are bounded. All 41 places
containing orders have an upper bound of 1 and a lower bound of 0, which
corresponds to the fact that one single case is considered and thus these places cannot
contain more than one token. The six places containing resources are split into two
groups: personnel and service material, with three fusion places each. These places
have an upper bound of 35 (personnel), 60 (service material), respectively, as
specified in the starting conditions for the state space analysis. The lower bounds are
31 for personnel and 51 for service material, which corresponds to the maximum
number of resources consumed by an order of the highest degree of difficulty. Thus,
the net is bounded.

Home properties. A home marking is a marking to which it is always possible to
return [19].

In the net presented here, the initial marking is not a home marking. Thisis correct
because once the order is received and has entered the fulfilment process, it is not
possible to return to the state of the incoming order.

Liveness properties. A net is live if a set of binding elements remains active, this
means that every transition will be enabled at some point [19]. In a dead state on the
contrary, no transition is enabled.
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The state space shows 19 dead markings for the model, because the order is
supposed to reach desired end states, i.e. the process of fulfilling an order comesto an
end. All 19 dead states haven been transferred to the simulation and checked with
CPN Tools: In one dead marking, the place no_acti on_necessary contains a
token of the colour order, that has not yet been evaluated: Order(0). This marking
refers to the case that during the process of dealing with an incoming reguest, it is
seen that no action has to be taken and the request does not have to be followed. In
three other dead markings, the place no_or der contains one order: Order(1),
Order(2) or Order(3). Similarly, the place ot her _or der contains one order in
another three dead markings. Order(1), Order(2) or Order(3). These markings
represent the case that after requests have been evaluated and the corresponding
problems and measures are clarified, it is possible that a request (of any degree of
difficulty) does not have to be followed by an order, or it does not have to be treated
as a service order but as some other kind of order. In both cases, no further action
within the process of the industrial service provision is necessary. The remaining 12
dead markings correspond to tokensin the place or der _i nvoi ced, when the order
is successfully fulfilled and finished. Since, for an order of any degree of freedom,
there are four possible modes in which it can finish (N = normal, CH = changed, Nr =
normal_revised, Chr = changed revised, see section 3.2), there are twelve different
dead markings. Thus, all 19 dead markings are desired end states of the process.

Fairness properties. Fairness shows how often different binding elements occur [19].

The model is structured so that no infinite occurrence sequences exist. Although
there are two loops in the net (making changes and revisions), they only occur if the
order has not gone through these loops before. Thus, it is correct that the net does not
contain infinite occurrence sequences.

4.2 Validation

Although validation measures are presented after the description of the model, it is
stressed that model validation is not a task to be performed at the end of model
development, but rather accompanies the whole process of model development [2],
(31, [22], [28].

To validate the model, a panel of 13 subject matter experts was involved in the
development of the model from the beginning. Three workshops and several
interviews with the experts have been organised. Joint development of the model, as
well as a structured walkthrough of the conceptual model [22], was used to validate
the logic and assumptions of the model. The use of common expressions in names of
places and transitions, as well as the graphical representation and hierarchical
structure of the model in CPN Tools have proven of high value to facilitate the
communication with potential users and their understanding of the model.

Simulation was then used to assess the behaviour of the model [22]. Interactive and
terminating simulation runs showed that the simulation results were consistent with
perceived system behaviour.

These measures, together with the evaluation of the example of performance
analysis and the experimental design described in the next sections, show that the
model has been validated.
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4.2.1 Performance Analysis

Purpose of the model presented here is to execute a prospective analysis of
cooperative provision of industrial services. Thus, now that the model has been
verified and validated, an example of this prospective performance analysis is
presented.

The example compares three alternatives of a fictive company for providing
industrial services in the Eastern European market. The alternatives correspond to
different scenarios: In alternative 1 it is assumed that the company is not cooperating
and thus sending out its own engineers and technicians. This leads to high travel
times, but also accounts for short order fulfilment times and a low probability of
revisions, since the company’s personnel is highly qualified. Alternative 2 represents
the case in which the company cooperates with a partner closer to the service sites but
with less qualified personnel. Finally, alternative 3 represents the cooperation with a
partner right in the market with lowest travelling times but longer accomplishment
times and a higher probability of revisions because of less qualified personnel.
Initialisation and cooperation alternative parameters have been chosen according to
input from subject matter experts. The example has been chosen to be easily
understandable to be able to check output for plausibility.

Ten samples (n = 10) were collected for each alternative. For the calculation of the
performance measures, a start-up phase for each simulation run was neglected to
eliminate errors due to transient behaviour of the system (e.g. faster processing times
because of lower resource utilisation for the first orders entering the system). The
length of the start-up phase was calculated according to [1] and [42]. For the
performance measures time 95%-confidence intervals were constructed. The
simulation results for average time in system and average cost of personnel are
presented in Fig. 8.
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Fig. 8. Simulation results for average time in system and cost of personnel per order

The diagrams of these two performance criteria show that the conclusions drawn
from the results depend on the goal a company is following and the corresponding
rating of performance criteria. While the average cost of personnel per order is
highest for alternative 1 and lowest for aternative 3, the average time in system is
shortest for alternative 2. This shows that the entrepreneurial decision for one
dternative is always linked to trade-offs between different objectives.

The example shows the effectiveness of the model in principle and the comparison
of alternatives using performance analysis based on simulation.
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4.2.2 Experimental Design

In order to gain more information about the model and the effects of the cooperation
parameters on the performance measures, an experimental design was carried out. In
this case, a 2 factorial design was used [22], [31]. In this design all six cooperation
parameters were varied systematically using two levels (- and +) for al factors,
leading to 2° = 64 design points. Main effects and two-factor interaction effects on
two performance measures (average time in system and average personnel cost) and
their 95% confidence intervals were calculated using 64 replications in the design
points with five simulations runs each (320 runs in total). The results were used to
reproduce expected system behaviour, as depicted in Figures 9 and 10.

Factors 5 and 6 (travel time and time to accomplish order) have the highest
influence on the average time in system (see Fig. 9): Changing factor 5 from its — to
its + level (i.e. a higher travel time) increases the time in system, while the same
change in factor 6 (i.e. shorter time to accomplish order) decreases the time in system.
Changes regarding available personnel, personnel cost, resource consumption, and the
probability of revisions as well as two-factor interactions are less important compared
to the effects of factors 5 and 6.

2 .

Main effects Two-factor interactions

Effect on average time in system

+

1 2 3 4 5 6 1x2 1x3 1x4 1x5 1x6 2x3 2x4 2x5 2x6 3x4 3x5 3x6 4x5 4x6 5x6
Effect label

Fig. 9. Effects on Average Timein System

Main efffects Two-factor interactions

Effect on average personnel cost

o

-100

-200

1 2 3 4 5 6 1x2 1x3 1x4 1x5 1x6 2x3 2x4 2x5 2x6 3x4 3x5 3x6 4x5 4x6 5x6
Effect label

Fig. 10. Effects on Average Personnel Cost
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A similar picture arises for the effects on the average personnel cost (see Fig. 10),
with the difference that a change in factor 4 (cost of personnel) has the highest
influence on the average personnel cost per order, as one would expect. In this case,
the other main effects besides the ones of factors 4, 5, and 6 and the two-factor
interactions are even less important.

The results show that the model represents a consistent behaviour since no
unreasonabl e effects were produced and the main influencing factors are feasible.

5 Conclusions

The conceptual and simulation model of cooperative service provision presented in
this paper reflects the major features of industrial services as well as their cooperative
provision. It allows prospective analysis of cooperation alternatives by varying factors
relevant to cooperation and comparing analysis results.

The use of coloured Petri nets as a modelling and simulation formalism provides
several benefits: One the one hand, the graphical representation of the model leads to
transparency, consistency, and conformity with user's expectations, so that
understanding and acceptance of the model are facilitated. On the other hand, the
maturity of the Petri net formalism and the availability of appropriate tools alow a
direct implementation into computer models and their analysis.

It has been shown that cooperative provision of industrial services can be
modelled, analysed, and simulated using coloured Petri nets and that prospective
assessment of aternatives is possible. Verification and validation of the model has
shown that it properly maps the cooperative provision processes of industrial services
and shows consistent behaviour. The influencing factors identified in a 2k factorial
design support these findings. Thus the goal of this work, to develop a CPN model
capable of prospective analysis of cooperative provision of industrial services, has
been achieved.

In future research the 2“ factorial design will also be used to investigate trade offs
in regard to resource allocation or mechanisation, e.g. the deployment of different
categories of personnel or the application of remote services.

Additional research would be helpful to further facilitate communication with
model users, especially the connection to animation [43] and web based input/output
facilities would be.

Since the application of simulation to the area of industrial services is still new,
they still have a backlog of demand concerning the collection of precise and detailed
collection of service process data, compared to production systems where simulation
has aready been established. But the more data will be available the more feasible a
further integration of modelling and analysis of service provision and production of
the corresponding investment goods will become.
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Abstract. This paper describes the verification module (the VipVerify Module)
of the VipTool [4]. VipVerify allows to verify whether a given scenario is an exe-
cution of a system model, given by a Petri net. Scenarios can be graphically spec-
ified by means of Labeled Partial Orders (LPOs). A specified LPO is an execution
of a Petri net if it is a (partial) sequentialization of an LPO generated by a process
of the net. We have shown in [2] that the executability of an LPO can be tested by
a polynomial algorithm. The VipVerify Module implements this algorithm. If the
test is positive, the corresponding process is computed and visualized. If the test
is negative, a maximal executable prefix of the LPO is computed and visualized,
together with a corresponding process and the set of those following events in the
LPO which are not enabled to occur after the occurrence of the prefix. Further, the
Vip Verify Module allows to test in polynomial time whether a scenario equals an
execution with minimal causality. A small case study illustrates the verification
of scenarios w.r.t. business process models.

1 Introduction

Specifications of distributed systems are often formulated in terms of scenarios. In other
words, it is often part of the specification that some scenarios should or should not be
executable by the system. Given the system, a natural question is whether a scenario can
be executed. Answering this question can help to uncover system faults or requirements,
to evaluate design alternatives and to validate the system design.

There are basically two possibilities to express single executions of distributed sys-
tems, namely as sequences of actions (that means as totally ordered sets of action
names) or as partially ordered sets of action names. Since sequences lack any infor-
mation about independence and causality between actions, we consider executions (and
scenarios) as partially ordered sets of action names in case of distributed systems.

There exist several software packages, developed at universities or software compa-
nies, which support the design and verification of distributed systems based on scenar-
ios. Some of them allow to compute the unfolding of a distributed system (given as a
Petri net, a communicating automaton or a process algebra) in order to run LTL and

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 3813901 2006.
(© Springer-Verlag Berlin Heidelberg 2006
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CTL model checking algorithms on this unfolding (the tool PEP and the Model Check-
ing Kit, [14,[15L[16]]). Other tools use message sequence charts (MSCs) or their ex-
tension to live sequence charts (LCSs) to describe scenario-based requirements. These
are used to guide the system design (the tool Mesa or the Playengine, [17,[18L19,120]),
for test generation and validation (the tool TestConductor integrated into Rhapsody,
[21L122]]), or for the synthesis of SDL or statecharts models (the tool MSC2SDL,
[23L24]). In [25,126]] a verification environment is described in which LSCs are used
to express requirements that are verified against a statemate model implementation,
where the verification is based on translating LSCs into automata.

Up to now, there exists no tool support to verify a given scenario to be an execution
of a distributed system. One reason might be that there were no efficient verification
algorithms so far for this problem. In case a scenario is given as a labeled partial order
(LPO) over the set of possible actions (events) and the distributed system is given as a
(place/transition) Petri net, we presented in [2]] a polynomial algorithm.

The notion of executions of Petri nets is based on their non-sequential semantics
given by occurrence nets and processes [12,[13]. Abstracting from the conditions in a
process gives an LPO, called run. Runs capture the causal ordering of events. Events
which are independent can occur sequentially in any order. Thus, adding order to a run
still leads to a possible execution. For example, occurrence sequences of transitions
(understood as labeled total orders) sequentialize runs. Generalizing this relationship,
an LPO which (partially) sequentializes a run is an execution of the net. The process
represented by such a run is called corresponding to the specified LPO in the following.

If a specified LPO is an execution of a given Petri net, the mentioned algorithm com-
putes a process corresponding to the LPO. In the negative case a maximal executable
prefix of the LPO is computed as well as the set of those following events in the LPO,
which are not enabled to occur after the occurrence of the prefix. We further deduced
a polynomial algorithm to test if a specified LPO precisely matches a process w.r.t.
causality and concurrency of the events in the specification, if this process represents a
minimal ordering of events among all processes.

Actually, we implemented the above described algorithms as parts of the new Vip-
Verify Module of the VipTool [3,/4,8]]. The algorithms are based on computing the
maximal flow in a flow network [9]. While the maximal flow algorithm presented in
[9]] is only pseudo-polynomial in general, there came up strict polynomial algorithms
running in cubic time (see e.g. [10]) and also faster (see [11] for an overview) during
the last decades. Since the basic algorithm from [9] turns out to be strict polynomial
(running in cubic time) in our special case, we started with an implementation of the
algorithms based on this basic algorithm. Moreover, we added a graphical interface (the
VipLpoEditor module) which allows the user to graphically specify scenarios of a given
Petri net in terms of LPOs over the set of transition names of the Petri net.

The paper is further organized as follows: In Section 2l we present a description of
the new modules of the VipTool. A simple case study illustrates the new functionali-
ties in Section 3l Then, in section [ we briefly describe how the new functionalities
additionally fit into the existing validation and verification concept for business process
models the VipTool supports. In Section 5] we present some performance results for the
implemented algorithms. Finally, the conclusion outlines the future development.
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2 Description of the New VipTool Modules

To support the new functionalities, the VipEditor provides three graphical submod-
ules: In the existing VipNetEditor Petri net models of distributed systems can be
designed. In the new VipLpoEditor the user can specify scenarios in terms of LPOs.
Finally, processes (computed by the VipVerify Module) are visualized in the existing
VipProEditor.

The VipNetEditor is only slightly revised compared to the last version of VipTool.
Very briefly, it has the following main functionalities: Drawing and painting features
can be used analogously as by any standard Windows application. Size, colors, fonts
can by easily changed by the user for all draw elements such as places, transitions,
arcs, labels etc. Furthermore, all standard editing features such as select, move, copy,
paste etc. are implemented. Beyond that, for example automatic alignment and click-
and-drag-points of net arcs are supported. Usual token game simulation is also a part of
the VipNetEditor. Figure[Tlshows a screen-shot of the VipNetEditor with an example of
a simple Petri net model of a business process.

Given a Petri net in the VipNetEditor, the user may take advantage of the VipLpoEd-
itor. Clicking the appropriate button splits the screen and the VipLpoEditor is avail-
able. A grid makes drawing the LPO easy. An arc is automatically added between two

P§ VipE ditor o [=] (53]
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Fig. 1. Screenshot of the VipNetEditor, including an example net, which is explained later in a
case study
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Fig. 2. Screenshot of the VipLpoEditor, showing the popup menu for adding a new node

nodes arranged on top of each other. For each added node, the related transition is
chosen over a popup menu. For clarity, only the skeleton arcs of an LPO are drawn.
Figure [2| shows a screen-shot of the VipEditor consisting of the VipNetEditor and the
VipLpoEditor.

The last building block appears by starting the VipVerify Module to calculate if the
LPO drawn in the VipLpoEditor is executable in the Petri net given in the VipNetEditor.
The VipVerify Module distinguishes between the two following cases:

— If the LPO is executable, then a process corresponding to the LPO is computed
by the VipVerify Module and is visualized in the VipProEditor. Moreover, then the
VipVeritfy Module tests whether the LPO is minimal executable, i.e. whether there
is another LPO with strictly less order between events which is also executable. If
there is such another LPO, there are arcs in the given LPO representing an unnec-
essary ordering between events. Such arcs are highlighted.

— If the LPO is not executable, then the VipVerify Module computes a maximal ex-
ecutable prefix of the LPO and a process corresponding to this prefix. The process
is visualized in the VipProEditor. In the VipLpoEditor, the prefix and the set of
those events which are not concurrently enabled to occur after the occurrence of
the prefix are highlighted by different colors.

Both cases will by described more precisely in the case study. The processes are
visualized using the existing VipVisualizer module, which is based on the Sugiyama
graph-drawing algorithm accommodated in [8]]. Besides that, the objects of the visual-
ized processes remain movable.
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3 Functionality of the New VipTool Modules: A Case Study

In this section we briefly illustrate the functionality of the VipVerify Module and the
VipLpoEditor by a simple case study.

The Petri net model of Figure[[lrepresents a possible business process of some com-
pany. The company handles their tasks with two resources (places Res I and Res II).
After a prospective customer asks for a product (transition guery) the business process
divides into two concurrent sub-processes. In the upper one the company first checks on
their offers or special conditions (transition check) and then makes offerings to the cus-
tomer (transition suggestion). Yet they may agree (transition agreement). In the lower
sub-process a parallel decision, for example on the solvency of the customer, has to take
place. Only if that decision is positive, the customer and the company close a bargain
(transition deal).

Figure Bl shows an LPO drawn in the VipLpoEditor, which represents a scenario that
should be supported by the business process model. For this simple example it is easy to
see that the specified scenario is minimal executable. By checking on the executability,
a process corresponding to the scenario is computed and visualized in the VipProEditor.
All nodes of the LPO are marked green.

Figure @] shows another LPO which represents a scenario that should also be sup-
ported by the business process model. It is not an execution. In such a case, the VipVer-
ify Module computes four other helpful contributions:

— A maximal executable prefix of the LPO. It is highlighted green and consists of the
events query, check and suggestion in the example.

el VipE ditor = i =101 x{
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Fig. 3. The VipLpoEditor shows an executable LPO, and the VipProEditor shows a corresponding
process of the Petri net
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— The successor events which fail to be concurrently enabled after the occurrence of
this prefix. They are highlighted red and are the events agreement and discard in
the example.

— The place in the Petri net which does not carry enough tokens after the occurrence
of the prefix to enable the red highlighted transitions. It is the place Res II in the
example and highlighted red.

— A process corresponding to the executable prefix, which is visualized in the Vip-
ProEditor.

P VipE ditor ) =10l x|

Fle Edt Draw View Info
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Fig. 4. Screenshot showing an LPO which is not executable in the given Petri net

For the interpretation of this information we have to describe the verification algo-
rithm more precisely. For this, we say an LPO is an execution w.r.t. a place p, if this
LPO is an execution of the given Petri net restricted to the place set containing only p.
An inductive procedure verifies separately for every place p of the Petri net model, if
the given LPO is an execution w.r.t. p. This is done by considering prefixes of the LPO
increasing according to a calculated order over the set of nodes respecting the LPO. If
for a place p this procedure stops before all nodes were considered, a prefix of the LPO
is computed

— which is an execution w.r.t. p, and
— whose extension by the set of its direct successor nodes is not an execution w.r.t. p.

This prefix serves as input-LPO of this procedure for the next place. Thus, if there
are more places preventing the execution of the LPO, the VipVerify Module computes
that place (highlighted red in the VipNetEditor) with the smallest corresponding exe-
cutable prefix among all places (resp. one of them). Those direct successor nodes of
the prefix representing transitions which consume tokens from p are highlighted red
in the VipLpoEditor (and therewith all events preventing the executability of the LPO
w.r.t. p). Those direct successor nodes of the prefix representing transitions which do
not consume tokens from p are highlighted yellow. Observe that possibly several of the
red highlighted events are enabled after the occurrence of the prefix, but not all of them
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concurrently. Extending the prefix by such events would result in a bigger executable
prefix, but with less information about the non-executability. The executable prefix cor-
responding to a place p depends on the calculated total ordering of the LPO-nodes.
Nevertheless it is maximal w.r.t. the red highlighted nodes: A prefix corresponding to
p computed w.r.t. another total ordering, which contains a red highlighted node, can
not include the first prefix. Finally, a process corresponding to the prefix is visualized,
showing a possible distribution of tokens among the pre- and post-conditions of the
events of the prefix. In the example, that means:

— The prefix consisting of the events query, check and suggestion is an execution w.r.t.
all places.

— After the occurrence of the events query, check and suggestion, the events agree-
ment and discard are not concurrently enabled, since place Res II carries not enough
tokens.

— Each of the events agreement and discard is enabled on its own and could be used
to construct a bigger executable prefix. But then the user would get only the infor-
mation that the event agreement (or, resp. discard) consumes too much tokens from
place Res II, and not the information that the combination of both events needs too
many tokens.

This gives the user clear information about how to change the model in order to
support the scenario given by the LPO (namely how to reorganize the distribution of the
resources), resp. about how the given distribution of the resources restricts the desired
behavior.

4 Relating Old and New Functionalities of VipTool

In this section, we discuss, how the new implemented functionalities described in the
previous two sections additionally fit into the existing validation and verification con-
cept supported by VipTool. For this we briefly introduce this concept, but omit a detailed
motivation, discussion and comparison to other approaches (here we refer to several
publications from the last years ([3,164/7}8]]).

VipTool was originally developed at the University of Karlsruhe within the research
project VIP[] as a tool for modeling, simulation, validation and verification of business
processes using Petri nets. It was implemented in the scripting language Python [8]. In
[3] we presented a completely new and modular implementation in Java (using standard
object oriented design) that allows to add extensions in a more flexible way.

The paper [7] proposes the following iterative validation procedure of Petri net
models:

1. Arequirement to be implemented is identified and formalized in terms of the graph-
ical language of the model.

2. This formal specification is validated by distinction of those process nets that sat-
isfy the specification from all other process nets. This way, the question “what
behavior is excluded by the specification?” gets a clear and intuitive answer. The
specification is changed until it precisely matches the intended property.

! Verification of Information systems by evaluation of Partially ordered runs.
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3. The valid specification is implemented, i.e. new elements are added to the model
such that the extended model matches all previous and the new specifications. Ob-
viously this step requires creativity and cannot be automated. However, again by
generation and analysis of process nets it can be tested whether the extended model
satisfies the specifications (actually, when all runs are constructed, this test can be
viewed as a verification). At this stage, other verification methods can be applied
as well.

4. If some requirements are still missing, we start again with the first item, until all
specifications are validated and hold for the designed model.

VipTool supports all these four steps. In particular, process nets representing par-
tially ordered runs of Petri net models are generated. They are visualized, employing
particularly adopted graph-drawing algorithms. Specifications can be expressed on the
system level by graphical means. Process nets are analyzed w.r.t. these specified prop-
erties. The distinction of process nets that satisfy a specification is supported. For the
test phase, the simulation stops when an error was detected.

The new functionalities now complement the second and third step of the above de-
scribed validation procedure as follows: First, for complex Petri nets it can be (too) time
consuming to construct all processes. In such cases it is helpful to have the possibility
not to check on all the processes by unfolding the Petri net, but to directly test a partic-
ular scenario to be a possible execution of the Petri net or not. Second, the user now can
specify concurrency of events. If an LPO representing a desired behavior turns out to be
not executable, then the user gets detailed information about the reasons by visualizing
the first state of the system which does not enable a set of concurrent events of the LPO.
This facilitates the creative step of changing the specification in the second step as well
as changing the model in the third step. Finally, in the third step the user now can verify
particular concurrent runs directly.

5 Experimental Results

In this Section we test the performance of the presented algorithms by means of ex-
perimental results for the example instances (N1, [po; ,,) and (Na p, Ipos ) shown

7
a a
a n times a
b b
a
-
n n times
b
b b
Ny, Ipo, Nan 1po,

Fig.5. Two place/transition Petri nets N; ,, each together with an executable LPO [po; n, i =
1, 2, dependent on the parameter n € N
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Table 1. Results of the executability test

(Nl,n, lpOlyn) (Nzyn, lpOzyn)

n 10 50 100 500 10 50 100 500
(A) 0.001 0.008 0.037 3.139 0.001 0.001 0.001 0.013
(B) 0.004 0.679 8.564 959.205 0.001 0.008 0.031 0.534
(C) 0.027 5.063 55.356 - 0.039 0.198 1.273 78.413
(D) 0.476 170.719 - - 0.008 0.297 0.591 7.396

in Figure [f with n € N increasing. All experiments were performed on a Windows PC
with 256 MByte of RAM and 1 GHz Intel Pentium III CPU. The times are measured
in seconds. Table[Ilshows the results for the following four procedures executed by the
VipVerify Module: (A) Translation into the associated flow network, (B) Test whether
lpo; , is an execution of N; ,,, 7 € {1,2}, (C) Test whether lpo; ,, is a minimal execu-
tion of N; ,,, @ € {1,2}, and (D) Computation and Visualization of the corresponding
process. The results show that the algorithms work better for LPOs with much con-
currency between events. The weaker performance for LPOs with little concurrency is
partially due to the quite general construction of the associated flow network, which
could be further optimized.

6 Conclusion

We have presented the new Vip Verify Module of the VipTool supporting scenario based
verification of Petri net models of distributed systems and described its functionality
within a small case study. VipVerify fits in the existing functionalities of the VipTool
of supporting the step-wise design of business process models, employing validation
of non-sequential specifications and verification of the model in each step. The further
development of VipTool includes the following tasks:

— We plan to implement more efficient maximal flow algorithms underlying the pre-
sented verification algorithms.

— At present, VipTool only supports low level Petri nets. We plan to extend its func-
tionalities to an appropriate restricted kind of predicate/transition nets.

— We are currently working on the synthesis of place/transition nets from given sets
of LPOs. In [[1]] we present the first theoretical results which we plan to adapt for
practical use and then to implement into VipTool.

We acknowledge the work of all other members of the VipTool development team,
namely Niko Switek and Sebastian Mauser.
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Abstract. This paper presents the EXHOST-PIPE software: an extension of PIPE
— Platform Independent Petri net Editor — that complies with our own specifi-
cations. The new version supports the two kinds of Petri nets we have devel-
oped: particle Petri nets and plan Petri nets. EXHOST-PIPE also supports colours,
modularity, time, guards, differential equations. .. The Petri net player has been
extended and specific algorithms (such as an estimation process and specific re-
duction rules) have been implemented as plug-in modules.

1 Introduction

In the context of multiagent system monitoring, e.g. a crew-aircraft system or a mul-
tirobot system, we have designed two Petri net-based frameworks for (i) tracking and
predicting the (possibly conflicting) states of a human-controlled system and (ii) super-
vising and controlling a team of autonomous robots. As the question of the implementa-
tion arose, it was decided not to develop yet another tool from scratch, but to start from
an existing open-source software. A review of the tools available on the Internet led us
to select PIPE — Platform Independent Petri net Editor — for its clear and intuitive inter-
face, its simulation module, its comprehensive UML documentation and the possibility
to modify the Java code quite easily.

The original PIPE softward] [T] manages ordinary Petri nets. It applies the object-
oriented Model-Controller-View architecture pattern to implement several Petri net
analysis plug-in modules. The architecture separates the graphical rendering of the Petri
nets (the View), the processing of user requests (the Controller) and the Petri net struc-
ture itself including state and data (the Model). The model layer is also responsible
for PNML input/output management. With little modification the graphical interface
manages multiple Petri nets. As for the animation the original player is very simple and
fires either once at user click or a user-specified number of randomly chosen transitions.

The paper is organised as follows:

1. an explanation of the specifications will be provided first; the tool must be able to
deal with the two special kinds of Petri nets that we have designed;

Uhtt p:// pi pe2. sour cef or ge. net

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 391-400 2006.
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2. a presentation of the architecture; the tool is evolutive thanks to the distribution of
object behaviour knowledge;

3. a description of some specific operations, embedded in the tool as modules; they
provide specific algorithms to deal with special nets.

2 Specifications

The high level specifications were very simple: the PIPE-derived tool had to allow us to
represent and play the two kinds of Petri nets we have designed for our applications and
implement specific algorithms on these nets. The specifications are detailed hereafter.

2.1 Particle Petri Nets

Particle Petri nets [2] have been designed for hybrid numerical-symbolic situation mon-
itoring and conflict detection in human-supervised systems.

The particle Petri net model (Fig.[I) is based on differential Petri nets and features:
(1) numerical places and transitions that model the numerical behaviour of the system
(using differential equations and guards) and (2) symbolic places and transitions that
model the symbolic behaviour of the system (events and external actions).

The estimated state of a hybrid system is represented thanks to multiple tokens: par-
ticles 71',(;_’)_1' , — meaning particle number ¢ estimated at time k& + 1 knowing the obser-
vation at time k — carry the numerical state vector of the system and evolve within the
numerical places; configurations 61&21% — meaning configuration number j estimated
at time k£ + 1 knowing the observation at time k — carry the symbolic state vector of the
system and evolve within the symbolic places. A possible state of the system of Fig.[I]

B(Climh)

BiLevel Off) Y3

Fig. 1. The particle Petri net of a flight phase. It represents both the behaviour of the aircraft and
the interactions between the crew and the autopilot.
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Fig. 2. The particle Petri net-based estimation process

is represented by marking m; ;; = (79, 6(), §(1), where (") is a possible state of the
aircraft, §) is a possible mode of the autopilot and 6() is a possible belief of the crew.

The particle Petri net-based estimation (Fig. [2) is a two-step process: a prediction
of the system state by having the estimated marking evolve within the net according to
specific firing rules and differential equations, and a correction of the predicted states
according to an observation of the system. The correction consists in weighting/ranking
the tokens to update the estimated marking of the Petri net and construct a correction
graph used to detect inconsistent behaviours of the system [3].

Specifications: the PIPE-derived tool has to allow two kinds of places to be created via
the GUI and dealt with with the Petri net player: (1) the symbolic places and (2) the nu-
merical places that are linked to differential equations and whose tokens are numerical
vectors. Receptivities and conditions have to be associated to transitions. As far as the
simulation is concerned, the Petri net player has to take into account the specific firing
rules for prediction and the whole estimation process has to be implemented.

2.2 Plan Petri Nets

Plan Petri nets and their specific reduction rules [4,5] have been designed for robot
team plan supervision and control.

A plan is a course of tasks to be realised in order to carry out a mission. Tasks are
associated with the places and have time and resource requirements. Time requirements
are start-time, finish-time and duration intervals. A team of service-performing robots
is allocated to the mission. A plan is one possible way to complete the mission through
actions with the given robotic team while respecting time and resource constraints. The
mission plan Petri net (Fig.[3) is a coloured time Petri nef] transcription of the plan.

For a complex mission the mission plan Petri net might be too detailed to provide an
efficient interface for plan execution monitoring. Hence the plan is abstracted into a lay-
ered plan. The transformation is carried out by reducing some structures in the mission

2 Start-times and finish-times correspond to a t-time Petri net. Durations are associated to the
places and modify the behaviour by adding some properties of the p-timed Petri nets.
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Fig.4. Reduceable structures: (a) source, (b) sink, (c) parallel, (d) sequence,
(e)transfer, (f)choi ce

plan Petri net (Fig. d): sour ce (agent arrival), si nk (agent withdrawal), sequence
(sequential activities), par al | el (concurrentactivities), t r ansf er (transfer of a robot
from a task to another) and choi ce (alternate activities).

The reduction yields a plan organised as a hierarchy and represented as a modu-
lar coloured time Petri net (Fig. ). Each reduction step structures a part of the team: a
reduced place corresponds to a subteam whose members are the robots or subteams cor-
responding to the places that have been reduced. Hence the reduction provides a team
organised as a hierarchy that changes with the marking (Fig.[3l lower left corner). The
dynamic team organisation allows the mission execution to be monitored at different
levels of abstraction.

The control of individual robots must be performed at the local level. The plan Petri
net is hence projected onto individual teammates: the leaf-places that involve the con-
cerned robot are kept as well as all their ancestors in the hierarchy of places (Fig. [G).
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Specifications: the PIPE-derived tool has to allow several nets to be drawn via the GUI
and played at the same time. Defining transition fusion sets and place fusion sets has to
be possible. The specific reduction rules have to be implemented: transition and place
fusion sets have to be created automatically, special places (as the “transfer” places)
have to be created and the different reduced Petri nets have to be played at the same
time. Moreover, consistent and semantically valid names for the fused places have to
be assigned automatically. The tool also has to be able to project a plan organised as a
hierarchy onto any given individual.

3 Architecture

As the original version of Pipe [1]], EXHOST-PIPE is organised according to a Model-
View-Controller architecture. In this section we will focus on the model itself. Due to
the very different natures of the Petri nets to deal with, some changes have been made.
In particular the firing rules associated to our models are more complicated than in
ordinary Petri nets and have been relocated within the transition objects themselves.
For the same reasons the animator has been modified as well.

3.1 Tokens, Places and Transitions

The basic Petri net object in EXHOST-PIPE models a modular time Petri net. It de-
composes into a set of coloured time Petri nets and a set of fusion sets (see Sect. 3.2).
Each coloured Petri net has a set of places and a set of transitions that are specialised
according to the type of Petri nets it models. The tokens allowed in the places are also
specialised as they bear various types of information. The features that have been de-
signed are the following:
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10.

Ordinary token: the token corresponds to a coloured token. The allowed colour sets
do not convey complex information yet.

Configuration: the token corresponds to a vector of discrete state variables. It mod-
els a configuration of the system under monitoring.

Particle: the token corresponds to a vector of continuous state variables. It models
a numerical state of the system under monitoring.

Ordinary place: the place comes with a colour function and time specifications.
The time specifications comprise a minimum duration, a maximum duration and a
most-likely duration. If it pertains to a place fusion set, its marking is common with
all places in the fusion set.

Symbolic place: the place represents the discrete state of the monitored system. It
accepts configuration tokens.

Numerical place (Fig. [1): the place represents the way the particle parameters
evolve. It is attached a differential equation.

Transfer place: the place models the transfer of an agent from one branch to another
in a plan Petri net. It behaves exactly the same way as an ordinary place.

Ordinary transition: the transition is responsible for firing in a coloured time Petri
net. The time specifications are given in the form of a firing time interval. If it
pertains to a transition fusion set, it has to check whether the fusion set is enabled,
i.e. if all transitions in the fusion set are enabled.

Symbolic transition: the transition fires to acknowledge event occurrences or to
predict the possible external actions applied to the system.

Numerical transition: the transition is guarded with some particle parameter thresh-
old values.

These elements when combined constitute a Petri net layer. As described above sev-
eral layers may be linked in a modular Petri net.

3.2

Modular Petri Nets

In a modular Petri net [6,7], each Petri net layer is a module. Several modules may be
linked by sharing transitions and/or places. Each shared node constitutes a fusion set.
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The functioning rules are the following:

1. Place fusion set: if one place in the fusion set is marked, its marking is shared with
the other fused places, i.e. all transitions downstream the places in the fusion set are
enabled. These transitions enter in a conflict between modules. A place may appear
in different fusion sets, therefore:

(a) if it is marked, every place in all fusion sets can use the marking;

(b) if it is not marked and only one other place is marked, only the places in the
corresponding fusion set share the marking; it is not shared from one fusion set
to another.

2. Transition fusion set: the transitions in the fusion set may fire only if all transitions
in the set are enabled. The firing marks all downstream places in all modules and
decreases the marking in all upstream places. A transition may belong to several
fusion sets, in which case:

(a) if two or more fusion sets are enabled, there is a conflict;

(b) if only one fusion set is enabled, there is no conflict: it fires.

Hierarchical Petri nets [8]] are represented by modular Petri nets [[7]]. A master place
in a hierarchical Petri net is equivalent to a place whose upstream and downstream
transitions are fused with the corresponding transitions within the slave subnet.

The user interface has been modified to take into account the modular Petri nets. The
basic interface element is a modular Petri net, whose selection tabs call the different
layers. All places and transitions can be added into fusion sets and a side tab in the left
panel shows the properties of the fusion sets (Fig.[8).

3.3 Animation: Playing the Nets

EXHOST-PIPE features both Petri net models and manages fusion sets of places and
transitions. Consequently, the original animator had to be modified: specific enabling
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conditions and firing rules are contained in the transitions themselves and fusion sets
are defined within the modular Petri net object.
The modified animation process now:

1. checks whether each transition is enabled: when a transition is possibly enabled
(according to the Petri net fundamental equation), the associated specific condition
is checked (colours, incoming events, numerical condition. . . ),

2. checks whether the fusion sets are enabled,

3. and finally follows one of the four implemented firing behaviours:

(a) prompt mode: the animation asks the user to choose the transition (or fusion
set) to fire;

(b) prompt on conflict mode: if there is only one enabled transition (or fusion set),
the animation makes it fire, otherwise the user is asked to choose the transition
to fire;

(c) random mode: the animation randomly draws an enabled transition (or fusion
set) and makes it fire;

(d) timed mode: the animation takes into account the time specifications: a time-
stamp is randomly drawn for each transition firing or place duration interval,
making use of a maximum likelihood parameter and a dilution factor. The tran-
sitions are drawn in ascending order of drawn firing times. If a firing time
interval is violated the animation exits with a time violation message.

3.4 Estimation of Particle Petri Nets

All the algorithms/operations that are useful for the estimation process have been imple-
mented in dedicated classes: prediction, weighting, resampling, ranking. .. The core of
the estimation process is to perform a prediction of the Petri net marking while waiting
for an observation to come.

The estimation process has thus been implemented as a multi-threading architecture.
When a new observation comes, the Gbser ver thread interrupts the Est i mat or thread
to have the correction performed. Then the Esti mat or uses the time between two
observations to predict the Petri net markings.

(a) Estimation of the vertical speed (b) Estimation of the altitude

Fig. 9. Aircraft state estimation: the dots are the observations; the lines are the means of particles
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Additionally, a frame has been added to display all the information and results that
concern the estimation process. On this frame, one can read the current time of estima-
tion, the latest observation, the particle equivalence classes, the correction graph, and
the possible detection of a conflict.

The PIPE interface has been modified to allow observation files and connection sock-
ets to be opened. Moreover an option has been created to log all the predicted and cor-
rected tokens in a file so that the data could be analysed and plotted using an external
tool (spreadsheets, plotters. .. ) Figure[Blshows the result of estimating the altitude of an
aircraft, from the Petri net of Fig.[Iland observations made on an aircraft simulator.

4 New Modules

In PIPE several plug-in modules offer services for Petri net analysis and comparison.
Other modules have been implemented in EXHOST-PIPE for performing some opera-
tions on the new Petri net types we have introduced.

4.1 Marking Graph

A module has been created to compute the occurrence graph of a Petri net. The Cccur -
r enceG aph module is quite simple as the Petri nets involved in the applications have
specific properties: (1) the estimation principle uses the Occur r enceG aph module to
compute the set of reachable markings of the safe Petri net associated to the particle
Petri net, and (2) the plan Petri nets do not contain loops and are bounded.

Therefore the occurrence graph is generally bounded and the algorithm is the classi-
cal one (no coverability tree method has been implemented yet).

4.2 Reduction

The reduction module implements the reduction rules as described in [4}15]. It organises
a coloured Petri net as a modular Petri net. The root layer features an “idle” place and
another place that summarises the whole net (Fig.[8). At each algorithm step the reduced
structure is placed on a different layer and its input and output nodes are linked with the
corresponding nodes in the initial layer by fusion. When required the place that replaces
the reduced structure is located at the geometrical mean of the places constituting the
reduced structure. Meanwhile the name of the new place is composed from the names
of the initial places by adding symbols to represent the type of reduction performed.
This property produces a complete semantics for the reduced places.

4.3 Projection

The projection module is currently being implemented. It will enable the user to project
the modular time Petri net on a token colour. The transitions and places that are not con-
cerned by the colour are removed as well as the tokens that bear other colours (Fig. [6)).
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5 Conclusion

In this paper we have presented EXHOST-PIPE, an extension of PIPE for designing,
analysing and playing ordinary, modular, coloured and time Petri nets as well as two
types of nets we have developed: particle Petri nets and plan Petri nets. The tool in-
terfaces according to PNML standards. Several plug-in modules implement analysis or
transformation algorithms and allow operations on both new kinds of Petri nets. The
user interface has been modified so as to help customising the displayed information.
A projection algorithm for coloured Petri nets is currently being developed. In the
near future the tool will be modified to interface in real time with external systems
(i.e. an aircraft simulator and a robot real-time executive) through socket connections.
ExXHOST-PIPE will be published as an open-source software afterwards.
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Abstract. Stochastic Petri nets (SPNs) have been proved useful for
the quantitative analysis of systems. This paper introduces ArgoSPE,
a tool for the performance evaluation of software systems in the first
stages of the life-cycle. ArgoSPE implements a performance evaluation
process that builds on the principles of the software performance engi-
neering (SPE). The theory behind the tool, i.e. the underlying SPE pro-
cess, has been presented in previous papers and consists in translating
some performance annotated UML diagrams into SPN models. There-
fore, ArgoSPE prevents software engineers to model with SPN since they
are obtained as a by-product of their UML models. The design of the
tool follows the architecture proposed by OMG in the UML Profile for
Schedulability, Performance and Time specification.

Keywords: GSPN, UML, UML-SPT, software performance evaluation.

1 Introduction

Performance evaluation focusses on the analysis of the dynamic behavior of
systems and the prediction of indices or measures such as their throughput,
utilization or response time. Among the different formalisms used in this field,
stochastic Petri nets (SPN) [I] have been proved as a very powerful one.

Concerning the performance evaluation of software systems, Software Per-
formance Engineering (SPE) [2] proposes methods to evaluate them in the
early stages of the development process. Being the Unified Modelling Language
(UML) [3] a standard de facto for software engineers, the SPE community has
adopted it to specify performance parameters in software designs, then defining
the UML Profile for Schedulability, Performance and Time Specification (UML-
SPT) [4].

Many approaches, see [5] for a survey, have arisen to derive from UML-SPT
specifications, performance models based on a given modelling formalism, such
as SPN. A step forward for the application of these approaches, and to contrast
its maturity, should be the development of tools that support their proposals.

* This work has been developed within the projects: TIC2003-05226 of the Span-
ish Ministry of Science and Technology; and IBE2005-TEC-10 of the University of
Zaragoza.
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The availability of these tools is a necessary condition for the industry in order
to apply these proposals and to discover the feasibility of the SPE research field.
The UML-SPT, being concerned about the problem, has proposed the main
steps and modules that any SPE tool should follow, see Figure [Il
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Fig. 1. Architecture proposed in the UML-SPT of OMG

Nevertheless, to the best of our knowledge, there not exist tools that fully im-
plement the remarked SPE methodologies and follow the UML-SPT proposals.
We guess that it is mainly motivated because the field is young. As a conse-
quence, software performance prediction is still accomplished by means of clas-
sical performance evaluation tools such as [6,[7,[8], that introduce a gap between
their methods and notations and those commonly used by software engineers.
Good news are that prototypes and first attempts to implement parts of these
approaches are arising in these last years.

In this paper, we present ArgoSPE, a tool for the performance evaluation
of software systems in the first stages of the development process. It is based
and implements most of the features given in our previous works [9,[10,11] and
gathered in [I2] as a software performance modelling process. So, the system
is modeled as a set of UML diagrams, annotated according to the UML-SPT,
which are translated into Generalized Stochastic Petri Nets (GSPN) [13]. The
UML diagrams used to obtain a performance model by means of ArgoSPE are
those considered in our process: statemachines, activity diagrams and interac-
tion diagrams. The use case diagram is taken into account in the process, but it
has not been considered in ArgoSPE yet. The class and the implementation dia-
grams (components and deployment) are used to collect some system parameters
(system population or network speed).

ArgoSPE has been implemented as a set of Java modules, that are plugged
into the open source ArgoUML CASE tool [14]. It follows the software architec-
ture proposed in the UML-SPT, see Figure[ll ArgoSPE has been used to model
and analyze software fault tolerant systems [I5] and mobile agents software [16].

The rest of the article is organized as follows. Section 2 presents the most inter-
esting features of ArgoSPE, while section [3l focusses on its software architecture.
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Section M surveys those tools prototypes, developed to analyze performance of
software systems, based on the UML-SPT. Finally, conclusions and further works
are exhibited in section

2 ArgoSPE Features

From the user viewpoint, ArgoSPE is driven by a set of “performance queries”
that s/he can execute to get the quantitative analysis of the modeled system.

We understand that a performance query is a procedure whereby the UML
model is analyzed to automatically obtain a predefined performance index. The
steps carried out in this procedure are hidden to the user. Each performance
query is related to a UML diagram where it is interpreted, but it is computed
in a GSPN model automatically obtained by ArgoSPE.

Moreover, the performance analyst, that has expertise in Petri net modelling
and analysis, can use the GreatSPN tool to compute domain specific metrics
using the GSPN models, that ArgoSPE generates automatically.

2.1 Queries in the Statechart Diagram

A statechart models the behavior of a class. Figure 2] depicts an example of
statechart that models a Consumer class and a very simplified version of its
GSPN translation.

— State population. This query computes the percentage of objects in each
state. For example, in Figure B the 40% of the objects could be Consuming
and the others WaitingForProducer.

The query can be useful to detect saturated software processes or to know
how an agent shares out its execution among different tasks (states). The
state population is obtained by dividing the number of objects in the state
among the mean number of objects that populate the class.

For instance, in the state WaitingForProducer, the State population is
computed by dividing the mean marking of place p9 among the initial mark-
ing of the net in place p1.
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Fig. 2. Statechart and its corresponding GSPN
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— Stay time. Represents the mean time that the objects of a class spend
in each state. For each state, this value is computed by dividing the mean
number of objects in it among its throughput, therefore, applying the Little’s
Law.

In the example of Figure 2 the Stay time of the state WaitingFor-
Producer represents the mean time that a Consumer spends waiting for
consuming, and it is computed by dividing the mean marking of place p9
among the throughput of the transition t5.

— Message delay. When the sender and the receiver of a message reside in
different physical nodes, this query calculates the time spent by the mes-
sage to reach the receiver’s node. This value is straightforward calculated by
dividing the size of the message among the network delay (see section [2.2)).

2.2 Queries in the Deployment and Collaboration Diagrams

The deployment diagram specifies the execution architecture of a system. Hard-
ware resources are represented as nodes where software components can be de-
ployed. Moreover, the physical network connections are modeled as relationships
between nodes.

— Network delay. Calculates the network delay (bit rate) between two non
adjacent hardware resources (nodes). Given a system configuration, the net-
work delay is useful to find the node where a new software component could
be deployed, i.e. the node that minimizes the delay of the component’s mes-
sages.

The collaboration diagram is an interaction diagram that focusses on how
objects exchange messages. It describes the behavior of the system in a specific
context (scenario).

— Response time. For a given collaboration diagram (system scenario), this
query computes its mean response time, i.e., the mean duration of a certain
system execution.

2.3 Performance Annotations

ArgoSPE uses as input a UML-SPT annotated model, i.e. UML models have to
explicitly include performance characteristics. These performance annotations,
defined in the UML-SPT, are made by means of the UML extension mechanisms:
stereotypes and tagged values.

The stereotypes specify the main performance characteristics of the UML
model elements, while the tagged values specify the attributes of the stereotypes.
As an example, see the performance annotation in Figure[2, where the stereotype
PAstep means that DoConsume is a computation step, while the tagged value
PArespTime models its response time.

The UML-SPT defines a Tag Value Language (TVL), a subset of the Perl
language, that allows to specify complex and parameterized expressions in the
tagged values.
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The annotations supported by ArgoSPE are those necessary to compute the
proposed performance queries, see Table [Tl

Table 1. Performance annotations in ArgoSPE

Annotation Stereotype Tagged value Unit Model elements and
Diagrams
Activity PAstep PArespTime ms, s, m, h Activities in the SC
duration and AD
Probability PAstep PAprob - Transitions in SC & AD
Messages in the Coll.
Size PAstep PAsize b, B, kb, kB, Messages in the
Mb, MB SC and Coll.
Network PAcommu-  PAspeed bps, Bps, Deployment
speed nication kbps, kBps,
mbps, MBps
Population PAclosedLoad PApopulation - Class in Class diagram
Initial state PAinitial- PAinitialState $true or State in the SC and AD
Condition $false
Resident classes GRMcode - - Deployment

3 Software Architecture

ArgoSPE follows the architecture proposed in the UML-SPT [4], see Figure [1
The ArgoUML [14] CASE tool works as the Model Editor, while the ArgoSPE
modules implement and coordinate the Model Configurer and the Model Pro-
cessor (Model Convertor, Model Analyzer and Results Convertor) functions.
Figure Bl depicts the ArgoSPE menu inside the menu bar of ArgoUML.

3.1 Model Editor

The Model Editor is used to create and modify performance-annotated UML
diagrams.

ArgoUML allows to model and to annotate the UML diagrams involved in
the translation process [9,[I0,11]. ArgoUML, as most CASE tools, exports UML
models into XMI [I7] files, allowing the standard exchange of information with
another tools.

From the performance-annotated UML diagrams, ArgoSPE creates a param-
eterized XMI file, that will be an input for the Model Configurer. This XMI file
contains the modeling and performance information of: the statecharts, describ-
ing the behavior of the classes in the system; the activity diagrams, specifying the
activities of the statecharts; the deployment diagram, that gathers information
about physical nodes location and network transmission speed; the class diagram
with information about the system workload and the collaboration diagram.
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Fig. 3. ArgoSPE menu inside ArgoUML

3.2 Model Configurer

The Model Configurer functionality, see Figure [, consists in converting a pa-
rameterized UML model in XMI format, into a configured UML model using
a configuration data set. The main target is to substitute in the XMI file, the
tagged values written in TVL with parameterized expressions that represent the
performance annotations, for the equivalent evaluated expressions.

The first task is to parse the XMI file, obtaining a tree structure, called
Document Object Model (DOM) [18]. This one is visited recursively from its
root node into their children nodes to search for performance annotations. So,
a list of XMI identifiers with known stereotypes is extracted. For each element
in that list, a TVL expression is obtained, some of them with variables, that
will be evaluated, then modifying the tree. At the same time, a symbol table is
created containing the performance annotations. Finally, the tree is serialized to
an XMI file.

Since the TVL expressions can contain variables, ArgoSPE prompts the user
to choose a configuration file containing a configuration data set. An example of
this kind of file is depicted in Figure [4l

#A very simple configuration file written in Perl
$value=5;

$value2=10;

$value3d=($value<40)7100-$value2:100;

Fig. 4. A configuration file
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ArgoSPE evaluates this file by invoking a Perl interpreter to get the actual
value for variables and expressions. Then, for a performance annotation like
<<PAstep>>{PArespTime=($value, ’s’) } the variable $value will be evaluated
and replaced according to the configuration file (e.g. the one in Figure ), so the
evaluated expression will be <<PAstep>>{PArespTime=(5,’s’) }. Multi-valued
expressions are supported by ArgoSPE.

3.3 Model Processor

The Model Processor turns the configured model, obtained from the Model Con-
figurer, into an analyzable model (GSPN model), analyzes it and returns the re-
sults. These tasks are respectively addressed by the Model Convertor, the Model
Analyzer and the Results Convertor.

Model Convertor. The Model Convertor module encapsulates the translation
process from the configured model into the target performance formalism. There-
fore, in ArgoSPE it is a heavy process that implements the translation theory
proposed in [9,[I0,1T,12]. The GSPN models are obtained in the GreatSPN file
format [7].

The high-level algorithm implemented in the tool for the Model Convertor is
illustrated in Algorithm [l Note that it needs as inputs not only the configured
XMI, as proposed in the UML-SPT, also the symbol table, that allows to speed
up the translation process, but it increases the module coupling.

The lines 2 to 14 correspond to the translation process of the statecharts and
its associated activity diagrams. Then, a GSPN, called SysGSPN, that models the
whole system behavior is obtained by merging the Petri nets of the classes (line
26). The translation of the collaboration diagrams is described from lines 17 to
24. The result is a set of GSPNs, Scenario,;GSPN, each one modeling the scenario
specified by the collaboration diagram .

Model Analyzer. The Model Analyzer implements the performance queries
described in sections [2.1] and Concretely, the queries for the statecharts are
computed using the SysGSPN net. While the Response time query for a collabo-
ration diagram ¢ is computed in the Scenario;GSPN net.

The Model Analyzer invokes the GreatSPN programs to get the answers to
the queries. ArgoSPE currently uses the GreatSPN programs that implement
analytical/numerical techniques. The use of GreatSPN simulation techniques
will be considered to complement the results.

Results Convertor. The main function of the Results Convertor is to convert
the results of the analysis back to the UML Model Editor, in a way that a
software engineer can interpret them easily.

In the current version of ArgoSPE, the returned results are directly displayed
by the Model Editor in a simple message window, then not directly in the UML
models.
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Algorithm 1. Model Convertor
Require: A configured XMI file and a symbol table
Ensure: A set of GreatSPN models (SysGSPN, Scenario; GSPN)
1: UML diagrams « XMI file

2: for all class ¢ € Class diagram do

3: if c has Statechart then

4: node < Locate node in Deployment diagram(c)

5: A «— Activity diagrams associated with ¢

6: for all Activity ac € A do

T pa <« Annotations associated with ac € symbol table
8: acGSPN[j] « TranslateToGSPN(ac,pa)

9: end for

10: sc «— Statechart associated with c

11: pa <— Annotations associated with sc € symbol table
12: scGSPN « TranslateToGSPN(sc,pa,node)

13: clGSPN[k| «+ Merge(scGSPN, acGSPN[])

14:  end if

15: end for

16: SysGSPN « Merge(clIGSPN]])

17: for all class ¢ € Class diagram do

18:  C « Collaboration diagrams associated with c
19:  for all Collaboration co € C do

20: pa < Annotations associated with co € symbol table
21: coGSPN[i] < TranslateToGSPN(co,pa)

22: Scenario; GSPN « Merge(SysGSPN,coGSPN]i])

23:  end for

24: end for

4 Related Work

A number of performance evaluation tools based on Petri nets have been devel-
oped in the last decade, such as Mébius [6], GreatSPN [7] or TimeNET [8]. But
in this work, we only revise and compare those tools that focus in the SPE field.

DSPNexpress-NG [19], proposed by Lindemann et al., constitutes a framework
that can evaluate both discrete-event systems specified as Petri nets and UML
system models. It uses UML statecharts which are not annotated according to
the UML-SPT, and transforms them into deterministic and stochastic Petri nets
(DSPNs) to obtain numerical solutions.

Distefano et al. [20] developed a performance plug-in for ArgoUML. Follow-
ing the UML-SPT, they focuss on use cases, deployment and activity diagrams
and introduce an intermediate model, which is used to gather performance in-
formation. This intermediate model is transformed into SPN and analyzed with
a web-based non-markovian Petri net tool.

Using formalisms different from Petri nets, Petriu and Shen [21] propose an
algorithm to transform activity diagrams into LQN models. They obtain the
XML files from existing UML tools, and change them by hand in order to add
performance annotations to the different model elements. The tool of Gilmore
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and Kloul [22] uses ArgoUML to compile statecharts and collaboration diagrams
through a process algebra language. D’Ambrogio [23] introduces a framework to
automatically translate LQN models from annotated activity and deployment
diagrams. Cortellessa et al. [24] propose a tool that in two phases gets a pa-
rameterized QN from use cases, sequence diagrams and deployment diagrams.
Marzolla and Balsamo [25] transform annotated use case, deployment and ac-
tivity diagrams into a discrete-event simulation model.

5 Conclusion and Further Work

Petri nets are recognized as a useful modeling paradigm for the performance
evaluation of a wide range of systems. Nevertheless, most software engineers do
not feel comfortable far from their pragmatic (non formal) modeling languages,
such as UML. Moreover, engineers find easier and more productive to use only
one modeling paradigm for all the project stages. Since ArgoSPE obtains GSPNs
as a by-product of the software life-cycle, software engineers can use their UML
models to assess system performance properties.

A number of new features can improve the tool: First, the more system prop-
erties assessed the more useful the tool become. New performance queries have
to be implemented. Second, a standard format, PNML [26], could be the target
file format, then gaining the possibility to use other Petri net analyzers.

Acknowledgments. The authors would like to thank Aitor Acedo, Borja
Fernandez, Luis Carlos Gallego, Alvaro Iradier, Juan Pablo Lépez-Grao and
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Availability. ArgoSPEis GNUsoft. Downloadat:http://argospe.tigris.org.
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Abstract. This paper describes Petriweb, a web application for man-
aging collections of Petri nets.

When a collection of nets is large or has multiple users, it becomes
difficult for users to survey the collection and to find specific nets. Petri-
web addresses this issue by supporting arbitrary content-based filtering.
Nets can be assigned properties with values of arbitrary types. Proper-
ties can be used in searching and are displayed in search results. Their
values can be manually assigned by users or derived automatically by
applying a tool. This allows server-side integration of Petri net analysis
tools. Properties can also define translations to output formats, on which
the user can invoke client-side viewers and analyzers. Petriweb supports
communities: members submit nets and property definitions, community
moderators approve them.

The paper discusses Petriweb’s features and architecture, and how it
relies on the proper application of a common document format for Petri
nets, the Petri Net Markup Language (PNML).

1 Needs for Model Repositories

Many tools exist to support the modeling process. One tool may be better suited
for designing models, another for analysis. Therefore, in a typical development
or research environment, multiple tools are used in combination. This creates
the need to work on the same models with different tools. This can be addressed
by defining a standard file format that all tools can use.

Models need not only be shared by tools, but also by different users. For
instance, a model may need to be reviewed by a colleague of the designer. We
can send the model, and the colleague can open and use the model, but as soon
as new versions appear, it becomes hard to make sure the right version is always
used. Here, a shared location for the models is needed.

A shared collection of models also encourages users to reuse existing models
or parts of them. This can be useful for different kinds of users. Designers, who
employ modeling to describe and design systems, can use this to streamline the
modeling process. Researchers and educators can build up collections of models
used as illustrations, e.g. examples or counterexamples in proofs.

Most collections of models will be assembled in the context of a specific
project, with a small group of participants. But collections can also be turned into

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 411-20 2006.
© Springer-Verlag Berlin Heidelberg 2006
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company-wide or world-wide resources. In such cases, users will rarely be familiar
with all the models in the collection, and collections can grow quite large.

Various solutions can be considered to support these needs. The simplest
approach is to use a shared (web) location for models, but this does not offer
any help in organizing them. An improvement is to use standard version control
software, such as CVS or Subversion. However, these systems still require the
users to be familiar with the organization of the material in terms of file names
and directory structure. For larger collections, or an open-ended user base, this
does not suffice. Additional facilities for searching and browsing will be required
that employ knowledge of the model contents. Specialized repository software is
needed that combines general file management with domain specific knowledge.

A specific domain to support at our university is process modeling with Petri
nets. Many examples in course material and exercises are reused over the years;
they are often recreated from memory or from paper. It is attractive to make
such examples available in a shared repository, accessible by both students and
teachers. Here, the need for both browsing and searching facilities is evident.
Since users recognize Petri nets by their graphical representation, browsing the
collection can only be supported with a graphical browser. In larger collections,
users also need to filter the collection based on properties of the content. For
instance, users may want to find examples of Petri nets that are bounded and
contain a deadlock.

Petriweb is a web application for maintaining repositories of Petri nets. A
Petriweb installation can host many different collections, each with their own
administrators and users. The software is portable; different Petriweb installa-
tions can be easily installed.

2 Petriweb

2.1 Model Retrieval

Knowledge about the contents. The main focus of Petriweb is how to re-
trieve a specific Petri net in a collection. To be able to search for Petri nets by
giving criteria, Petriweb needs to have knowledge about the Petri net.

An example query Petriweb needs to support: “Find the smallest net present
that is live, unbounded and free-choice”. Another example, from a developer’s
perspective: “Find a component with this interface and performing task P”.
Queries must also include metadata, e.g. the author or original publication of the
net. We see that Petriweb must support different kinds of properties: structural
properties, e.g. the number of places; behavioral properties, such as boundedness
or liveness; and metadata.

Properties. Giving search criteria in terms of properties is a powerful manner
of retrieving the correct Petri net. Petriweb supports different kinds of properties
on Petri nets. These are:

— Metadata
— Application characteristics
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— Structural and behavioral properties
— Transformations

By allowing metadata as properties in Petriweb, the user uploading the net can
specify related information about it, such as when it was created, by whom, etc.
This kind of property can narrow search results.

Application characteristics describe what the model is about: in what domain,
for what purposes, etc.

Simple structural properties can be determined by simple programs, while
more complex structural and behavioral properties such as free choice, liveness,
boundedness, can be determined with existing Petri net analysis tools. Many
such tools can be called as filters that take a net as input and produce results as
output. Petriweb can incorporate this through automated properties. These are
not specified by the user while uploading the net, but instead, computed auto-
matically by invoking an XSLT stylesheet or an external command. This allows
non-trivial structural and behavioral properties to be determined automatically;
they can even be used in search criteria.

This mechanism can also be used to automate conversions from PNML to
other file formats, e.g. the TPN format of Woflan [I1]. Calling an analysis tool
is often preceded by a transformation, but the results can also be presented to
the user, e.g., as the input for a client-side tool. In supporting transformations,
Petriweb becomes more than a repository: it functions as a mediator between
different tools and formats.

View Petri Nets. Not only searching on properties is important, the graphical
representation of a Petri net is also a great help in finding a specific Petri net.
It is hard to describe a Petri net in words, such that others can find it; the
graphical display of a net is much easier to recognize. Therefore, search results
do not only list the Petri nets’ names and properties, but also display them as
diagrams. This allows a combination of searching and browsing.

www.petriweb.org

Notlogged in

Select nets by specifying required properties
With the repository:
Help me
» Search net

Choose the required properties below

Structural properties of the graph
« Editors [ 3] strongly_connected yes no « (ignored)
About Petriweb @ E& comnected yes no < (ignored)
@ £ free_choice yes no < (ignored)
@ L communication_protocol complex [|na pipe simple
Behavioural properties dependent on initial marking
@ i jve yes no = (ignored)
@ @pounded yes no < (ignored)

I want to search on these property values! || Reset all property values ta ignored

Fig. 1. Property based searching
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www.petriweb.org

Name: Aor B

Not logged in X
Structural properties of the graph
Niththe reposiory @ strongly_connected Unknown
« Searchnet O comected Unknown
+ Login 0 Bpiaces Unknown
Nith external files
B Eree_choice Unknown
View net =
 Check net @& communication_protocol Unknown
+ Editors Behavioural properties dependent on initial marking
About Petriweb Ove Unknown
O &bounded Unknown
Exported File formats
O Euofian clicktoview
PNML (regenerated). click to view
PNML (original) click to view
Iwant to change the properties of this net | 1 want to delete this net |
Name: basiciransformations
Structural properties of the graph | =] OO0

-~

Fig. 2. Search results

2.2 Model Management

Addition. Petriweb has been designed for public and private use. Petri nets
can be shared within a community. Anyone can register at Petriweb and upload
their own Petri nets. To allow this, a standard file format is used for uploading
Petri nets: the Petri Net Markup Language (PNML). Before adding the Petri
net, Petriweb first checks its syntax against a PNML syntax definition [12]. The
net is then parsed and stored.

Approval. While anyone can be registered at Petriweb and upload Petri nets
to it, nets go through a built-in approval mechanism. A net can be in three
possible states: uploaded, approved, or deleted. After a user uploads a Petri
net for a community, the community moderator receives a notification and can
decide whether the Petri net is approved or denied. In this way, collections remain
manageable.

Retrieval. Sharing the Petri nets also means that it is possible to download
and use the Petri nets from Petriweb. Petriweb supports this in two ways, by
allowing downloading the original uploaded file, or a file generated from the
parsed information. In this way it is possible to serve as many tools as possible.

2.3 Users and Communities

Petriweb is primarily intended to serve the public community by sharing Petri
nets. Users may not want to share their Petri nets with the total public com-
munity, but only with a small group of users. Therefore, Petriweb features a
built-in mechanism to support communities. Each registered user can request a
community. After the Petriweb administrator has approved the request, the user
becomes moderator of the private community and can invite users to join. In
this way restricted project areas can be defined and used, with the full search
and properties functionality of Petriweb.
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2.4 Architecture

Storing knowledge. Petriweb is based on the data schema given in Fig. Bl It
consists of three parts:

— the structure and marking of the Petri net,
— the graphical information to display the Petri net, and
— the properties associated with the Petri net.

Petriweb supports component based models: definitions define the behavior and
structure, and can be instantiated in other definitions. Each Petri net definition
is either a transition definition or a (sub)net definition. For every transition and
subnet, its definition and its instance are stored. Every instance is a part of a
(sub)net. The relation between ProcessInstance and Subnet depicts the hierarchy
of the Petri net. Places are also part of a (sub)net. A marking is stored in the
MarkingInformation table. A Petri net can have a trace of markings (a firing
sequence); this information is stored in the StateHistory table. Multiple markings
and traces per net are supported. Arcs are not considered as separate objects in
the Petri net, but instead, both transitions and subnets have connectable pins.
These pins connect instances with places or other pins. Due to the separation of
definition and instance, a distinction is made between formal and actual pins.

ProcessDefinition Processinstance 2DVector
PK < PK PK |2DVectorid
type FK3 | PositionedElementld x
i Y Name ¥
Subnet \ y
Description
PK ‘;mm,nn le— DescriptionVector
FK1
FK1 [ ProcessDefld FK2 | Subnetid
7'y A3 4 Rl
Transition — [:PK Pathld
PK | Transitionid FK2 | NextPadld
PK FK1 | Vectorld
FK1 | ProcessDefld . y
Transformation Paslionld
" Sizeid
T 4 ActualPin
PK | ActualPinid
L - FK2 | PlaceOrPinid
FormalPin B FK3 |FormalPinid
PK | FormalPinld N PlaceOrPin FK4 | Pathid
> A FK1
FK3 | PlaceOrPinid PK _|PlaceOrPintd N ok
FK1 | ProcessDefld Place FKt - | Description
PK | Plageld Name DescriptionVector
S > Inscription
FK2 | Subnetid Deseription InscriptionVector
FK1 i
Kind
StateHistc
Markinginformation aleHistory
prmsm s S e " " . PK |stateHistoryld
! -
| Erneies ] ] — FK2 |Processinstid
I[Pk Jeropertvia |1 |EKS | St FK1 |NextState
|
0 1 Value
I Approved | "
| R ! ValueVector
| Property ‘L 7777777777777777777777777777777777777
I Type “
] Userlnfo |
) UseCommand PropCategory NetProperty I
| Command ¥
! Searchable PK | PropCaild PICEK 1
| XSLT > I
| |Fk1 | Propcatid Name Naam !
! \HOrdor Description Approved !
! FilsEst InOrder Deleted |
I MimeType Rejected !
| Searchable !
| Userld ¥
] PNMLCode |
L |

Fig. 3. Data schema of Petriweb
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Users UserCom Community

PK |Userld PK.FK1 | Userld PK |Ce
PK,FK2 | Ci Ii

A d

password Name
login iy K1

OriginalName

Fig. 4. Communities and their users

A formal pin is part of the definition, an actual pin is an instance of the formal
pin. Graphical information is part of the data schema, although not all relations
are drawn in the figure.

Properties. Properties in Petriweb are stored in the table Properties. Each
property belongs to a specific category. The table PropCategory contains infor-
mation about the different categories. The table NetProperty contains the values
of properties of (sub)nets in the repository. The table contains some standard
properties that should always be available for every Petri net, such as its name,
the location of its file and whether the (sub)net is approved. For each property
defined in Petriweb (thus an entry in the table Properties) a column is present in
this table. Automated properties can be derived either by applying a stylesheet
(XSLT) or by calling a tool on the command line. The output is parsed into the
database.

Communities. To support communities, it is of importance to separate the
different communities from each other, in such a way that there is no connection
between them. An advantage of this approach is that only properties needed in
the community are stored and shown. To support this, each community receives
its own database to fill. In order to administer the different communities, the
data schema of Fig. @ is used.

Implementation. The design of Petriweb is component based (Fig. [B). It is
divided into three main components: repository, viewer and checker. The repos-
itory uses the viewer and checker. All components are designed and imple-
mented as stand-alone applications. It was a goal to provide easily installation
on different machines[l. The implementation in PHP with MySQL meets this

goal.
-
Repository “

Checker H Viewer

Fig. 5. Component model

! Petriweb has been tested on two platforms: Linux and Microsoft Windows.



Petriweb: A Repository for Petri Nets 417

3 PNML: The Petri Net Markup Language

Petriweb was designed to be used with as many different tools as possible. Hence
it relies on a standard file format, and Petriweb is based on the Petri Net Markup
Language, PNML [I][4][12], a draft ISO standard interchange format for Petri
nets. Many tools already support PNML, and it is well-described, which makes
it easy to write translators for tools that do not support it. Petriweb employs
such translations automatically by means of automated properties.

PNML defines a basic syntax for flat colorless Petri nets, and an extension
mechanism, PNTDs [13], to define syntax for additional features. Some exten-
sions, e.g. structured PNML to denote hierarchy, are part of the standard. The
PNML supported by Petriweb is defined by a specific PNTD we call EPNML 1.1.
It encompasses basic Petri nets, as defined in [13], and most structural nets2.
Further, it defines special arc and transition type&ﬁ. These are employed by some
of our tools, such as the Yasper editor [5][6].

3.1 PNML Viewer

PNML offers a way to store graphical information in the net. Therefore, Petri-
web contains a basic Petri net viewer, that displays the Petri net as a Portable
Network Graphics (PNG) image. The viewer supports hierarchical Petri nets;
the user can browse through the different levels of a Petri net by clicking in the
images. The viewer is implemented as a stand-alone web application. It can also
animate firing sequences. Traces have to be uploaded in a special-purpose file
format.

3.2 PNML Checker

Petriweb ensures that only correct PNML files are uploaded, by running them
through a checker. This checker validates the file against the PNTD of EPNML
1.1. APNTD is a RELAX NG [2] specification that extends the standard PNML
definitions. The checker can also be used as a stand-alone application.

3.3 Issues with PNML

Despite the power and clarity of the PNML standard, interoperability problems
remain. Generally they are due to the following issues:

PNML is a moving target: The PNML standard still changes in details. At
present there are three versions to cope with: the current ISO draft [I], the
currently published RELAX NG syntax definitions, and the original PNML as
used by the Petri Net Kernel [§].

The differences between the first two are minor; for instance, in structured
PNML, the ISO draft requires that all elements are included in a page element,
which the syntax definitions do not.

2 Some extra restrictions on reference nodes apply.
3 The fully documented specification can be found in [14].
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The last two have major incompatibilities, e.g. in the handling of hierarchy.
We have found that even new tools sometimes produce PNK-compatible PNML
instead of standard-conformant PNML.

Tools implement PNML incorrectly: Sometimes, nets being uploaded fail to val-
idate for petty technical reasons, e.g. a failure to use XML namespaces properly.

PNML is open to interpretation: Some details left open in the PNML speci-
fication may lead to practical interoperability issues. For instance, the unit of
measurement of graphical coordinates is not specified.

PNTDs are too liberal: In order to maximize interoperability between tools,
PNML extensions (PNTDs) should be very conservative:

— all PNML documents that conform to the base definition should also conform
to the extended definition, whenever this makes sense
— all such documents should continue to have the same interpretation

The first rule is broken by the present ISO draft, which, for structured PNML,
requires every element to be in a page. With this requirement, basic (flat) PNML
and structured PNML become disjoint sets of documents. In order to support
compatibility with tools for flat Petri nets, designers of hierarchical Petri net
tools will now need to support both basic and structured PNML, and take care
that a net that happens to not use hierarchy is always written as basic PNML.

The second rule was broken by our own extension, EPNML. It adds a type
label to arcs that determined their directions. The choice of source and target
used to be defined as arbitrary. This breaks compatibility with tools that do not
recognize our arc types. In EPNML 1.1, the arc type and the choice of source
and target must agree.

These examples demonstrate how easy it is to accidentally break interoper-
ability when designing Petri net extensions in PNML. If the utmost care is not
taken, PNML will not achieve its intended purpose; it will just be a convenient
mechanism for defining toolspecific file formats for Petri net tools.

No support for constraints: Precise syntax checking is crucial to a tool such
as Petriweb. However, both standard PNML and our own extensions impose
constraints on the use of PNML that cannot be expressed in RELAX NG (or,
for that matter, in XML Schema). More accurate syntax checking can be attained
by adding a mechanism to express constraints, e.g., Schematron [7].

4 Future Work

Petriweb is installed at http://www.petriweb.org/; we are populating it with
collections of Petri nets. Specifically, we collect a large set of ‘interesting’ nets for
researchers, as well as well-known standard Petri nets, e.g. from [3], [9], and [10].

Automated properties are a useful feature. They provide for the invocation of
file format conversions and analysis tools in a batch run. However, the commu-
nication between Petriweb and tools leaves room for improvement.
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A facility for batch uploading and downloading would be very convenient.

Support for communities could be further improved. At present, there is only
one community with public access; it would be useful if there could be more.
Further, it would be very useful if nets and property definitions could be shared
among communities.

Adding support for version control will greatly aid the gradual development
of models.

Another possible improvement is the unification of Petriweb properties and
PNML labels. When retrieving Petri nets from Petriweb, the properties defined
in Petriweb would be included into in the PNML. Conversely, when a net is
uploaded, any of its attributes already present in PNML would show up as
Petriweb properties. This can be taken one step further, by automatically gen-
erating PNTDs corresponding to properties defined in Petriweb. Thus, Petriweb
can be turned into a tool for creating and managing PNTDs.

At the moment, only static Petri nets are stored with a single initial marking.
It is not yet possible to add occurrence sequences to a Petri net. The datamodel
supports this extension, but it is not yet integrated in Petriweb.

5 Conclusions

The use of repositories to handle large collections of models helps the researcher
and designer in his or her work. Petriweb is a repository to handle such collec-
tions. Multiple collections are supported by a single Petriweb installation.

A stable version of the Petriweb software is installed at www.petriweb.org. It
is a fully functional prototype, and demonstrates the benefits of such repositories.
The manual and automated property definition mechanisms allow for powerful
search facilities. Automated properties also provide an elegant mechanism for
batch processing on nets, used for structural and behavioral Petri net analysis
and for file format conversions. A graphical Petri net viewer is integrated to
support browsing.

Petriweb would be useless without a good standard file format for Petri nets.
The qualities of PNML make it a good choice, but it can be improved in various
respects.
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Geist3D, a Simulation Tool for Geometry-Driven
Petri Nets
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Abstract. Petri Nets have proven useful as a language for expressing
distributed control logic. This paper presents a tool that integrates the
formalism with virtual reality technology in order to model function-
ing mechatronic systems in 3D. A virtual environment generates sensor
telemetry and reflects the state of actuators by computing the geomet-
ric and physical properties of a system and the surrounding environ-
ment. Petri Nets, combined with the Python programming language,
model control systems in terms of virtual sensors and actuators. This
methodology simulates the interactions between the structure and logic
of mechatronic systems, allowing for an early verification of designs.

1 Introduction

Physical prototypes generate realistic input when testing control systems and
therefore play an important role in the development process. However, function-
ing components are often not readily available and opportunities to evaluate a
system are lacking. Yet, the costs of correcting control system errors at a later
stage of development can be orders of magnitude higher than had they been
discovered earlier on. In the absence of physical prototypes, the opportunity to
analyze a model for flaws should therefore always be taken [I]. Software-based
simulation is an effective tool to project designs forward in time and explore a
greater solution space more safely.

This paper introduces a method for simulating the control of distributed
mechatronic systems using a combination of virtual reality technology and Petri
Nets [6]. The Petri Net constructs model distributed control logic and a com-
puter generated virtual environment simulates the natural artifacts which lead
to sensor telemetry. The goal is to re-create the feedback loop between the logic
and environment, which physical prototypes close implicitly through natural
processes. A modelling tool called Geist3D was specially constructed to support
Geometry-driven Petri Nets by combining a Petri Net editor and kernel with
the Python programming language and a virtual reality component into a single
development environment.

The title of this paper refers to Geometry-driven Petri Nets, and the focus was
to present the research from that viewpoint. However, the virtual reality envi-
ronment is also an important component which encapsulates the results of much
research and development effort. Yet, only a small subset of its functionality
is introduced in this paper. The development environment including a number

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 42130 2006.
© Springer-Verlag Berlin Heidelberg 2006
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of models is available for download at www.geist3d.org. The following sections
discuss related work, define the modeling language, present an application of the
language and discuss future research.

2 Related Work

Industry routinely uses factory simulation tools such as Flexsim or Delmia to
model repetitive assembly processes in 3D [2] [E]. Many types of manufacturing
systems are inherently designed so that components are always in the proper po-
sition during manufacture. Devices mostly traverse predetermined paths through
space and there is little need for sensor telemetry to monitor the surrounding en-
vironment. The corresponding control systems can therefore be modelled using
a collection of fixed animation sequences.

Research efforts now focus on methods for simulating autonomic [3] or adap-
tive [5] mechatronic systems. A growing number of groups are developing sim-
ulation tools which are characterized by integrating feedback from the virtual
environment with the logic that defines the animation [7] [§] [16]. All of the tools
in this domain have to represent an environment capable of generating realistic
telemetry. However, most do not include a process modelling language such as
Petri Nets to develop distributed control systems more effectively than by using
only a procedural programming language.

The most relevant related work with respect to Petri Nets is the CPN Tools
[9] development environment for Colored Petri Nets. CPN Tools appears to be a
more elaborate Petri Net simulation tool than Geist3D, because it also includes
methods to analyze the Petri Net graph and underlying process models. However,
CPN Tools does not include a representation from which to derive meaningful
physical quantities such as sensor telemetry. Assumptions therefore have to be
made about parameters representing physical artifacts and many of the variables
in a mechatronics simulation have to be randomized or approximated.

Petri Nets have also been used to control animations before [20,2I]. The
basic concepts among these approaches and the one presented here are the same
— tokens represent artifacts in the virtual environment. However, in the literature
presented so far, Petri Nets have only been used to control the animation and
none of the internal variables depended on the state of the 3D environment.

3 Overview

Geometry-driven Petri Nets are a hybrid modelling language based on timed hi-
erarchical Colored Petri Nets and the Python programming language [10]. The
Petri Net constructs express concurrency and synchronization, and the Python
scripts define discrete time step algorithms that control actuators and interpret
sensors. The scripts are attached to individual Petri Net constructs and evalu-
ated as it executes. At the same time, the virtual reality component generates
sensor telemetry and reflects the state of actuators. Most of the artifacts in
the virtual environment can become tokens or variables in the Petri Net. This
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section provides an overview of the virtual reality and Petri Net components,
respectively.

3.1 Virtual Reality

Virtual reality technology is based on software that simulates artifacts of the
physical world in real time. A virtual environment can therefore reflect the ef-
fects of mechanical actuators and produce sensor telemetry. Geist3D contains a
growing number of algorithms that model a variety of artifacts, including terrains
and buildings as well as mechanical systems in terms of rigid body dynamics.
Gradient fields and real-time Delaunay triangulations are also supported to an-
notate the environment with contextual information and maintain proximity
among objects. A number of different types of sensors are also available, in-
cluding range finders, collision detectors, radio transmitters and receivers, force
sensors and gradient field sensor.

A scene tree is a common data structure to organize the artifacts of a virtual
reality system. The recursive hierarchical decomposition of trees supports effi-
cient divide and conquer algorithms for rendering, collision detection and meth-
ods to synthesize sensor telemetry [I1]. The scene tree nodes contain information
such as geometric description of surfaces, material properties, light sources and
viewpoints. The rendering process generates a single image by applying each
node to the current drawing state in the order that they are encountered during
a traversal. The contents of the nodes as well as the structure of the tree there-
fore determine the visual properties of the scene. Animations are produced by
changing the structure or the content between rendering steps.

The Petri Net constructs in Geist3D are also treated as scene tree nodes.
As a result, transitions and places contain additional contextual information
such as a position and orientation in 3D space. Although the benefits of these
new properties have not yet been explored, it appears that relating the Petri
Net constructs with objects in the virtual environment provides good cognitive
support when constructing and maintaining models.

3.2 Geometry-Driven Petri Nets

Geometry-driven Petri Nets are a derivative of timed Colored Petri Nets. The
color sets can represent abstract data types which integrate well with a procedu-
ral programming language [I3]. Timed transition occurrences have traditionally
been designed to describe and analyze timed dynamical systems more effectively
[12]. In Geometry-driven Petri Nets, the durations are also used to execute dis-
crete time-step functions which animate the virtual environment.

A color set consists of tokens and variables. The token types include scene tree
nodes and integers, and the variables include sensors. All Petri Net constructs
can be annotated with inscriptions, or event handlers. Transitions contain pre-
fire, post-fire and in-fire handlers and places contain different sets of handlers for
each color type. Token colors, for example, contain OnDeposit and OnRemove
handlers which are called when the marking changes. The handlers of variable
colors depend on the types of sensors. For example, a range finder contains
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Fig. 1. Geist 3D application

OnChange and OnSample handlers which are invoked when the distance changes
or every time when the sensor samples.

The policies of Geometry-driven Petri Nets are close to timed Colored Petri
Nets. However, the tokens in Geometry-driven Petri Nets are still treated as
discrete entities. The <, >, 4+, — operators are therefore arithmetic functions
that add and remove tokens from the color sets and compare their size. In the
future, however, the operators may have different meanings. For example, adding
a token containing a triangle mesh to a place, adds the corresponding node as a
discrete entity to the set of tokens already on that place. Yet, it is also conceivable
that this operation merges the triangles of the mesh with another node. In this
case, only one node remains containing the triangles of both meshes.

In order to avoid redundancy and add structure to large scale systems, hier-
archal nesting of Petri Nets is supported in the form of place refinement [I7].
An entire Petri Net including a subtree of the scene are encapsulated by a page.
Pages can be instantiated and deleted, and Geist3D supports mechanisms to
propagate type changes to all instantiations. In the context of a mechatronics
simulation, pages represent different types of mechanical devices which encap-
sulate control logic and mechanical structure into a single entity.

4 Development Environment

Geist3D was specifically designed to integrate a 3D graphics engine and Petri Net
simulation tool into a single development environment. All of the components,
except the Python runtime environment and Open Dynamics Engine physics
library have been custom developed for this purpose. The main challenges in-
cluded developing and testing all of the algorithms and user interface widgets
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required to support a comprehensive environment, as well as determining how
to synchronize the frame rate with the execution of the Petri Net.

Geist3D includes numerous 3D graphical user interface widgets to construct
elaborate virtual environments. User can design systems in terms of shapes and
mechanical joints, including parameters such friction, masses and forces. Devices
can be placed in an environment constructed of elevation data sets or general
triangles meshes imported from 3D Studio Max. The laws of rigid body dynamics
implicitly hold true for all of the objects, which leads to simplified animation
control and realistic sensor telemetry.

Geist3D also includes a hierarchical Petri Net editor and a runtime kernel
which integrates the Python interpreter. The editor allows user to define hier-
archical Petri Nets including color sets using simple drag and drop operations,
and to develop and debug event handlers. Each scene tree node type publishes
a procedural programming interface consisting of Python objects, methods and
members. All parameters of the simulation are therefore accessible from the
scripts embedded within the Petri Net.

Figures [l and 2 depicts the Geist3D development environment containing a
simulation of a material handling systems. Only the virtual reality and Petri Net
views are shown. The application also contains an additional view which displays
the color set and event handlers of the currently selected Petri Net construct.

5 Example

This section illustrates an application of Geometry-driven Petri Nets by simulat-
ing a 4-way stop intersection. Cars arrive at the intersection randomly and then
either turn or continue on straight. If other cars are currently passing through the
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intersection, a driver has to stop and wait. The following paragraphs illustrate
selected aspects of the model in terms of the Geist3D user interface.

Figure [3] depicts the 3D model of a vehicle and the intersection. A gradient
field defines a road grid of four city blocks with the intersection in the center.
A vehicle consists of a grey box and a collision and gradient field sensor. The
sensors are displayed as a transparent red box in front of the vehicle and as a
vertical red line. The gradient sensor continuously samples the field below and
sets the velocity of the car to the value of the gradient. As a result, the cars
move along the paths defined by the topology of the field. A car stops when it
moves on top of a gradient with magnitude 0 or when the collision sensor detects
an object that is too close to the front of the car.

The intersection is controlled by the Petri Net shown in Figuredl Each of the
four transitions represents a direction from which cars can arrive. The place in the
center contains the gradient field as a token. It acts as a mutual exclusion ensuring
that only one transition fires at a time and that only one car enters the intersection.

Four additional collision sensors represent the stop signs at which cars have
to wait before entering the intersection. If a collision with the corresponding stop
sign sensor is detected and if the exclusion token is available then a transition

NS

SN

Fig. 4. Petri Net of 4-way stop
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becomes enabled and fires. At this point, it consumes the token and rewrites the
gradient field at the intersection to guide the car into one of the three directions.
Until the transitions deposits the token, no other transition can fire and all other
cars will stop when they reach the gradient of magnitude O at the intersection.

Figure Blshows the color set of the only place. It consist of four sensor variables
and one integer token arranged in a 2D grid of slots. Depending on the color type,
each slot has different properties such as background color and programming
interface. The letters in front of each row and the numbers above each column
uniquely identify a slot in an inscription function. For example, al.name refers
to the name of the collision sensor in slot al of Figure Bl The API of slots and
tokens depends on their respective types.

Figure[Glshows the color set of the transition which controls the traffic flow from
East to West. The color set consist of the gradient field and the collision sensor
in the East-West direction. When a transition fires then it executes the scripts
shown in Figure[Bl The pre-fire inscription randomly determines the direction of
a car and then changes the gradients accordingly. The post-fire inscription resets
the grid back to gradients of magnitude 0. The API of the gradient field includes
a set function that alters the value of the gradient at a particular grid point.

A place containing the collision and gradient field sensors in its color set is
used to model a car. The inscriptions set the linear velocity of the box to the
value of the underlying gradient field. Simple checks are performed to ensure
that that the collision sensor currently detects no obstacles.

6 Conclusion

This paper has outlined a new development environment for simulating mecha-
tronic systems using Petri Nets and virtual reality technology. This methodology
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Pre-fire script Post-fire script

import random
rand = random.uniform(0, 1)

if rand < 0.33: # turn left
self.b1.set(23,15,1,0)
self.b1.set(24,15,1,0)

self.b1.set(25,15,0,1)

self.b1.set(25,16,0,1)
self.b1.set(25,17,0,1)

elif rand < 0.66: # go straight
self.b1.set(23,15,1,0)
self.b1.set(24,15,1,0)
self.b1.set(25,15,1,0)
self.b1.set(26,15,1,0)

elif rand < 1.00: # turn right
self.b1.set(23,15,1,0)
self.b1.set(24,15,0,—1)
self.b1.set(24,14,0,—1)

self.b1.set(23,15,0,0)
self.b1.set(24,15,0,0)

self.b1.set(25,15,0,0)
self.b1.set(25,16,0,0)
self.b1.set(25,17,0,0)

Fig. 7. Inscription of Transition EW

helps to synthesis more correct Petri Nets, because parameters that otherwise
have to be approximated or randomized, are bound to a close approximation
of the structural and physical properties of a system. For example, the firing
durations in the model above express the amount of time that a car can spend
traveling through the intersection. Incorrect firing durations which may cause
cars to collide can be detected by observing the virtual environment. Since the
roads are expressed in terms of physical dimensions and since the cars move in
terms of velocities, it is likely that the final durations arc close to realistic. More
accurate analysis such as cycles times, are therefore to be expected as well.

7 Future Research

The types of systems which Geist3D can currently express are limited by the
types of supported sensors. An important research goal is therefore to provide a
more diverse set of telemetry by computing other natural processes. The scope
of this task includes areas such as computational biology and physics. Some
of the future plans include simulating plant growth using L-Systems [I5] and
articulated characters using neural network based controllers [14].

Geist3D should also support hybrid Petri Nets which can model fluid dynam-
ics in terms of ordinary first-order differential equations [I8]. Most of the nec-
essary infrastructure and graphical widgets already exist and little additional
development would be required. While Geist3D already supports hierarchical
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Petri Nets, it may further be useful to support higher-order Petri Nets in which
entire pages can become tokens [19]. This extension, however, requires a new
form of port place that provides an interface to the pages which occupy places.
It would also be useful to support analysis methods that automatically warn
users of undesirable or faulty designs.

Another important area of research is determining how to synthesize control
logic from a Geist3D simulation by mapping a Geometry-driven Petri Net to
embedded hardware. Webots, for example, uses the same programming inter-
face for the virtual sensors and actuators as for the ones in the corresponding
physical system. The control logic of the simulation is therefore interchangeable
between virtual and real robots. The Petri Net places in Geist3D already seem to
correspond to processors, and the arcs to communication links. The color slots
represent registers which are connected to networking or I/O devices and the
place inscriptions are interrupt handlers.
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Abstract. This paper describes the BRITNeY suite, a tool which en-
ables users to create visualizations of formal models. BRITNeY suite
is integrated with CPN Tools, and we give an example of how to ex-
tend a simple stop-and-wait protocol with a visualization in the form of
message sequence charts. We also show examples of animations created
during industrial projects to give an impression of what is possible with
the BRITNeY suite.

1 Introduction

Colored Petri nets (CP-nets or CPN) [7] have proved their usefulness in modeling
and understanding complex systems [2|[T0JI2I19], e.g., for verification of existing
behavior or requirements engineering of needed behavior.

However, when using CP-nets, only people familiar with the formalism are
able to truly understand the model of the system. A domain expert may under-
stand a CP-net, when introduced to CP-nets in general and when the particular
CP-net is explained by the model developer, but the domain expert is seldom
able to talk back, say precisely what is wrong with the model, and offer sug-
gestions to fix the model of the system, because of lack of technical expertise
with the formalism. CP-net models of systems are prone to errors if they can
not be fully understood and validated by someone with domain knowledge. The
contribution of the BRITNeY[l] suite animation tool is to give a visualization of
the state and actions of a CP-net so the domain expert can validate the model.

In this paper we present the BRITNeY suite [23] which introduces an anima-
tion layer for CP-nets. BRITNeY suite provides a uniform way to implement,
integrate, and deploy visualizations of CP-nets and has a pluggable architecture
which makes it possible to write customized plug-ins to animate the model in
addition to more than a dozen predefined plug-ins. The BRITNeY suite has al-
ready been used successfully to animate a network protocol [I1], to animate a
workflow process in a bank for the purpose of requirements engineering [8] and
to visualize how patient, nurse and doctor work together with a system that
dispenses sedatives, again for the purpose of requirements engineering [13].

Even though BRITNeY suite is designed with CPN Tools in mind, it is pos-
sible to integrate the tool with any executable formalism as the interface to
CPN Tools is based on well-known public standards. For example the tool has

L An abbreviation for Basic Real-time Interactive Tool for Net-based animation.

S. Donatelli and P.S. Thiagarajan (Eds.): ICATPN 2006, LNCS 4024, pp. 431-FZ0] 2006.
© Springer-Verlag Berlin Heidelberg 2006
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been used successfully to visualize the execution of a timed automaton [I] model
as well as the reachability graphs of systems created using a subset of the -
calculus [I7], bigraphical reactive systems [15], finite and timed automata, and
Coloured Petri nets. Also goto-graphs of Java programs have been visualized
using the BRITNeY suite.

The paper is structured as follows. In Sect. [2] we give a brief overview of the
architecture of the BRITNeY suite. In Sect. Bl we demonstrate how to add a
message sequence chart visualization to a CP-net of a simple stop-and-wait pro-
tocol. Sect. [ contains some example visualizations created as part of industrial
projects. In Sect. Bl we mention related work and outline some of the new features
planned for BRITNeY suite.

2 Architectural Overview

A well-known design pattern from the object-oriented world is the model-view-
controller (MVC) design pattern [6]. In the MVC design pattern, three parti-
cipants collaborate to provide the implementation of an application, namely a
model, a view, and a controller, see Fig. [[l The model contains the state of the
system, the view is a (graphical) representation of the current state of the model,
and the controller implements the behavior of the system. The view may initiate
actions in the controller.

The idea behind the BRITNeY suite is to use a CP-net (or any other formal
executable model) to model the state and behavior of the system (the model
and controller), and use BRITNeY suite for visualizing the system (view). This
division is natural as places of CP-nets are used to model the state of a system
and transitions the behavior.

In Fig. Bl we see how BRITNeY suite is integrated with CPN Tools [3] to
provide simulation-based visualizations and animations. CPN Tools itself is split
into two components, an editor and a simulator. The animation tool, in the
right part of the figure, communicates with CPN Tools using a standard Remote
Procedure Call protocol, called XML-RPC [25], in order to allow vendors of other
tools to directly integrate their tools with BRITNeY suite. BRITNeY suite uses
plug-ins to make the actual visualizations, which makes it easy to create your
own animations. 15 plug-ins are currently available in the tool. Table [ lists each
plug-in with a short description. Over time, more plug-ins will be added.

BRITNeY does not contain a fixed set of plug-ins as plug-ins can be added
and removed, so stubs are generated on-the-fly as needed by using the reflection

¢ invokes

changes
Controller Model |observes View

alerts,

Fig. 1. Architectural overview of the model-view-controller design pattern
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Fig. 2. A more detailed view of the integration of the animation tool with CPN Tools

Table 1. Plug-ins for the BRITNeY suite. The first group of plug-ins is for creating
various charts, the second group is for displaying directed graphs, the third group is
for interacting with a user and the final group contain plug-ins that do not fit in any

group.

Name Description

AreaChart For visualizing data values by filling the area below them
GanttChart For drawing Gantt charts

Histogram  For drawing histograms

MSC For drawing message sequence charts

PieChart For drawing pie charts

PieChart3D For drawing 3D pie charts

StepChart  Similar to a histogram

XYChart For visualizing data values as points

Graph For drawing 2D graphs
Graph3D For drawing 3D graphs

GetString  For getting short text-messages from the user

ShowString Display short text-messages to the user

DataStore  Storage for simple data-types

Report Nice presentation of data

SceneBeans For displaying and interacting with a SceneBeans [20] animation

mechanism in Java to inspect the signatures of the plug-ins. The stubs make
sure that values are passed correctly to the appropriate Java object’s method
and takes care of passing the return value back to the caller. Stubs are generated
automatically by the stub generator component of BRITNeY suite. The stubs are
injected into CPN Tools and are available as regular functions in the inscription
language of CPN Tools, namely Standard ML (SML) [I6], which allows the
modeler to use the animation plugins anywhere SML expressions are allowed.
The modeler will often want to update the visualization when a transition
occurs. This is done by calling the stubs in code segments that are special tran-
sition inscriptions allowed by CPN Tools. A code segment is executed when the
transitions it belongs to occurs. It consists of input, output, and action parts.
The input and output parts make it possible to receive input from the model
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and to provide situmli back to the model respectively. This makes it possible to,
e.g., invoke a stub with values dictated by tokens and to generate new tokens
from the result of executing the stub.

3 Using BRITNeY to Generate Message Sequence
Charts

In this section we will describe how to show a simulation of a CP-net as a message
sequence chart (MSC), i.e. generate a chart which displays the simulation of the
CP-net in terms of events being passed between processes. This is instead of,
e.g., in CPN Tools where simulation is shown as enabling of transitions, and
tokens being consumed and generated when transitions occur. The description
is fairly high-level, and a more detailed and technical description can be found
n [24], but the reader is assumed to have basic knowledge of object oriented
programming and an ability to read Java and SML code.

3.1 Model

The model that we will use in this paper is a very simple stop-and-wait protocol
as seen in Fig. Bl The model consists of three parts: 1) A sender who can Send
Data from the Out Buffer with a packet number from Next Id. Also the sender can
Receive Ack thereby updating the token on Next Id. 2) A network that can Drop
packets that are sent to the receiver from place Network 1. Network 2 contains
acknowledgments that the receiver is sending back to the sender. 3) The receiver
can Receive Data and update the Receive Id that the next packet must have.

3.2 Adding the MSC Primitives in CPN Tools

MSCs are well-known to protocol engineers, and it is therefore a good idea to
be able to present the execution of a CP-net as an MSC. The first part of an
MSC that is generated from the model in Fig. Bl can be seen in Fig. @ The
Sender process corresponds to the sender part of the CP-net, Network process to
the network part of the CP-net and Receiver process to the receiver part of the

PACKET

Out id,data) Send
Buffer Data

1'(1,"BRITNeY")++
1°(2," is coo")++ id (id,data)

(id,data)

PACKET
1'1

id
Receive Receive'
Data Id
D id+1

D

id| |id+1

Receive
Ack

PACKET

Fig. 3. CP-net of a stop-and-wait protocol
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[ Sender ] { Network } [ Receiver ]

"BRITNeY"

Drop

"BRITNeY"

"BRITNeY"

Ack 1

"BRITNeY"

Ack 1

" is coo”

Fig. 4. First part of an MSC generated from the model in Fig.

CP-net. In the following we will describe how to extend the model in Fig. [l with
primitives to draw this MSC.

In Listing [Il we show the signature of the Java plug-in for the MSC class.
It contains functions for adding new process, adding events between processes,
and adding events internal to a single process. This will, as explained in Sect. 2]
be translated, by the stub generator, to a corresponding SML representation. In
the following we show how to apply SML primitives to the CP-net to call these
methods.

Listing 1. Java signature of the MSC object.

1 void addProcess(String name);

2 void addEvent(String from, String to, String name);
3 void addInternalEvent(String process, String name);

Listing 2. Initialization of the MSC view.

1 structure msc = MSC(val name = "Stop-and-Wait Protocol");
2 val _ = msc.addProcess("Sender");

3 val _ = msc.addProcess("Net");

4 val = msc.addProcess("Receiver");

To set up the MSC view we need to add some declarations to the CP-net. In
CPN Tools we add declarations as in Listing Pl Line 1 initializes an MSC object
with the name ”Stop-and-Wait Protocol”. Lines 2—4 creates the three processes
as seen in Fig. [ i.e. Sender, Network, and Receiver.

Next we need to extend our model from Fig. 3] to generate the events that
correspond to those in Fig. @l

In Fig. Bl we see how the methods from Listing [I] are incorporated into the
CP-net. The idea is that we want to generate an event in the MSC when one of
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input (data);

output ();

action

msc.addEvent ("Sender","Network","\""~data~"\"");

input ();
output ();
input (id); action
output (); msc.addInternalEvent( input (id,data);

action "Network", "Drop"); output ();

msc.addEvent( action

"Network", msc.addEvent

"Sender", ("Network","Receiver","\""~data”"\"");
"Ack "A(Int.toString id)); msc.addEvent

("Receiver","Network","Ack "~ (Int.toString id));

Fig. 5. Model from Fig. Bl with MSC primitives

the transitions in the model occurs. We did this as follows: When Send Data in
the CP-net occurs we add an event from Sender to Network in the MSC, where
the label is the same as the data being sent, i.e. "data” where data is bound from
the string in the packet from Out Buffer. When Drop in the CP-net occurs we
add the internal event Drop on the process Network in the MSC. When Receive
Data in the CP-net occurs, an event is added from Network to Receiver in the
MSC, with label stating what data is received (the label is "data”, where data
is bound from the string in the packet from Network 1) and also, an event from
Receiver to Network in the MSC, with an acknowledgment with the received
packet number as label; the label is Ack i where i is the integer in the packet
bound in the occurence of Receive Data. Finally, when Receive Ack occurs, an
event is sent from Network to Sender in the MSC with the acknowledgment as
the label; here the label is again Ack i.

4 Visualization Examples

This section will give a number of examples of practical use of BRITNeY suite.
We will not describe the examples in detail, but just refer to papers with detailed
descriptions.

In Fig.[fl we see an animation created to visualize an interoperability protocol
for mobile ad-hoc networks [I1]. The protocol is used to ensure that the mobile
ad-hoc nodes (the laptops) can communicate with the stationary host, even when
on the move. The domain-specific GUI makes it possible for the user to observe
the behavior of the system as packets, visualized by colored dots, flow along
the network and to provide stimuli to the protocol by dragging and dropping
the laptops to indicate the node movements. The use of an underlying formal
model can be completely hidden when experimenting with the prototype. The
domain-specific GUI has been used in the project both internally during protocol
design and externally when presenting the designed protocol to management and
protocol engineers not familiar with CPN modeling.

In Fig. [ we see the domain specific animation based on the SceneBeans
plug-in. This was used in [§] for requirements engineering of a new workflow
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Fig. 6. A visualization of an interoperability protocol for mobile ad-hoc networks

Finish simulation
(Ann + Mr. Smith)

Mr. Smith

77 Mr.Banks

Fig. 7. SceneBeans animation used for requirements engineering

system. The goal of the workflow was to support the handling of a blanc loan
applications.

The animation is constructred as follows: There are always two bank assis-
tants, Ann and Bill. Up to two customers can be present, in the figure only
Mr. Smith is present. A bank manager, Mr. Banks, is always present. The balls
represent blanc loan requests and the position of it shows who is responsible for
the request. Whenever a transfer of responsibility occurs in the CP-net the ball
is moved from one person to another in the animation. One ball has a P on it.
This means that it is suspended, or parked, but can be picked up by one of the
bank employees when they have the time. The square is part of the animation
interface.

Once in a while the user can interact with the animation by e.g., setting up
a loan for the customer when he wants to make a loan request, or setting the
status of a loan request on behalf of Ann, Bill or Mr. Banks to e.g. granted
or rejected. By not making the animation look like a normal prototype with
windows, menues etc., the focus of the user was on the workflow and not on how
the interface of the future system should be like.



438 M. Westergaard and K.B. Lassen

5 Related Work and Future Improvements

BRITNeY suite supports adding animations to CPN models by annotating tran-
sitions with function calls, which are executed whenever the transition occurs.
In the following, we outline how a number of other modeling tools facilitate
visualization.

ExSpect [21], a tool for modeling based on CP-nets, allows the user to view the
state by associating widgets with the state of the model, and to asynchronously
interact with the model, also using simple widgets. In this way, it is easy to
create simple user interfaces that support displaying information, but support
for creating more elaborate animations is not readily available.

Mimvic/CPN [I8] makes it possible to animate models within DESIGN/CPN
[4], which is another tool for modeling using CP-nets. CPN models are animated
by Mimic/CPN by using function calls that are executed whenever a transition
of the CP-net occurs. The animations are drawn using an application that resem-
bles traditional drawing programs. Input from the user is possible by showing
a modal dialog, where the simulation of the model is stopped while the user is
expected to input information. It is also possible to make click-able regions, and
the model can then query if one of these has been clicked. Another approach,
which is taken by the Comms/CPN [f] library for DESIGN/CPN and CPN
Tools, is to provide a TCP/IP abstraction, allowing the user to code the user
interface in any language and use RPC to communicate with it.

LTSA [14], a tool for modeling using timed labeled transition systems, allows
users to animate models using the SceneBeans library. In LTSA animations are
tied to the models by associating each animation activity with a clock; resetting
a clock corresponds to starting an animation sequence. The animation sequence
or a user with his mouse can then send events which correspond to the progress
of the timer.

PNVis [9] is an add-on for the Petri Net Kernel [22], a highly modular tool for
editing Petri nets. PNVis associates tokens with 3D objects and certain places
with locations in a 3D world. Moving tokens corresponds to moving the associ-
ated object in the 3D world. PNVis is suitable for modeling physical systems, but
not so applicable for creating prototypes of software or requirements engineering.

Using some of these animation tools/libraries, animation is integrated with
the modeling formalism, such as the use of timers in LTSA or the ability to
view or change the marking of places in ExSpect. Some libraries are easy to
extend, such as animations in LTSA, as the SceneBeans library allows users
to easily extend it with new animation primitives. Also, animations created
using CoMMSs/CPN can easily be extended, as the “animation” is just a custom
(e.g. Java) application. Some libraries make it easy to design animations, such
as ExSpect and MiM1c/CPN, which both provide a graphical user interface
to design animations. The approach of the current version of BRITNeY suite
resembles a combination of Mimic/CPN and CoMmms/CPN, as the animation
is driven by function calls associated with transitions to an external application.
The main feature offered by BRITNeY suite from a user point of view is thus
compatibility with CPN Tools (rather than the discontinued DESIGN/CPN) and
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platform-independence. BRITNeY suite also makes it easy to extend the tool
using simple Java classes. From a developer point of view, BRITNeY provides
good foundations for allowing closer integration with the model by allowing
parts of the animation to inspect and modify tokens on fusion places of the CPN
model, much like how widgets are associated with places in ExSpect. This is an
important part of future work.

An important new feature of BRITNeY suite is that it is possible to deploy
animations in a way that allows even non-technical users to download and ex-
periment with the animation. Another part of the future work is to make this
process even easier by adding a wizard to take care of all the details.

BRITNeY suite has already proven itself useful in real projects, and has al-
ready been used in several industrial projects.
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